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Abstract

Let R be a ring. Given two positive integers mandn, an ® modulel”is said to be
(m,n)—presented, if  there is an exact sequence of R -
modules0 — K — R" — 1" — 0 with Kis #n-generated. A submodule N of a right
R -module M is said to be (m,n)-pure in M | if for every (m,n)-Presented left R -
module J"the canonical map N ®, 1" > M ®, 1" is a monomorphism. AnR -
module M has the (m,n)—pure intersection property if the intersection of any two
(m,n)-pure submodules is again (m,1)-pure. In this paper we give some
characterizations, theorems and properties of modules with the (m,n)-pure
intersection property.

Key words:- (m,n)-pure submodule, (m,n)-flat module, module with (m.,n)-pure
intersection property.

Introduction

Throughout, this paper, R 1s an
associative ring with non-zero identity,
and all modules are unitary right R-
modules. A submodule N of an R-
module M is called pure submodule, if

submodule I of gR™ [4]. In this paper,
for two fixed positive integers m and n,
we introduce the concept of an R-
module M has (m, n)-PIP. We prove

that if M is an R -module such that for

for every finitly generated ideal I of R
MI [N =NI[1]. Following [2], an
R-module M has the PIP, if the
intersection of any two pure
submodules is again pure. For an

abelian group G, we write G™ " for the

set of all formal nmxn matrices with Propeties of module which has
(m, n)-PlP

Definition 2.1:- An R -module M has
the(m, n)-pure intersection property
(briefly (m, n)-PIP ) if the
intersection of any two (m,n)-pure

any two (m, n)-pure
submodules 4 and B of M ,A+ B is
(m, n)- flat R-module, thenM has
the (m, n)-PIP.

entries in (G and write G" (resp.G,)
for G'" (resp. G"") . For two position
integer m.n. A submodule N of anR -
module A is (m,n) —pure inM if and

only if MI[TN™ = NI, for all n-
generated submodule/ of , R" [3]. An
R -module M is (m, n)-flat, if
L,®L + M@, I->M®,R" is
monomorphism for all n-generated

submodules is again (m,n)-pure. An
R -module M has the (1n,*) -PTP
(resp. (*,n)) if for all positive integer
# (resp. m ) M has the(m, l?)-PlP.
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It is clear that if A has
the(l,l)-PlP, then M has the PIP. The
converse is not true.

Proposition 2.2:-

(1) If an R -moduleM has the (m, n)-
PIP, then every (m, n)-pure
submodule of M has the (m, n)- PIP .
(2) Let N be (m, n)—pure submodule
of an R -moduleA .M has
the(m, n)-PIP, if and only if % has

the (m, n)-PIP.

Proof:- (1) trivial

(2) =) Let “Land
N

be (m, n)-

pure submodules of .We want to

=| % =W

show that iﬂ 8 - Aﬂ—B is
N N N

(m, n) -pure. Now, 4 and B are
(m, n)-pure in M [3,Proposition(1.9-
4)]. And since M has the(m, n)-PIP,
then 4N Bis  (m, n)-pure.  Then
ANB_ A4

e ) is (m, n)-pure in
N N N

% [4,Proposition(1.9-3)].

<) Let £ andF are (m, n)- pure
submodules inA Then £ and £
- =

is(m, n)-pure submodules of M .
N

[3,Proposition(1.9-3)]. Since M has

N
the (m, i?) -PIP, then
E . F _ENF, .
—N—= is (m, n)-pure in
Al R

% hence  ANBis  (m, n)-pure

inM [4,Proposition  (1.9-4)].  Thus
M has the (m, 1)-PIP.

Remarks 2.3:-
(1) Let A and B be R-modules, it is

clear that (AN B)" = A" NB"

597

(2) Every summand submodule N of an
R-module M is(m, H) -pure
submodule.

In [ 2, CH 2, theorem 3.1] an
R -module M has the PIP, if and only
if (ANB)M = AINBI for every
finitely generated ideal [ of R and for
every pure submodules 4 andB of
M .

Theorem 2.4:- Let M be an R-
module. Then M has the(m, n)-PIP,
if and only if (AN B) =AINBI for
every n — generated submodule
Iof ,R"and for every(m, n)- pure
submodules 4 and B ofM .

Proof:- Suppose that M  has
the(m, n)-PIP and let each of

AandBis (m. n)-pure. Let [ be n-

generated submodule of ,R",
then (AN B)" NMI = Al N BI

< R", [3.theorem (1.5)]. It is clear that
(ANB) <

AINBI ButAINBI <
(MIN4")NB"=MIN(4" NB")=
MIN(ANB)Y'=(ANB) . Conversely,

let A and B be (m, n)-pure
submodules inM and let/be -
generated submodule

of , R" ThenMI N (AN B)"=
(MINA")NB"=AINB".

Similarly, MIN(ANB)"= BINA",
because Aand B are (m, n)-pureinM .
Thus, MI N(ANB)"=AINBI=(ANB)I.
ThereforeA/  has  the(m, n)-PIP.

Corollary 2.5:- Let Mbe an R-
module, then M has the(l, *)-PIP, if
and only if (4N B) =AINBIfor
every finitely generated ideal 7 of R
and for every for every (I, *)-pure
submodules 4 and Bof M .
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Proof:- It follows by [3, corollary 1.6]

In [2, CH 2, theorem 3.3 ], an
R-module M has the PIP, if and only
if for every pure
submodules 4 and B of M and for every
R - homomorphism f: (ANB)—> M
suchthat ANIm f =0and 4A+1Im [ is
pure inM , ker fis pure inM .

Theorem 2.6 :- Let Mbe an R-
module, then M has the (m, n) -PIP, if

and only if for every (m, n)-pure

submodules 4 and Bof M and for
every R -homomorphism
fi(ANB)>M such that

ANIm f =0and A+1Im f is (m, n)-
pure inAf  ker fis (m, n)-pureinM .

Proof:- Assume that M has
the(m, n)-PIP. Let  AandBbe
(m, n)-pure submodules ofM and

f(ANB)> M be an R-
homomorphism such that
ANImf=0and A+Imfis (m, n)-
pure inM . Let

T={x+f(x)/xe AN B},

It is clear that 7'is a submodule of
M To show that T'is (m, n)-pure in
M . Let I be n- generated submodule
of ,R",7=Rb, +Rb, +...+Rb_,
b=l .., ) e R"and
ye M ﬂTmJH'J eM,beR"V

j=1,....,n Hence

.l_::Zm,b_, =(uyeuy), U u, 7,
j=l1
u=x,+ f(x)), i=1..,m For some

x, € AN B Sine y :ijbj =

i=l

(XI'HC(XI) <X +f(xm )):(xl"'xm )jL
(Fxp)nf(x ) € (AN BY +(Im £)"
c A+(Im f)"=(4+Im )" and

A+1Im fis (m, n)-pure inM . Thus
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_y:i:m,bf e MIN(A+Imy)"
1=l
=(A+Imf)!

[4,theorem(] .5)].Theref0reZthJ =

Jj=1

n

a +c b aed,celmf.
Z( J _ij J J

=1

Thus _1-':im_fl)J - ia,h_, +Z”:c_‘,b, s
1=1 1 1
n n
heuce(xl,...,Xm)—Za}hi = Zc,hf -
j=l i=1

(f(x)..... flx,))e (4NIm f)" Since

ANIm f=0then(X,,....X )= Zcr‘,h,
i=l

e AINMANB)". ButdNB is

(m, n)-pure inM, hence ANB is

(m, n)-pure

AIN(ANB)"=(ANB) .
Then (Xl,...,Xm)e (AﬁB)f.

in 4 ;thus

L(—‘:t(xl,...,xm):i:w,bI w, € ANB,
=1

then ¢ ... e )= /v, b,

Now,

3=y, ) E Gy ) F )=
iw}hl, +ilf(“'; ]h; =

n

Z(\t‘_, +f(w_{ ))bj €7l . Therefore T

J=1

is (m, n)-pure inM . Next we show

that ker f=(ANB)NT. Let
x e ker f, then xe AN Band
£(x) =0 Hence x e 1 Now,

letxe (ANB)N T,

then x=y+f(y),ye ANB.x-
v=f(y)e ANIm f =0 Therefore
f(x)=f(»)=0 and x e kerf Since
M has the (m, n) -PIP,
(ANB)NT=ker fis  (m, n)-pure
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inM . Conversly, let 4 and B be
(m, n)-pure  submodules  of M .
Define f: (ANB) — M by f(x)=0% x

e AN B It is clear that 4N Im / = 0and
A+Im f=4 is(mn. n)-pure in)/ Then
ker f=ANBis (m. n)-pure inAs .Then
M has the (m, J?)-PIP_

By the same argument one can prove
the following:

Theorem 2.7:- Let Mbe an R-
module. Then M has the(m, n)-PIP
if and only if for every (m, n)-pure
submodules 4 and B of M and for ever
R -homomorphism fdne)—>c
where ('is a submodule of Af such
that ANC=0and A+C is (m, n)-
inM  ker fis

pure, (m, n)-pure

inM .

Proof:- it is clear

Corollary 2.8:- Let M be an R-
module with the (m, 7)-PIP. Then for
every decomposition M =A@ B and

for every R - homomorphism
fiA—B, kerfis (m, n)-pure
inM .

Proof:- Since (4N B)=0

and A+B=M is (m, n)-pure, in
Mand A=ANM Then by (theorem
2.9), ker fis (m, n)-pureinM.

Corollary 2.9:- Let Mbe an R-

module with the (m, n) -PIP. let
AandBbe (m, n)-pure submodules
inM such that (4N B)=0and 4+ B is
(m, n)-pure, inM Then for each R-
homomorphism /. 4— B ker fis

(m, n) -pure inM .

Remark 2.10:- Let4 be (m, n)-
pure  submodule of an R-
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module, M then there exists (m, n)-
pure 4 inM such that A is maximal
with respect property A+A s
(m, n)-pureinM and ANA=0.

Proof :- Let F={B:Bis (m, n)-
pure that (AN B)=0
and A+ B is (m, n)-pure inM }.It is
clear that (0) € Fand hence F =¢.
Let {('« }dﬁbe a chain in F It is

inM such

clear that U, C is a submodule of
M and since C,MNA=0
v a el . Then (Ua__, ('u)ﬂA =0.To
show that U, C, is (m, n)-pure
inM Let I=RA+Rh+.... +Rbbe

n—generated submodule of , R" and,

im,ha e MiN(U,., C,)" . Then

=1

im,ba e MIN(c,,)" for

=l

some«, e I .Thus,

imrb’ e, (U, ¢, Therefore,
i=1

MI n(Ud—.! (.‘u ),”:(U asl (-‘ct )‘[ ‘TO

show that 4+U __, C
inM Let

ZjlthJ eMIN(A4+U,_,C,)" then
i=l

is (m, n)-pure

a

i”ﬂ/’, eMIN(4+C, ) for  some

i=l
n
Zm{bi €
i=l

e, €[l ,and hence

(A=C,; Vs

xo

Thus > mb, e(A+U, ., C )1 .
i=1
zeron s
element say A=U__, C_.
In [ 2, theorem 3.8], let M be
an R -module such that for every pure
submodules 4 and B of M either

Ac B®BorBc A® 4 then M has

By

lemma F has a maximal
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the PIP if and only if for everyR -
homomorphism

fAN(B®B) = A ker fis pure in A/ .

Theorem 2.11:- LetAM be an R-
module such that for every (m, n)-
pure submodules A and B ofM either
AcB®BorBc A® A then M has
the (m. n)-PIP if and only if for
every R -homomorphism
foANB®B) > T, kefis (m n)-
pure inM .

the

n)-

Proof:- Suppose that A has
(m, n)-PIP and Aand Bare (m,
pure  submodules of M. Let
fANB®B)—>4, be an R-
homomorphism, then by (theorem 2.9),
ker fis (m, H) -pure  inA .The
converse let AandBbe (m, n)-pure
submodules of A .Assume that
ACB®B .7 :A® A — Aand

7, B@&B — Bbe

the natural

projections. Put h =777, Ign.:,-!@g;..
We show that kers—(BNA)®(BNT).
Let xekerhs,xe Bﬂ(AG—)Z) and
then x=a+ad,acA.decAd. Now,
momla+a)=m,(a)=0 So aeB,
then . Thus @< B, x < (BNA)® (BN 7).
Now, let xe(BNA)@(BNA),
thenx=a+a.ae BNA,aeBNA.
Thus,  mom(a+a)=x,(a)=0
Therefore kerh=(BN A)® (B n X) is
(m, n)-pure inM BN A is (m, n)-

pure in ker/s (Remark 2.12), then
BNA is  (m, n)-pure  inis
[3.,prop.1.9]. That is A has the

(m, n)-PIP.

In [ 3, proposition 3.10 ], for
any two pure submodule A and B of an
R-module M , if A+B is flat, then M
has the PIP.
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Proposition 2.12:- LetM be an R-
module such that for any two (m, n)-
pure submodules 4 and BofAMf , A+ B
is {m., n)- flat R-module, thenAs
has the (m, n)-PIP.

Proof:- Let AandBbe (m, n)-pure

submodules ofM . Consider the

following short exact sequence

_ ) .4 _

00— ANAR A —L =0
ANB

Gy By g B B g

Where/,i,are the inclusion maps and
1., f, are the natural epimorphism by

the second isomorphism

= M.Sil]CBA‘FB
B

A
theorem,
ANB
is (m, n)- flat R-module, andBis
(m, n)-pure submodule of M then

A+ B
[4, theorem 3.6 ] e

is (m, n)-
flat andBis (m, n)-pure in A+B.

Thus —o s (m, n)-flat and
ANB

hence AN B is (m, n)-pure in A But
Ais (m, n)-pure inM , so ANB is
(m, n)-pure inM , thus M has the

(m, n)-PIP.

Lemma 2.13 :- Let M=& , M,
where M; is a submodule of
M ¥V ieland let W be a submodule

of M, for each 1,J€l. Then@ W, is
(m, n)-pure inM if and only if W is
(m, n)-pureinM, ¥ i.

W

Proof :- Assume® _, W, is (m, n)-
pure inM .since W is a summand of
@W, then Wis (m, n)-pure in

@_ W. So W is (m, n)-pure
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inM [3,propositionl.9]. Sincel, is a
submodule of M, thenW,is (m, n)-
1.9].
The converse let .Jbe n— generated
submodule of , R"

pure inM Vi, [3,proposition

and x € M.fﬂ(@f,, W, )'"‘,\‘:imjbj ,

i=l
m e® M. Then m, :Z”’g ;

el

m; e M, for iel. Thus

Xe imebj:Zim”hj :
il

i=l is el =l
Sincei:n':'”bI eM, M=® _, M, The
=1
elemeljn x can be written uniquely
asz:ilmubJ But xe®_ W . Thus

el j=1

n
Zm”bi el ¥i and  hence
=1

i:mgbj eMJONW)Y'=WJ (W is
i=1

n

n
(m. m)-pure inM,), > mb, =>"wp,
i=l

i=i

11"’J

e W for each j. Thusx=>"> w5

urr
il j=1

e(@}__, W), J

T

Proposition  2.14  :-  Let
M=® _, M, be an R-module where

each M is a submodule of M , If M
has the (m, n)-PIP, then each M  has
the (m, n)-PIP. The converse is true

if each (m, n)-pure submodule of M
is fully invariant.

Proof:-  Suppose  thatM has
the(m, n)-PIP. SinceM, is a
summand ofM , then M is(m, n)-
pure inM [Remark 2.3 ], and hence
M  has the (n, n)- PIP To prove the
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converse, letS be (m, n)— pure

submodule ofM and 7 :M — M, be

the natural projection onlf,, for each

iel. Let xeSthen x=>m,
il

,moeM, x (x)=m . Since Sis
(m, n)-pure in M, thenSis fully
invariant (By assumption),and

hence 7, (S)c SNM, Thusz, (x)=
meSOM,. 1.e xe &_(SNA,).
Therefore S c®,, (SNM,). But
®,., (SNM,)cS,s0 S=&,_, (sN,)
Now supposeS and 7 are(m, n)-

pure submodules of M, then
SNT=@,_, (SNM))N @, (TN,)
=& ((SNam,)NITNM,)). Since

S=a_, (SNAL), then SNALis (. n) -
pure in § [Remark 23 ]. But Sis
(m, n)-pure inM, so SNM,is
(m, n)-pure inM . Then SNM, is
(m, n)-pure inM,. By lemma 2.13,
@((snam,)NTNM,))is(m, n)-
purein® _, M =M .

Proposition 2.15 - Let M and N
be R -module with the(n, n)- PIP,
such that 71, (M)+r,(N)=R, then
M @ N has the (m, n)-PIP .

Proof:-Let ("and D be (nL H)-pure
submodules of M @ N Since
1o (M)+r,(N)=R, then by the same
way of the proof of ([5],proposition
42,CH.1), (=A@ Band D=4 & B,
where 4 and
of M | B and Byare  submodules
of N .Since M and N has the (m, n)-
PIP then ANA, is (m, n)-pure in
M and B B,is

in N . Thus by
(A4NA4)®(BNB,),

Ajare  submodules

(m, n)-pure

lemma 2.13
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