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Abstract: 
         The aim of this paper is to prove  some results for  equivalence of moduli of 

smoothnes in   approximation theory  , we used a"non uniform" modulus of 

smoothness 
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k xftf ),(sup),(
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

  and the weighted Ditzian –Totik  moduli of 

smoothness 
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  in  pLp 0],1,1[ by spline 

functions ,several results are obtained .For example , it shown that ,for any

 pr 1  ,11   the inequality  p

k

p

vk

v

v

JSJSJ ),(),( )(

   ,

 1,min1  mv    is satisfied ,finally, similar result for chebyshev partition and  

weighted Ditzian –Totik  moduli of smoothness are also obtained. 
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Introduction: 
          

 Equivalence  moduli of smoothness 

was proved by  Hu and Yu [1] and  by 

Hu [2] for uniform and quasi-uniform 

partition , respectively.  In fact , if we 

set 1 km , then corollary (1.5 ) 

(with an additional restriction rk   ) 

becomes theorem  1 in [2] ,also in the 

case  1 rk   and 1 rm  , 

corollary (1.5 ) follow from theorem 2 

of [2] . 

       A function S  is called a spline if : 

[3] 

1- the domain is an interval [a,b].  

2- )1(,...,,,  rSSSS  are all continuous 

function on [a,b] 

3- there are point (the knot of S )such  

that bZZZZa nn  110 ...  

and such that S   is a polynomial  of 

degree r  on each subintrrval

],[ 1ii ZZ    

Usually piecewise polynomials from 

)( nr ZS  are called "splines" if they 

possess continuous str )1(  derivatives 

.We emphasize that if  S )( nr ZS  and 

Nm  then )(},max{

)(

nomr

m ZS   and 

a.e   0)( mS   if 1 rm  . 

         

              Now  a moduli of smoothness 

are intended for mathematicians 

working in approximation theory 

,numerical analysis and real analysis 

.Measuring the smoothness of function 

by differentiability is too crude for 

many purposes in approximation 

theory . more suitable measurement are 

provided by moduli of smoothness.   
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  pJLp 0 , )(  , denotes the space 

of all measurable function f  on J  

Such that 
)(Jp

Lf  .  

The kth symmetric of f  is given by  
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then the kth "non uniform" modulus of 

smoothness of   pLf p 0],1,1[  

is define by  

p

k

th

k xftf ),(sup),(
0






  

Where 

222 1)(,1),( xxhhxhx  

 and  

         The weighted Ditzian –Totik 

moduli of smoothness of a function 

 pLf p 0],1,1[  is  define by  

p
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Where 21)( xx   

 

A partition  },....{ 0 nn ZZZ

1...1 110   nn ZZZZ  of  

the interval  1,1  denote the scale of 

parition nZ  by 
i

j

n
J

J
Z

1
max)(


   

where  1,  jjj ZZJ  with 

0,1  jZ j
 and njZ j  ,1 . 

 

Auxiliary results  
The following properties of the moduli 

of smoothness are well known[6],[7] 

(i) for 

 pJLf p 0),( ,we have  

           

NkJtfJtf pk

p

pk  ,),,(2),,(
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                                (2.1) 
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(iii) suppose that 

 pLf p 0],1,1[  and Nk ,  

then  
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Lemma .1 (Whitneyُُs inequality 

). [8 ] 
 For any  pbaLf p 0],,[  such 

that 11   kkq  such that 

             

]).,[,(
],[1 bafCqf kbaLk

p

                                                         

(2.4) 

 

Lemma .2  
 For any polynomial  kkq 

 p0,   and intervals I  and J

such that JI   we have  

rvqJp
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  (2.5) 

 

The main result  
The following theorem is not satisfied 

for all  pLf p 0,  but satisfied 

for spline functions  

 

Theorem .1 (local estimates) 

 Let  S )( nr ZS , Nr  and 

],[
21 MM ZZJ   with 012 cMM   for 

some constant 0c  

Then for  pr 0  ,11   we 

have  
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  for all .,...,2,1 v  

proof: 

 

Every where in this proof 1kq  denote a 

polynomial  

of degree 

p
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for any .1  v  denoting 
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and using [(2.5),[7 ] ] we have  
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Corollary .2 (equivalaence of 

moduli of smoothness) 

Let S   NrCZS m

nr  ,1,1)(   and 

 
21

, MM ZZJ   with 012 cMM   for 

some constant 0c  

Then for  pr 1  ,11   we 

have p

k

p

vk

v

v

JSJSJ ),(),( )(

   ,

 1,min1  mv   

Equivalaence constants  above depend 

only on 0,, cr  . 

 

       Suppose that 

jnjn JZ 10maxmax max)(    and  

jnjn JZ 10min `min)(   we say that 

nZ  is  quasi uniform if 

minmax   is bounded by a constant 

independen of n , and  denote such 

partition by 

nu  , if  nn uZ  then 

  nnn



222

maxmin   and 

)( nZ  

 Therefore 1

maxmin

 n  with 

Equivalaence constants  depending  

only on  . 

 

 

Theorem.3    (quasi uniform 

partition) 

Let 

nu , Nn   be  a quasi uniform 

partition of  1,1  and let S

NruS nr  ),(  then for any 

 pr 0  ,11   we have    
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proof 
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nu  is a  - quasi uniform 

1
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 nJ i   for all 

10  nj  with equivalence 

constants depending only   . 

Using (2.2) we have 
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Where the last inequality follow from 

(2.3) 

 

Corollary .4 

Let 

nu , Nn   be  a quasi uniform 

partition of  1,1  and let S

  10,,1,1)(  rmNrCuS m
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Equivalaence constants  above depend 

only on .,r . 

 

           Let nZ  is a chebyshev partition 

, if  nZ = n

iin tt 0)(   where 
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where the last inequality follows from ( 

2.3) 

 

Corollary.6 

Let   1,1)(  m

nr CtSs   

10,  rmNr  then , for any 

10  ,11  pr  we have 

p
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v nSnSn ),(),( 11)( 


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all  }.1,min{1  mv    

 

Equivalaence constants  above depend 

only on r . 
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 الخلاصت
,اسددتمدهٌا ه يددا   ؽددن ًيريددة الت ريدد    لتكدداؽتات بدديي ه ددايو الٌعىهددةاددى برادداى ًتددا   لالهدددػ هددي اددحا ال  دد  

الٌعىهدددددددددة عيدددددددددر ال  يعدددددددددن 
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      وه يدددددددددا  ًعىهدددددددددة ديتيددددددددد يي الث يددددددددد
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    ؽدن الؾاداتات pLp لددوا  السدييًن , ًتدا       ]1,1,[0

pعديدددددددددع يهددددددددلٌا عليهددددددددا هددددددددثي, بيٌددددددددا الوتراج ددددددددة       

k

p

vk

v

v

JSJSJ ),(),( )(

       عٌدددددددددها

 pr 1  ,11      , 1,min1  mv        هت   ددة واريددرا بيٌددا  شي  ددة  ي حدديؼ   هت   ددة

 اياا باستمدام ه يا  ًعىهة ديت يي الث ي .                                                                           

                         


