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Abstract

This work investigates several aspects of differential subordination and superordination, leading to the
inclusion of a specific class within the domain of univalent meromorphic functions in a perforated open
unit disc and deriving a few sandwich theorems. The purpose of this article is to look into a few of the
characteristics of variation subordination for analytic univalent functions over a perforated unit disc. It
additionally aims to shed insight into geometric characteristics like coefficient inequality, Hadamard
product characteristics, and the Komatu integral operator. A few interesting findings have been discovered
for variations in subordination as well as superordination in analytic univalent functions. The outcomes
about variations in subordination, including linear algebra operators, were presented employing
convolutions involving two linear operators. Everyone evaluates and investigates subordinations as well as
superordinations about convolutions using includes from the Komatu integral operator. The convolution
operator as a tool was used for obtaining multiple findings over differential subordination within the
perforated unit disk employing a generalized hypergeometric function. Appropriate classes of acceptable
functions are examined, and the two-dimensional real estate of the differential subordinations is explained
by utilizing the linear operator, a technique that Srivastava introduced as well as examined. This leads to
the establishment of several sandwich-type theorems for a class of univalent analytical functions. The
current work examines several subclasses of star-like functions that are defined by subordination.
Additionally, our team provides some relevant links between the results reported here and those acquired
previously.

Keywords: Differential Operator, Differential Subordination, Generalized Hypergeometric Functions,
Meromorphic Functions, Sandwich Theory, Starlike Functions.
Introduction

The study of analytic univalent and multivalent many researchers due to the sophistication of its
functions has a rich history in mathematics, geometric features and the numerous possibilities for
particularly in complex analysis. It has attracted study. One of the most significant fields of intricate
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analysis over only a few factors is the investigation
of univalent functions. Since possibly 1907,
scientists have become intrigued by the conventional
investigation of this topic. Numerous scholars in the
discipline of complicated analysis, including Euler,
Gauss, Riemann, and Cauchy, as well as a number of
others, have emerged throughout this period of time.
The geometric function concept is a synthesis of
geometry as well as analysis. The primary impetus
behind the aforementioned school of thought is the
renowned speculation referred to as the Bieberbach
speculation or coefficients issue, and this provided an
enormous opportunity for expansion to 1916 up until
its favorable agreement in 1985 through De Branges,
in which numerous leads derived from the
aforementioned issue have been achieved. Since that
time, geometric function theory has been further
studied separately. Geometric Function Theory has
become a popular subject matter. Regardless of this,
it is still finding novel uses in an array of fields, such
as contemporary mathematical physics, medical
science, engineering, and many more, in addition to
traditional physics topics such as fluid mechanics,
not linear compatible system theory, and the basic
partial differential equation hypothesis. Rogosinski *
created the fundamental leads to subordination that
are able to be tracked to the work of Littlewood 2.
Srivastava as well as Owa 3 recently employed
subordination to investigate the fascinating
characteristics that characterize the broader
hypergeometric function. Miller as well as Mocanu *
wrote about differential subordinations, which can be
considered a generalization about differential
disparities in society. The subject matter is primarily
concerned with the differential subordination as well
as the superordination of univalent operations on a
transparent unit disk.
Take D = {r € C: |r| < 1} indicate an open unit
disc within C. Allow G(D) to become the class of
analytic functions found in D as well as D[i,n] to
become the subclass about G (D) in the shape of:
o) =0 + ipyr™+ iy ™+,
so that ie C,n €N, Gy, = G[0,1]and G = G[1,1].
Assume X that is the class that includes all analytic
functions in the shape of

(p(r)=r‘1+Zinr", 1
n=0

inside the pierced unit disk

D*={r:reC; 0<|r| <1}=D\{0}.
Every function S has the same indication inside D.
Allow

ro'(r
S* = {(p is univalent, Re ¢ (@) >0, },
(1)

indicate the class of starlike functions inside D as

well as

ro"(r)
@'(r)
indicate a convex function class inside D. Assume
that ¢ as well as F are members of G(D). When it's
possible to find a Schwarz function u analytic inside
D, alongside u(0) =0and |u(r)|] <1, so that
@(r) = F(u(r)). The function ¢ is deemed to have
been subordinate to a function F or F is deemed to
have been superordinate to ¢. This position of
subordination is denoted through

p(r)<F(r)ore <F.

likewise, when the function F is univalent in D, then
a subsequent equivalence exists > ©
()< F(r) © ¢(0)=F(0)and ¢(D) c F(D).
Allow 0 as well as A be take hold C, allow ¢ : C3 x
D — C as well as h be univalent inside D. When p is
analytic in D with p(0) =i and implications
conclusions,

@), rp'(r),rp"(1);T)} c © = p(D) c A,
alongside meets the second-order differential
subordination requirement

¢(p(),rp'(r), rp"(r);T) < g(1), 2
subsequently, p is referred to as a variations
subordination of a solution. In addition to p,
d(p(r),rp'(r),rp"(r);r) are univalent alongside
meets the second-order variations subordination
requirement

g(r) < ¢(p(), ' (r),rp"(r); 1), 3
then p is referred to as a variations superordination:
by Eq 3, obtaining

0 c{p(),rp'(r),rp" (r);1)}

Bulboaca ” investigated specific types of first-order
variations superordinations, including
superordination safeguarding integral operators,
employing the outcomes of Miller as well as Mocanu
8 Using the results of Bulboaca ’, Ali ° obtained
adequate circumstances for particular normalized
analytic functions in satisfy:

ro'(r)

@(r)
in which w; as well as w, are somewhat univalent
functions inside D and w;(0) = w,(0) = 1. Tuneski
10 gathered sandwich leads to feed certain classes
about analytic functions in order to satisfy:

K= {(p is univalent, Re +1>0, },

w1y (T') < <w; (T'),

wy(r) < < w, (1),

o(r
zp' (1)
and
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A few weeks ago Shanmugam et al. ' gathered
sandwich outcomes from their analytic function 225,
Can look at a few variations of subordination as well
as superordination leads to include the
operator EJ%, (7).

Basic Concepts

At this point, we'll go over the definitions in addition
to the lemmas that will be required in this piece of
writing.

Definition 1: % Indicating by W a collection of
functions w which are analytic as well as injective on
D /T(w), which

T(w) = {x €dD; limw(r) = 00}, 4
roXx
sothatw'(x) # 0 forx e D /t(w). The subclass for
W about which w(0) = b is represented by W (b).

Definition 2: 7 In terms of parameters A; € C, i =
1,2,..,q,5 €C\{0,-1,-2,..}andj = 1, 2,
...,S, the general hypergeometric function is
characterized as follows %1013

aFs( A, s Ag; By woes Bs 3 2)
2 Ay (2
Dn - q)" r,q<s+1s
s (B - (Bn !
eNuU{0}; N={1,2,..}, 5
the Pochhammer representation (x), it can be

defined as a component of the Gamma function T
through

x) _Tx+n) _{x(x+1)(x+2)...(x+n—1) i n ENande(C} 6
=TTy T 1 ifn=0andx € C\{0}’
Egh(r)
Definition 3: 8 If functions ¢ € X with v,a to be (Dat
numbers that are real, (v=a=0andme r 1+ Z AW, a,n)™ Lin r, 10
N characterize the operator as comes next: (©n+1
DILp(r) =771 It is easy to see for Eq 10, which
= , r(ELMe)
+ Z A, a,)™ i, ", (r =iEJ,(i+ 1))
n=0 — (i +DE™ (M) e(r), 11
h €DY ; ang VE)(Me(r)
so that ’
+1
Aw,a,n) =[(n+2va+v—a]l(n+1) (Em (r)fp(r))
+1, 8 = vE%, (e (r)
and - @+ DEJF o). 12
DY2p(r) = 9(r) e 1+ The func
D} (1) = Eya(r) emma 1: e function )
DIt @(r) = Dyo (DY 0(1). W) = e

€ D") 9
Let v = 1 as well as a = 0, receiving the difference
operator established in . Using the operator

DJu@(r). Currently, characterizing the linear
operator E}, (r) on X which comes next:
EJa(r) = Digo(r) *x w(r), (r e DY)
in which
l
w(r) —r‘1+z oS i,v" , i€C*c
(C)n+1

"e C\{O -1,-2,..},

then

isunivalentinside D ifaswellasonly if |2bc — 1| <
lor|2bc+ 1| < 1.

Lemma 2:° Allow w to be univalent inside D,
() = 1+ Ar
ST T ar
€ (—=1,0) U (0,1), 13
as well as allow ¢ € (0,1],4, 8 > 0, so that
m1+A+ﬁ1+A
ol1-A o1-A
When p univalentin D alon95|de p(O) =w(0) =1,
in addition to

aswell 4
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Ap*(r) + Bp(r) + orp' (1) ,
</1(1 +Ar) +ﬁ(1 +Ar>

1-—Ar 1-Ar
+ 24r 14
A—arz’
then
p(r) < w(r).
Lemma 3: 2 Allow w to be univalent

alongside w(0) = b and ¢, n be analytic in a domain
& containing w(D). Assume that
(i) Re (i((ww((:))))) > 0. GOW(r) = rw’ (On(w())
is starlike univalent in D.
When p € G[b,1] n W alongside p(D) <
#,¢(p(r) + 10’ (r)n(p(r)) is univalent inside D,
then
dw() +rw' (n(w())

< ¢(p()

+1p' (rn(p(r)), 15
indicates that w(r) <p(r),w is the most
subordinate dominant Eq 15.

Lemma 4: Allow w to be univalent within the unit
disc D as well as allow ¢, n to be analytic within a
domain g containing w(D), alongside n(u) # 0 so
that u € w(D). Set

W) =rw' (n(w(r)), g(r) = pw()) + W(r)
and assume that either

(i) g is convex, or (ii) W is a starlike function

within D. Furthermore, suppose (iii) Re (T;;((rr))) >
0

When p is analytic within D, alongside p(0) =
w(0), p(D) <  and

Results and Discussion

Theorem 1: If ¢ € X with p is univalent inside the
unit disc D alongside p(0) = 1, as well as what

follows:
TP"(T)}
Reil+
{ p'(r) .
> max {0; —vuRe (I)}’ 21

for rEyt(r)e(r) #0, 0<pu<lv=1,1€
C* = C\{0}. In addition to the subsequent variations
subordination

¢ +1rp' (n(p(™)

< qb(w(r)) + rw’(r)n(w(r)), 16
then p(r) < w(r), in addition tow is the most
suitable dominant for Eq 16.

Lemma 5: 8 Allow w to be convex inside D alongside
w(0) = b aswell asallow 8 € C,and Re(f) > 0. If

p €G[b,1]NW as well as p(r) +
Brp’(r) univalent within D, then
w(r) + prw'(r)

<p(r)

+ prp'(r), (r € D) 17

indicates that w(r) < p(r), w is the most suitable
dominant for Eq 17.
Lemma 6: 1* Allow w to be convex univalent inside

D alongside w(0) = b and assume that Re {ﬂ} >

az

0,0; €C(i=12) anda, #0. If pe G[b, 1] NW
as well as a;p(r) + ap'(r) is univalent within D,
then
aw(r) + arw'(r)

< a;p(r) + axp'(r), 18
which implies w < p in addition tow is the best
subordinant.

Lemma7:* Allow 4, 8 € C alongside g # 0 as well
as allow w be a convex function within D, and

rw" (r)
Re {1 + W) }
A
> max {O; —Re (E>} (r
€D) 19
When p is analytic within D and
Ap(r) + Brp'(r) < Aw(r) + Brw’(r), 20

then p(r) < w(r),w is the most suitable dominant
for Eq 20.

(Av + 1) (rElle(r)fp(r))_”H

~rA (B (o) (rE;(l;l(r)w(r))‘u
rp'(r)

<p(r)+1
then

) 22

—u+1
(FEZF o) " < p(),
along with the function p(r) is the most dominant of
Eq 22.

Proof: Allow
—u+1
(rEJ (M) = g,
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subsequently  g(r) is analytic in D alongside
p(0) =1, by Eq 11, getting

(/’lv + 1) (rEngl(ryp(r))_#H

- 12 (B0 ®) (B 0 @) ™

_ rg'(r)
=g +1 o

As a result, the Eq 22 provides
rp'(r)

90 ey 42 .
) v

Employing Lemma 7, in which x = 1 and a = ﬁ

gr)+4

getting the outcome.
When p(r) = % is substituted in Theorem 1, in
which —1 < B < A <1, the circumstance Eq 21

turns into
(i) > maxfo e (3)), 23
e 1+ Br max10; —vuRe g

It is simple to demonstrate which function f(9) =

1-9) : _ . —
L |9] < |B|, is convex inside D since f(9) =

f(9) every time |9] < |B|, it comes that f(r) is a
convex domain symmetrical in relation to its real
axis, hence
- 1-Br 1—|B| -
mf{ e{1+Br}}_ 1ri8° "
In that case, Eq 23 is the same as

R (1)>1—|B|
e\ =T Br

Corollary 1: Allow rE[M1(r)e(r) #0,0 <u <
1,u=>1, 1€ C* = C\{0}as well as Re G) > 0.
If ¢ € X alongside

()lv + 1) (rng(;'l(T)(p(r))_uH

— 2 (B e @) (rE (o))
14+7r A1 2r

= 1—rou(1—7)2%

Then

-u

25

—u41 1+7r
(B o) <1

in addition to % is the most dominant for Eq.25.

Corollary 2: Allow rEJ% (r)e(r) # 0,1 C* =
C\{0}, 0<u<l,p=>laswellas-1<B<A<
1 and the one that follows:

1 1—|B|
max {0; —vuRe (1)} < .

1+ |B|
If ¢ € £ with

(Av + 1) (rElle(r)fp(r))_Ml
-7 (ElTa(T)fp(T)) (rEchzrl(r)(p(rD_ﬂ
1+A4r A (A—B)r

< — .
1+ Brou(1+ Br)?
Then

26
—u+1 1+ Ar
(B ) ™ < e

in addition to % is the most dominant about Eq
25.1f A=1laswellasB = —1.

Theorem 2: Let p become convex inside the unit
disc D as well asp(0) =1, the values are ¢ €
I rEJ (o) #0,0<pu<1,v=1 alongside
A € C* = C\{0}, as well as Re(4) > 0. Assume the

following (rE™ 1 (1)) " € G[p(0), 1] n W.
If

Av+1 —-p+1
(5) (e e )
—u
=2 (B ()o@ (rEf (e ()
is univalent within the unit disc D, in addition to
rp'(r)

p(r) +4
Av+1
<

) (rEz e) "

— 72 (B ) (rEDE (o))
then

—u
, 27

—u+1
p(r) < (rEF (me(r)) =
The function p(r) is the most dominant for Eq.27.

Proof: Allow
—u+1
(rER @) ™ = 9.
in which g(r) is analytic in D viap(0) = 1. Eq12,
gives us
rg'(r)

gr)+2

(Av + 1) (rEngl(r)w(r))_Ml

— 1A (EfMe@) (rES (o)
Satisfied with this result by Lemma 5. Given p(r) =
147 \within Theorem 2, as well as —1 < B < A <

1+Br . i
1, receiving the following outcome.

—u

Corollary 3: Let p become convex inside the unit
disc D alongside p(0) =1 as well as allow —1 <
B<A<1,u>1,1€C =C\{0} suchso ¢ €2,
TEJS I (Me(r) #0,0<pu <1, and Re(l) > 0.
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Assume the following (rEJ%(r)e(r) " e
G[p(0),1] n W. For the function

(/’lv + 1) (rElle(ryp(r))_”H

—u
— A (B (o) (rEg (o)
is univalent within the unit disc D, as well as
1+Ar A (A—B)r

1+ Brou (1 + Br)?

Av+1 —p+1
< () (e 090 0)
U

—rd (Bl o) (rEp (o) . 28
then

1+ Ar Bl

g < CEIMem)
as well as 1:;: is the most dominant for Eq.28.

Theorem 3: Let p become univalent inside the unit
disc D as well asp(0) = 1, allow ¢ € X' everybody
have r e Das well aséd,A,p € C,alongside A +
p # 0, a,v € C* = C\{0}. Assume that ¢ as well as
p meet the subsequent circumstances:

{r{AE{,’fa (Me((r) + pEJY 1(T)(P(T)}}

A+p
* 0, 29
as well as
rp”(r) (8

Re {1 + W} > max {0, —Re (E)} 30
If

() o
_ (MBS e +pESE Mo
- A+p

o)

+ au (—1

Ar(ER(me) + pr(Ew(r)cp(r))’)]

AET (M) + p(E (Do)
as well as

d(r) < 6p(r) + arp’(r), 32
then

m m+ —utl
<r{AEv,a (r)(p(rl)l : ZEv,a 1(r)<p(r)}> < p(r),

the value of the function p(r) is the most dominant
about Eq.32.

Proof: Let

<r{AE1Ta(r)<p<r) + pE;Tl;l(rw(r)}) w
A+p
=g(r). 33
in which g(r) is analytic inD and p(0) = 1. By
dividing Eq 33, receiving
< Ar(ER (Me() + pr(Ez?;%r)qo(r))’)
K —-1- m m+1
A(EJ. (o) + p(ESa (e ()
_rg'(r)
gr)

Hence,
ug () (—1

Ar(ERmem) + pr(Eﬂ?Jl(r)go(r))’)

A(EJe(Me™) + p(ESa (o)
=rg'(r).
Furthermore, allowing the functions:
o) =6u, n(lu)=a ,u€ec ,
W(r) =rp'(n(p()) = arp’ (),
and
h(r) = ¢p(p(r)) + W(r) = 8p(r) + arp’ ().
Based on Eq 30, can also see which W is a starlike
function within D. Such as
rh'(r) {6 rp”(r)}
Re =Rei—+1+ > 0.
w(r) a p'(r)
The proof has become complete thanks to Lemma 4.
Allowing, p(r) = 1:—‘;}: within Corollary 3, as well

as —1 < A < B <1 alongside Eq 24, a value of Eq
30 is obtained.
) - 1—|B|
max{O, e (a>} =T+ 1Bl
As a result of the particular scenario A = 0,p = a =
1, getting what follows:

Corollary 4: If rEJ%F (r)e(r) # 0 for everyr €
D,p € Xalongside—1<A<B<1lue
C* and 6 € C suppose as

1—|B|

. < .
max{0; —Re(5)} < 17 1B]

If

(FEm I @) [6

+v(_1_r(Ewl<r>¢<r>>'>]

rEy (o)
1+Ar r(A—-B) 34
1+Br (1+Br)?’

subsequently,
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#+1 1+AT‘
1+Br'

(rElT“(rﬁP(T))

110(7‘)—ﬂ A=0,a=p=1as well

s) within Corollary 4, obtain

Allowing,

as Ai = ﬁi(l
what follows:

Corollary 5: If ¢ € 2 as well as ro(r) = 0 for
everyr € D suchsou € C*. And

4 r(p®)’
(r(p(r)) +U<—1 —W>
1+r 2r
<81_ +(1—r)2' 35
then
(ro) ™ <10,

—-Tr
1+ .
as well as 1—_: is the most advantageous dominant of

Eq 35.

Theorem 4: If the function p is univalent in D
and r €D, p(0)=1, p(r) #0,4,p€C,a,vE

C*=C\{0}aswellas A+ p #= 0. If ¢ € X Assume
that ¢ as well as p meet the following circumstances:

{r{AEITa (F(r) + pETS 1(r)<p(r)}}

A+p
* 0, 36
and
Re {1 + Tp, @) _P (T)} > 0. 37
p'(r) p@)
If
1
+av|—1

_Ar(ERmem) + pr(Ewl(rxo(r))’]
A(EJ (M) + p(EJG (Mo (™))

rp'(r)
<1+ am, 38
then
m m —utl
(A0 B OON ™

As well as the function p(r) is the most

advantageous dominant of Eq 38.

Proof: Let

r{AETL (Mo (r) + pER Mo
A+p

=g(), 39
therefore the function g(r) is analytic within D as
well as p(0) = 1. Eq 30 is differentiated to give us

(B @e@) + pr(ERE o)
A(EJ (o) + p(ESa (e ()
_rg'(™)
g(r)
By Lemma 4, letting
$@) = Tandn(w) ==,

therefore w is analytic within C alongside n(u) # 0
is analytic in C* . Believing that

_rp'(n)
W@ = On(pe) = a5
and
_ B p' ()
h(T) = (]b(p(?")) + W(T) =1+ (ZW,

since W(0) = 0 as well as W'(0) # 0, hence Eq 28
would result in W as a starlike function inside D. Eq

28, obtaining
rh'(r) { rp”(r) rp’(r)}
Re =Reql+ - > 0,
w(r) p'(r)  p()
using Lemma 4, getting g(r) < p(r), p(r) is the
most advantageous dominant of the Eq 38. Next
result, supposingthat A =0,p=a =1, -1 <A<

B < 1, alongside p(r) = 1o

Corollary 6: Letg € X,and b,c € C*such so
ro(r) #0 for everyr € D,|2bc — 1| <1
or [2bc + 1| < 1. Alongside Eq 27. If

1 ro'(r 1+r
1+-|-1-2 ) < , 40
b o) -r
therefore,
b 1
< S —
(Tf(T')) (1 — r)zbc ’
1 .
as well as aome 1S the most advantageous

dominant of Eq.40, consider the following, b,c €
il

c*, a=—— A=0,u=b, p=1land A; =

Bi(i =1,2,..,s)alongside |1| < A/2, q(z) =

m, the following is the outcome.
—-T osAe

e

Corollary 7: If ¢ € X,and ro(r) # 0 forevery r €
D,allow|A| < A/2and b,c € C*. consider the
follows |Zcbcos/1e‘i’1 - 1| <1 or|2(:bcos/1e‘i’1 +

1| < 1by Eq29. If
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1+ el [_1_r<p’(r) 1+7r a1
bcosA (1) 1—7r’
then
b 1
(T(p(T)) < (1-— T-)Zcbcosle—m ’
as well as(1— r)2cbeosae™™ is the most

advantageous dominant of Eq 41.

Theorem 5: If the function p is univalent in D as
well asp(0) = 1such so ¢ € X, u,a € C* = C\{0},
consider following 6, 4,p € C, A+ p # 0 alongside

Re (g) > 0. Allow ¢ meet the following
requirements:
{T{AE% (Mo(r) + pEJS 1(T)<p(r)}}
#0,
A+p

and

{r{AEzzla (o) + pmlw(ﬂ]} a
A+p
€ G[p(0), 1] nW.
When ¢(r) from Eg 29 is univalent within
D alongside

ow(r) + arw'(r) < ¢(r), 42

then
r{AET, (Do) + pET e
Py < L b

the function p(r) is the most advantageous dominant
of Eq 42. Now by Theorem 1, Theorem 2 as well as
Theorem 5, the subsequent two sandwich theorems
accordingly:

Theorem 6: If p, andp, become two convex
functions within the unit disc D alongside p,(0) =
p,(0) =1, for ¢ € X such so rEJL (M) #
0,0<u<1 , A€eC" =C\{0}and Re(1) > 0.
Assume the following scenario

(.r.Em+1(_r.) —utl
M) €GIp0), 1] nW.If

Conclusion

The paper investigates a subclass of analytical
univalent functions associated with the concept of
power source variations in subordination. Looking at
the variations in subordination as well as super
ordination that leads to including a particular class
about univalent functions stated upon the open unit
disc time for univalent functions gathering multiple
real estate subordinations as well as super

(Av + 1) (rElle(r)go(r))_“H

-u
— 72 (E (o) (rEf (o)
is univalent inside the unit disc D, so that

pir) + 2L

- (Av + 1) (rElle(r)go(r)yﬂﬂ

—rA (B e®) (rEZF @) <
o, (1)

po(r) + 4 W 43

then

-u+1

p1(r) < (rEJ (Mo (™)) < p2(r),
the functions p,; as well as p, are the most
subordinate as well as the most dominant for Eq 43.

Theorem 7: Allow p, as well p, become two convex
within the unit disc D and p;(0) = p,(0) = 1, such
so §,4,p€eCuacC =C\{0},A+p+*0 and

Re (g) > 0. Allow ¢ € ¥ Assume the following
scenario ¢ meet the following requirements:

{r{AEfZla(T)(P(T) *PE 1(r)(p(r)}} #0

A+p
so that
—u+1
r{AETL (Do) + pERF e
A+p

€ G[p(0), 1] nW.
When the function ¢ provided by Eq 31 is univalent
and

Sp1(r) + arp,'(r) < ()

< O6po(r) + arp,' (1), 44
then
p1(r) L
AEJ, EJt
- {r{ / (1”)90(1"/)1J;r /; e} <),

then p, as well as p, are the most subordinate as well
as the most dominant for Eq.44.

ordinations linked alongside the Hadamard product,
employing the characteristics of the operator.
Investigating the different types of subordinations as
well as super ordinations employing the real estate of
the broader derived operator and demonstrating sure
theorems. Additional inferences were gathered on
variation subordination employing a linear operator.
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