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Abstract

In today’s dynamic world, the replacement of machinery and facilities is a permanent and complicated
issue due to rapid technical growth and globalization, which is a shared concern in the minds of the owners
of any business. Maintenance is a scheduled procedure to ensure that equipment, systems, or facilities
remain normal to perform their intended purpose correctly without risking the loss of service time due to
their failure. To maintain a certain degree of consistency, protection, and performance maintenance
activities for systems and facilities in good working conditions are indispensable. The repair operation
helps to preserve and increase the operating performance of machinery and facilities and thus adds to
revenues. So if an entity or corporation needs to continue its competitive market, it is important to verify if
the operating and repair costs are to be sustained with the old equipment or replaced by it. For that, the
decision parameters such as maintenance cost, resale value, capital cost, and rate of interest should be
known exactly. But it is not possible in reality, as reality is uncertain and complex. This uncertainty is
competently governed and controlled by fuzzy set theory. This work aims to discuss equipment replacement
in a fuzzy environment. In this fuzzy replacement model, all inaccurate costs are represented by trapezoidal
fuzzy numbers (TFNs). The suggested technique finds the best replacement time for a fuzzy replacement
problem without converting to a crisp one and is supported by an illustrative numerical example.

Keywords: Fuzzy Number, Fuzzy replacement model, Midpoint of fuzzy number, Operations on fuzzy
numbers, Ranking of fuzzy numbers, Width of fuzzy number.

Introduction

important to decide the optimal period for
replacement. Conventionally, the replacement of

Machines, instruments, equipment, and technical
standards must be replaced strategically and

economically in today’s challenging industrial and
commercial environment. As a result, the decision to
replace is important to the company’s success, as it
is largely irreversible, requiring a substantial amount
of cash and resources. Therefore a quick replacement
decision could generate major challenges for the
company’s working capital and hence it is very

equipment has been done mostly in a deterministic
and crisp manner. But in day-to-day applications,
uncertainty and vagueness are dealt with in the form
of money, time etc., due to many reasons. As a result,
a tolerable range rather than a precise number should
be used to determine the best time to replace
equipment. Zadeh proposed the concept of fuzzy set
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theory?, which may be a useful tool for dealing with
such scenarios.

Lotka? originated the problem of replacement in
industries in 1939, using the concept of renewal
theory. Further, several authors discussed the
replacement models in classical nature. Kai-Yuan
and Chuan-Yuan? realized that all costs involved in
the real-world replacement model are not precise in
nature and hence introduced a fuzzy environment in
the street-lighting system. Tolga, Demircan, and
Kahraman* used the fuzzy analytic hierarchy method
to approach the replacement model.

Biswas and Pramanik® El-Kholy and Abdelalim®
employed fuzzy ranking approaches to evaluate the
economic life of equipment by transforming fuzzy
replacement models (FRMs) into classical models.
The authors have described them in general.
Balaganesan and Ganesan’ & examined the economic
life of equipment as its monetary value changed and
also, they discussed the same under intuitionistic
fuzzy sense. On using the ranking concept, Mitlif RJ®
obtained the solution for the fuzzy fractional
programming problem. Mitlif, Hussein 1° solved a
fuzzy multiple objective programming problem in a
crisp manner after converting the TFNs into their
crisp form. Singh, Chinta ' 2 discussed the
individual and group replacement models under an
intuitionistic fuzzy environment. Anees et al®®
analyzed the FRM without shortages. A technique
for random sampling has been proposed by Kesemen
et al** that offers a switch between choosing samples
with and without replacement. Jueming et. al®®
formulated the optimization of maintenance under
uncertainty as a Markov Decision Process problem,
which they addressed with a modified version of
Reinforcement Learning. It takes an infinite horizon
into account for both constrained deterministic and
stochastic maintenance scheduling. Dong et al'®
studied the best preventative replacement schedule
for a single unit system that experiences both
external shocks and stochastic deterioration. Biswas,
Pramanik'’ discussed the replacement model by

Materials and Methods

Definition 1: Let X be a universe of discourse. A
fuzzy set Ain X is given by 4 = {(x, u z(x)):x €
X}. Where u z(x) — [0,1] represents the degree of
belongingness of the element x € X in A.

considering the present worth factor. Cruz-Suérez et
al'®1® analyzed the discounted and advanced Markov
decision processes under a fuzzy environment.

The majority of the researchers transformed the
provided problem into a crisp one and they derived
the crisp answer. The goal of this article is to give a
mathematical method for expressing vagueness in
replacement analysis without changing it into its
precise form.

Novelties of the Work

Fuzzy set theory is a useful tool for understanding
technical disciplines and issues related to decision-
making in an uncertain circumstance. The primary
objective of this research is to address the fuzzy
replacement problem in the following manner:

1. Parametric representation is used to express the
trapezoidal fuzzy numbers (TFNSs).

2. Developing arithmetic operations for TFNs
based on core and spread ideas, including
addition, subtraction, division, and
multiplication of two fuzzy numbers.

3. Finding a method to achieve optimality is the
most crucial step in transforming a fuzzy
replacement model into a crisp one. It is
necessary to confirm the validity of the solution
because the fuzzy model’s equivalent crisp
model might not solve the original problem. The
optimization model’s fuzzy nature is not
effectively captured by the crisp model.
Therefore the numerical example discussed in
this paper has been solved without converting
into a crisp one.

The content of this work is arranged as follows.
Section 2 covers the fundamentals of fuzzy sets,
trapezoidal fuzzy numbers, and related arithmetic
operations. Section 3 describes the suggested
model’s algorithm. In section 4, the replacement
model is explained using a real-life scenario. Section
5 concludes this paper.

Definition 2: A fuzzy set A defined on the set of real
numbers R is said to be a fuzzy number, if its
membership function A:R — [0,1}  has the
following characteristics
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1. A is convex, (i.e) A(Ax; + (1 —Dxy) =
min{A(xl),A(xz)},A €
[0,1], for all x;,x, € R.

2. A is normal, (i.e.) there exists x € R such
that A(x) = 1.

3. A is piecewise continuous.

Definition 3: A fuzzy number @ is a trapezoidal
fuzzy number denoted by @ = (p, q, 7, s), wherep, g,
r and s are real numbers is given by

b if p<x<gq
q—Dp

Md(x)z Sl_ lf quST
| if r<x<s
ks _Or otherwise

And its diagrammatic representation is given in Fig
1.

1z (x)

Figure 1. Trapezoidal fuzzy number a =
(p’ qJ r’ S)

This article portrays the trapezoidal fuzzy number
a=(pqrs)=~qrlgh) =(ef gh) where
e= (qT”) and f = (Tz;q) are the midpoint and width
of the core [q, r] respectively. Also g = (q — p)
denotes the
left spread and h = (s — r) denotes the right spread
of the trapezoidal fuzzy number.

Arithmetic Operations on Trapezoidal Fuzzy
Numbers

Based on?, the arithmetic operations between a =
(el,fl, gll hl) and b == (ez,fz,gz, hz) are glven by

Addition:
a+b= (e f1,91,h) + (€2 f2, g2, h2)

= (31 + ey, max(fy, f2), max(gl,gz),max(hl, hy))

Subtraction:
a—-b= (e1, f1,91,h1) — (€2, f2, 92, h2)
= (6’1 — €3, min (fpfz)’min(ngz)' min(hy, hy))

Multiplication:

axb = (ey, f1,91,h1) X (€2, f2, g2, h2)

= (e1 X ez, max(fy, f), max(gy,92), max(hy, hy))
Division:

a+b= (e, f1, 91, M) + (2 f2, g2, h2)

= (e1 + ez, min (fy, f), min(gy,g,), min(hy, h))

Here g and h are following the lattice rule. The
ranking function is used to compare the fuzzy
numbers based on the graded mean.

Replacement Model with Trapezoidal fuzzy
numbers

The objective of the work is to determine the optimal
time to replace an equipment whose service
(running) cost increases with time while the price
level stays unchanged and time is a discrete variable.
Here,

R,, - Fuzzy running cost for n hours.

C - Fuzzy capital cost (FCC) for the item.

S, - Fuzzy scrap value (FSV) of the item in n time
duration.

Then’ helps to conclude the replacement time,

i.e. Rpyq > %" >R, (0r) Rpyr >W(n) >R,
Theorem: Optimum Replacement Policy?

1. If the succeeding period fuzzy maintenance cost
is less than the fuzzy average total cost of the
preceding period, replacement is not required.

2. If the succeeding period fuzzy maintenance cost
is greater than the fuzzy average total cost of the
preceding period, replace the old equipment with
a new one.

Proof:

Let R, , C and S, be fuzzy running cost, fuzzy
capital cost, and fuzzy scrap value respectively.
Here n is the discrete variable.

Annual cost for n hours =R,, + C + S,,.
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The total cost incurred on the item is P, ~
Yo R+ C—- S,

Therefore, the average total cost is w(n) = .

n
Now, w(n) is minimum if AW(n — 1) < 0 <
Av(n) is satisfied.

As it is known that, Aw(n) =~ w(n + 1) — w(n)

. [Z?:f Rt + c- §n+1] _
L = n+1 n+1
[Z?:lﬁt + C- Sn] ~ Rnt1 [Zr’:l=1 Ry
n n n+1 In(n+1)
C—[(n+1) $p—nSn44]
n(n+1)

For minimum w(n) = Aw(n — 1) < 0 < Aw(n)

R LR
ntl Yt=1R: +
n+1 n(n+1)

C—[(n+1) $p—nSn44] 5 Y1 Re
=R ==
nn+1) n+l +
C-[(n+1) Sp—nSp41]
n
~ n R c-$
= Rn+1 =~ Zt—l t+ n

n

= P
= Ryiq > 7"

Similar proof is needed to prove the next part also.

Therefore R, > ’;—" > R,,, which leads to the
proof of the theorem.

Procedure to find the trapezoidal fuzzy
equipment replacement time

Step 1. By using midpoint, width, and spread

concepts, rewrite the given TFNs in the form of
a=(ef,gh)

Step 2. Find the cumulative maintenance cost

YR, forn=123,...

Step 3. Find C +Y R,

Step 4. Subtract the scrap value from the result

obtained in the previous step to calculate € — S,, +

% R N

Step 5. Compute the average cost W (n) by dividing

C — S, + Y R,, with the respective years.

Step 6. Use the graded mean concept to find the

weighted average cost.

Step 7. Apply the replacement policy R,.; >

W (n) > R,, to determine the optimum time of
replacement of the equipment.

Flowchart to find the trapezoidal fuzzy
equipment replacement time

Fig 2 shows the framework of the proposed method.
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Represent each fuzzy cost in
tole, f.g.h)

4
Find 3 R,
n=1273..

]

Using step 2 and
machine capital
cost, find € "'Zﬁ-

Compute the average Calculate the weighted

k)tal@cust _ — average fuzzy cost by-lmm_g
C'—S,,+ZR,, Graded mean ranking
Win)=
n i

The minimum weighted
average fuzzy cost gives the
optimal time of replacement

of the equipment

Figure 2. Steps to determine the fuzzy equipment replacement time

Numerical Simulation Table 2 gives the parametric form of R, and S,,.

A real-life numerical example is considered from°. A

. X Table 2. Parametric form of R, and S,
construction company introduced a new sort of

loader with a fuzzy cost, € = (61000, 613000, T(irr]';e R, 5,
617000, 62000), and the scrap value S = (4200, 4250,
4300, 4350) in Rupees. After survey, company ; (12367755_)’06275511'51’05'5) (35528528282)
officials noticed that the fuzzy running cost in (26.75075115)  (42.750.250505)
Rupees is found from 3 (37.75,0.75,2,1.5) (42.75,0.25,0.5,0.5)
experience (Table 1, take Rs. 100 = 1 unit). When 4 (47.250.751.52)  (42.750250.50.5)
should the company officials recommend that the 0 (66,1,5.1) (42.75,0.25,0.50.5)
loader be replaced? 6 (83.25,1.25,2,35) (42.75,0.25,0.5,0.5)
7 (1175,75515) (42.75,0.25,0.5,0.5 )
Table 1. Fuzzy maintenance cost and its 8 (177.5,7.5,10,15) (42.75,0.25,0.5,0.5)

alternative representation (Here Rs.100 = 1 unit)

Time (n) R,
(12,13.5,14,145)
(25,26,27.5,29)
(35,37,38.5,40)
(45,46.5,48,50 )
(60,65,67,68)
(80,82,84.5,88)
(105,110,125,140 )
(160,170,185,200 )

O~NO O WN -

The optimum replacement time is obtained by using
the proposed method which is given in detail in Table
3.
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Table 3. Table determining the optimal replacement time

E:Sar S &, C-3,+ ) R, W(n) = RIW(n)]
1 (13.75,0.25,1.5,0.5) (586,0.25,0.5,0.5 ) (586,0.25,0.5,0.5) 586

2 (40.5,0.75,1.5,1.5) (612.75,0.25,0.5,0.5) (306.375,0.25,0.5,0.5) 306.375
3 (78.25,0.75,2,1.5) (650.5,0.25,0.5,0.5) (216.833,0.25,0.5,0.5) 216.833
4 (125.5,0.75,2,2) (697.75,0.25,0.5,0.5) (174.438,0.25,0.5,0.5) 174.438
5 (191.5,1,5,2) (763.75,0.25,0.5,0.5) (152.75,0.25,0.5,0.5) 152.75

6 (274.75,1.25,5,3.5) (847,0.25,0.5,0.5) (141.167,0.25,0.5,0.5) 141.167
7 (392.25,7.5,5,15) (964.5,0.25,0.5,0.5) (137.786, 0.25, 0.5, 0.5) 137.786
8 (569.75,7.5,10,15) (1142,0.25,0.5,0.5) (142.75,0.25,0.5,0.5) 142.75

Results and Discussion

Without disturbing the fuzzy environment, the
proposed algorithm helps to conclude that the loader
needs to be replaced after the seventh year. The
minimum average annual cost in that year is Rs.
(13703.6, 13753.6, 13803.6, 13853.6). But Biswas
and Pramanik® analyzed that, the loader needs to be
changed at the end of the 7th year and the average
annual cost is Rs. 13792.8 in crisp nature. Fig 3 gives
a comparison of results.

Conclusion

Due to unknown elements, ambiguity plays a crucial
role in all replacement decisions in our real-life
challenges. This paper presents a numerical example
for considering fuzziness in replacement analysis
without transferring to its accurate form, which is
simple to follow and determine the equipment
strength and durability. Many authors approached
the replacement problems in a fuzzy way, but their
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