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The main purpose of this paper is to study feebly open and feebly closed
mappings and we proved several results about that by using some concepts of
topological feebly open and feebly closed sets , semi open (- closed ) set , gs-(sg-)

closed set and composition of mappings.
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Introduction:
Feebly open and feebly closed
mappings are one of the important

properties for studying topological
spaces . Several results of feebly open

and feebly closed mappings occur in
the literature , many authors used the
concept feebly open and feebly closed
sets to study another concepts of
topological and gave several results
about that In fact , Maheshwari and
U.Tapi [1] introduced the concept of
feebly open set,in a topological space
(X,T),H set in X is said to be feebly
open if HCScl IntH, and accustomed
H is said to be feebly closed if sInt
CIHCH. Neubrunn [2] gave an
example, let X and Y be the set of real
numbers with usual topology ,let the
mapping F:X — Y be defined as
follows F(x)=x if x #0 and x#I : F (0)
= 1and F( 1)=0. Then F is one- one ,

feebly  continuous  and  feebly
open.S kolyada,L.Snoha and
J. Trofimchuk[3]proved,let X be a

compact Hausdorff space and let f
€ C(X) be a minimal map,then f is
feebly open ,where we write f
€ C(X) .Jet (X.T) be adynamical
system given by a compact topological
space and a continuous map £X—X
and adynamical system(X,T) is called
minimal if X is minimal and the map f
itself is minimal. Mahide Kucuk and
Idris Zorlutuna [4] them introduce

some concepts as a generalization of
the concepts of feebly —normality and
feebly —regularity[5]. A . Vella[6]proved
some results concerning a connected
compact feebly Hausdorff edge space
,where the compact feebly Hausdorft
edge space is a main results of [7]and
[8]. Ali[9] proved .in a topological
space every open set is feebly open set
and every closed set is feebly closed
set .In this paper we shall study feebly
open and feebly closed mappings ,we
prove several results about that by
using another concepts .

Throughout this paper (X,T) and (
Y, V) respresent non-empty topological
spaces on which no separation axioms
are assumed unless stated explicitly
and they are simply written as X and Y
If F: (X,T) — (Y.,V) be a mapping ,
FY(H) is the inverse image of for a
subset H of (X,T) H’, H and H® denote
the interior , closure and complement
of H respectively .The operation o
denote the composition of mappings .

Preliminaries:

Asubset H of a topological space
(X,T) 1s said to be semi open [10] if
there exists an open set U of X such
that UcHcCI(U) and is said semi
closed if there exists closed set U such
that U'CHcU.The complement of a
semi open set is said to be semi closed
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. The semi closure [11] and [12] of
subset H of (X,T) ,denoted by sCl (H) ,
briefly , sCI(H) .is defined to be
intersection of all semi closed sets
containing H ,sCI(H) is a semi closed
set in[11] and [12] the semi interior
[12] of H , denoted by sInt (H) .is
defined by union of all semi open sets
contained in H .

Asubset H of (X,T) is said to be
semi generalized closed (written in
short as sg-closed ) in (X.T) [13]if
sCI(H) < U whenever HC U and U
is semi open in (X,T) , H is said to be
generalized semi closed (written as gs
—closed) Im (X,T) if sClH)cU
whenever HcC U and U is open in
(X,T) .Also is said to be generalized
closed set (written as g —closed )if Cl
(H) < U whenever HC U and U is
open set and a topological space (X,T)
is said to be Tb if every gs-closed set is
closed.

To a chieve our purpose we mention
the following.

Definition 2.1]14]

A function F:X— Y is called feebly
closed if the image of each closed set
in X is feebly closed setin Y.

We introduce the definition of feebly
open mapping as follows .

Definition 2.2

A function F :X — Y is called feebly
open if the image of each open set in X
is feebly opensetin Y .

Diagram 2.8

closedsets —

feebly closed sets

semi closed sets

sg- closed sets

The following example illustartes
above definition .

Example 2.3

Let T={d,{a},{a,b,c},X}be a topology
on X={a,b,c,d} and let V = {¢, {p},
{q.r},Y} be a topology on Y= {p,q,r},
let F:X— Y be defined as follows :
F(a)=p , F(b) =q and F(c) =F(d) = r.
If we take any open set of X say {a}
,then F({a}) = {p} which is feebly
open set in Y .Similary for other open
sets in X.

Definition 2.4 [15]

Afunction F :X— Y is said to be
feebly continuous if the inverse image
by F of each open set V of Y is feebly
openin X .

Theorem 2.5 [9:Propositionl.3.15]
Let (X,T) be a topological space
JHc X if His feebly open then H is
semi open set .

Proposition 2.6

If H is an open and g —closed subset of
a topological space (X,T) ,then H is
closed set.

Proof:Since H is open and g-closed ,

HcH but HC H always,hence

H =H,then H is closed set.
Proposition 2.7 [16]

Let (X,T) be a topological space H
X ., if H is feebly open set then H' is
feebly closed set of X.

From [9] and [I3] we obtain the
following diagram.

g — closed sets

gs- closed sets

Where H _, U represents that H implies U .

The Main Results:
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Every closed mapping is feebly closed
mapping .
ProofiLet F :X— Y be a closed
mapping , to prove F is feebly closed
Jet H be any closed subset of X . Since
F is closed mapping, F(H) is closed in
Y .By Diagram 2.8 , F (H) is feebly
closed .
Hence F is feebly closed mapping.
Remark 3.2

The converse of the above theorem is
not true always as below .
Example 3.3
Let T = { ¢, X, {1},{23}} be a
topology on X = {1,2,3} and
let V ={¢,Y,{a}.{a,c}}be a topology
on Y={ab.c}.let - X— Y be defined
by: F(1)=F(2)=F(3)=c.

It is clearly F is feebly closed mapping
but not closed.since the image of any
closed subset of X is{c} which is not
closed but {c}is feebly closed subset of
Y.
Theorem 3.4

Every open mapping is feebly open
mapping .

Proof :Let F : X— Y be an open
mapping , to prove F is feebly open ,let
H be any open subset of X .Since F is

open , F(H) is open in Y , F (H) is
feebly open . Hence F is feebly open
mapping .
Remark 3.5

The converse of the above theorem is
not necessarily truethe following
example illustrates that.
Example 3.6
Let T = { ¢, X ,{a} .{bc}} be a
topology on X ={a,b,c}and
let V= { ¢ .Y, {1},{1,2,3}}be a

topology on Y ={1,2,3,4},

let F : X— Y be defined by:F(a) = F(b)
=1 and F (c¢) =3.

It is clearly F is feebly open but not
open ,since F ({a}) = {1} which is
open and feebly open but F ({b,c}) =
{1,3}which is feebly open but not
open.
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Proposition 3.7
Let F : X — Y be a feebly closed
mapping then the image of every
closed subset of X is semi closed in Y.
Proof :Let H be any closed subset of X
and F(H) is feebly closed inY then by
Diagram 2.8 F(H) is semi closed in Y .
By the same method we can prove the
following proposition .
Proposition 3.8

Let F: X — Y be a feebly closed
mapping then the image of every
closed subset of X is gs-closed ( resp.
sg —closed )in Y .
By Proposition 2.6 and Diagram2.8,we
can prove the following proposition
Proposition 3.9

Let F :X — Y be a mapping if the
image of every closed subset of X is
open and g- closed in Y | then F is
feebly closed.
Theorem 3.10

Let F: X —Y be a mapping if the
image of every closed subset of X is
gs-closed in Yand Y is Tb space ,then
F is feebly closed.
Proof: Let H is closed subset of X and
F(H) is gs-closed in Y , since Y is Tb
space,F(H) is closed .then F(H) is
feebly closed .Thus F is feebly closed
mapping.
By the same method in Proposition 3.7,
we can prove the following proposition

Proposition 3.11

Let F: X — Y be a feebly open
mapping then the image of every open
subset of X is semi open in Y.
Theorem 3.12

A mapping F : X — Y is feebly open
if F(H") < (F(H))" for every H C X.
Proof:Let H be any open set in X so
that H® = H then F (H") = F(H). By
our hypothesis F (H") < (F ( H))"
,therefore, F(H) < (F(H))".
But(F(H))" < F(H) always .Hence
(F(H))’= F(H) ,therefore, F(H) is open
in X ,then F is open ,hence by Theorem
3.4, F is feebly open.
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Theorem 3.13

A mapping F : X— Y is feebly
closed if F(H) < F(H) for every
HcX.
Proof :Let H be any closed set in X so
that H=H. By hypothesis
F(H) CcF(H )=F(H), therefore,
F(H) c FH)ButF(H)c F(H)
always. Hence [(H)=F(H) ,thus F
(H) is closed.then F is closed .It
follows from Theorem 3.LF is feebly
closed.
Theorem 3.14

Let { Vi:A e be an arbitrary
collection of topologies on a set Y and
(X,T) any other topological space .If
the mapping F: X— Y is feebly open
for every 1 € A, then F is feebly open
with respect to the intersection
topology V=N{V 1 : lena}l
Proof : Let H be any open subset of X
Since F is feebly open ,then F(H) is
feebly open in VA VAen this
implies that F(H) €N{V 1 : 1 A }=V
Thus the image of every open set in X
under F is feebly open in Y .Hence F is
feebly open with respect to the
intersection topologies .
Remark 3.15

(i)If F:X— Y be a feebly open then F
is not necessarily feebly closed.
(i)The converse of (i) is not ture
always , as below.
Example :3.16

Let (X ,T) be any topological space
and (Y,V)be the space for which Y=
(p.q.r} and V= {,{p}.{p.r},Y), the
mapping F: X—Y
defined by :F(x)=P VxeX.
Then F is feebly open but not feebly
closed since the image of any closed
subset of X is {P}but {P} is not feebly
closed set.
Also we define a mapping G : X — Y
by :G(x)=q ¥x e X.
Then G is feebly closed but not feebly
open since the image of any open
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subset of X is {q} but {q} is not feebly
open set .

Theorem 3.17

IfF : X — Y is a bijective and feebly
open mapping , then F is feebly closed
mapping .
Proof: Let H be any closed in X , to
prove F (H) is feebly closed in Y , we
have H° is open and F is feebly open

gthen F(HY) is feebly open, by
Proposition 2.7, (F(H"))® is feebly
closed .Since F is 1-1 and onto

then(F(H))° = F(H),thus F(H) s
feebly closed in Y.Hence F is feebly
closed.
Feebly open and feebly closed of the
composition mappings.
Theorem 4.1

Let F:X—Y and G: Y —Z be a
mappings .then Go F:X—Z is feebly
open if:
(i) F and G be an open mappings.
(1) F is open and G is feebly open
mappings .
Proof: (1) Let H be any open subset
of X, to prove GoF (H) is feebly open
in Z Since F is open , then F(H) is
openinY .
Also we have G is open ,then G(F(H))
is open in Z , therefore , GoF(H) is
feebly open in Z Thus GoF is feebly
open mapping .
(ii ) By same method in part (i) .
Theorem 4.2

Let GoF : X— Z is open and G:Y—
Z is feebly continuous and injective ,
then F : X— Y is feebly open.
Proof : Let H is open in X ,to prove
F(H) is feebly open in Y. Since GoF is
open ,then GoF (H) is open in Z, also
we have G is feebly continuous ,then,
G'I(G( F(H))) is feebly open in Y but
G is injective ,therefore G™' (G(F(H)))=
F(H) is feebly open in Y. Hence F is
feebly open
The following result can be proven in a
similar way .
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Theorem 4.3

Let Go F : X — Z is feebly open and F
:X — Y is continuous and surjective ,
then G: Y—Z is feebly open.

Theorem 4.4

Let GoF:X— Z is closed and G'Y
—Z is continuous and injective,then

F: X— Y is feebly closed.
Proof :Let H be a closed in X | to
prove F(H) is feebly closed in Y
Since Go F is closed , then Go F (H) is
closed in Z .Since G is continuous
.then G (GoF(H) ) is closed in Y .
But G is injective ,then G ™' (GoF(H) )
= G™ (G(F(H) ))=F(H) is closed in Y ,
then by Diagram 2.8 , F(H) is feebly
closed .Hence F is feebly closed.
We can easy to prove the following
propositions.
Proposition 4.5

Llet F: X > Yand G Y — Z be a
closed mappings ,then GoF: X— Z is
feebly closed .
Proposition 4.6
Let F:X— Y is closed and G:Y—Z is
feebly closed, then GoF X —Z is
feebly closed.
Proposition 4.7
Let GoF : X — Z is feebly closed and
F: X — Y is continuous and surjective
sthen G : Y — Z is feebly closed.
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