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Abstract

Scheduling involves assigning resources to jobs within specified constraints over time. Traditionally, the
processing time for each job was considered a constant value. However, in practical scenarios, job
processing times can dynamically fluctuate based on prevailing circumstances. In this article, a novel
approach is presented for the two-machine fuzzy Flow-Shop Scheduling Problem (FSSP) in a fuzzy
environment, where job processing times are represented by trapezoidal fuzzy numbers. Additionally, a
novel algorithm based on Goyal's approach for the two-machine FSSP with fuzzy processing times has
been proposed and developed. Simultaneously, an existing algorithm has been enhanced to improve its
performance in this specific context. The study aims to minimize the total waiting time for jobs. A
defuzzification function is employed to rank fuzzy numbers, with the ultimate goal of minimizing the total
waiting time. Furthermore, the article evaluates the performance of these methods in terms of solution
guality, using test problems with 10, 20, 30, 40, 50, 60, 80, 90, 100, 120, 200, 250, 300, and 500 jobs, along
with 2 machines. The mean total waiting time is compared to existing algorithms, including the NEH
algorithm, Palmer’s method, Johnson’s method, B. Goyal and B. Kaur, and the proposed algorithm.
Additionally, the obtained results, along with a well-structured ANOVA test, highlight the effectiveness of
the proposed method in addressing the scheduling problem under investigation. The experimental results
showcase that the proposed algorithm can effectively minimize the waiting time in fuzzy two-machine
FSSP and achieve superior results when compared to various existing algorithms.

Keywords: Fuzzy flow shop scheduling problem, Fuzzy logic, Heuristic algorithm, Optimal sequence,
Trapezoidal Fuzzy Number (TrEN), Total waiting time.

Introduction

Flow shop scheduling problems consist of n identical
jobs processed in the same order across m machines.
Real scheduling problems often encounter
challenges where data cannot be accurately recorded
or collected, particularly in  unexpected
circumstances. An example is the imprecise
measurement of job processing times, making it
challenging to gather precise data. In 1954, Johnson
introduced algorithm * known as Johnson’s rule,

aimed at minimizing the makespan in the two-
machine flow shop problem. This concept, renowned
for its ability to yield precise results in the two-
machine scenario, has catalyzed the development of
heuristics for more complex m-machine flow shop
problems, including notable algorithms like Palmer’s
2 Gupta’s 3, and the CDS algorithm “ While
Johnson’s  algorithm  assumed  deterministic
processing times, setting precise values for job
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processing times is often challenging in real-world
scenarios. Variability is inherent, with processing
times often fluctuating within intervals rather than
fixed values. Consequently, representing such
uncertainties is both natural and realistic °. As a
result, there arises a necessity to extend the classical
Johnson’s algorithm to accommodate fuzzy
processing times. Therefore, there has been a
growing interest among researchers in recent years in
using fuzzy processing time to tackle job scheduling
problems, with particular emphasis on the flow-shop

scheduling problem. Additionally, researchers
propose employing fuzzy set theory 5, to tackle
uncertainty in scheduling problems, a crucial

approach for domains such as healthcare and
production ”. In flow shop scheduling problem-
solving, NP-complete problems 8 are quick to verify
but slow to solve. This limits the effectiveness of
exact optimization algorithms for large-scale
problems. Instead, Industries ° relies on scheduling
to allocate resources to tasks over time, aiming to
minimize metrics such as makespan 1, total flow
time, tardiness *2, and waiting time 2.

In flow shop scheduling, the focus is on minimizing
waste, including idle time of machines and waiting
time of jobs. These factors significantly impact
production efficiency and are crucial considerations
in scheduling objectives . The significant impact of
waiting time, as seen in industries like steel
production, involves the wastage of time, raw
materials, and resources. In the context of the
problem, Asif et al. *° studied an effective algorithm
aimed at reducing total elapsed time and idle time for
solving FSSPs. McCahon and Lee ¢, discussed a
method for predicting the job sequence with an
optimal value for a two-machine FSSP employing a
triangular fuzzy number.

Previous studies in flow-shop scheduling primarily
focused on deterministic environments. However,
real-world manufacturing processes inherently
involve uncertainty 7. Recently, significant attention
has been devoted to addressing uncertain shop
scheduling problems, with fuzzy shop scheduling
emerging as a prominent research area. Additionally,
Dubios and Prade '8 proposed overlapping
relationships among fuzzy numbers to characterize a
domain of possibility. Mahfouf M. et al. *°, highlight

the application of fuzzy logic technigues in
healthcare disciplines such as internal medicine and
others. Kiptum et al. %, evaluated the challenges
associated with achieving sustainable urban
development using a fuzzy approach. Besides,
Alburaikan A. et al. 2! introduced a novel strategy for
arranging tasks within a three-stage flow shop setting
involving uncertain  processing times. They
presented two distinct methods: the first employs a
ranking function, while the second utilizes a tight
interval estimate of fuzzy numbers. In recent years,
several researchers have made significant
contributions to this literature. Zhou T et al. %,
examined three-machine n-job FSSP with fuzzy
piecewise quadratic processing times. Zubair and
Ahmed %, devised an innovative set of operational
guidelines and a ranking procedure for Single-
Valued Neutrosophic Uncertain Linguistic Variables
concerning linguistic scale functions. Akram et al. %,
introduced a new linear programming problem that
incorporates LR-type Pythagorean fuzzy numbers.
Zanjani B et al. ®, developed a multi-objective robust
mixed-integer  linear ~ programming  model
considering real-world conditions where due dates
and processing times are assumed to be uncertain.
Edalatpanah et al.?®, utilized Cooperative Continuous
Static Games with fuzzy cost functions that exhibit
piecewise quadratic behavior. Gupta D. and Goyal
B. %7, have created specialized structural models
aimed at optimizing job waiting times in flow shop
scheduling, with a focus on distinct setup times and
the concept of job blocks. Here, a two-machine flow
shop scheduling problem is presented, incorporating
trapezoidal fuzzy processing times.

Recently, there has been a growing focus among
researchers on the fuzzy FSSPs. Engin and Isler %8,
developed a parallel greedy algorithm for the fuzzy
hybrid FSSPs with setup time and lot size. Bahmani
V et al. %, examined the two-stage flow shop
scheduling problem involving distribution through
vehicle routing within a flexible timeframe.
Rouhbakhsh R et al. ®, developed a lot-streaming
algorithm for the hybrid flow shop scheduling
problem considering transportation time. Jain et al.
81 presented a model for optimizing fuzzy inventory-
transportation problems aimed at minimizing overall
distribution costs. In this context, Goyal B and Kaur
S %, explored a triangular fuzzy number-based
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algorithm for minimizing job waiting time in specific
FSSPs, demonstrating its superiority in waiting time
optimization compared to various heuristic
approaches. To solve the same problem Goyal B and
Kaur S 3, explored scheduling issues in a two-
machine permutation flow shop, considering random
processing times on both machines. In this article, an
enhancement to the Goyal method is proposed.
Specifically, a novel approach is introduced to
thoroughly explore the potential relationships
between fuzzy numbers, thereby leading to improved
performance in obtaining optimal job sequences.

The rest of the article is structured in the following
manner: Preliminary concepts that explain the fuzzy
set and other principles, providing an overview of the
problem statement. The fuzzy two-machine FSSPs
are proposed. The result analysis discusses the
numerical comparison employed to verify the
computational efficiency of the proposed method.
The article provides a summary and explores
potential avenues for future research in the
conclusion. The flow chart for the proposed
algorithm is clearly outlined in Fig 1

Preliminary concepts

The preliminary concept contains a mathematical
representation of job completion time and waiting
time. Moreover, the assumptions applied in the
problem setting were presented. The subsequent
notations indicate the total waiting time for the fuzzy
FSSP with n jobs and 2 machine problems.

Assumptions
The following assumptions form the foundation of
the flow shop scheduling problems .

e At time zero, all machines should be
operational.

e Each machine processes each job once, and
they work independently.

o Predictable and consistent processing times
exist.

e Machines are always accessible and do not
malfunction throughout the operation.

¢ No machines can handle two or more tasks
concurrently.

e Preemption of jobs is not authorized; the
machine remains dedicated to the current job
until completion.

The objective of the two-machine fuzzy FSSP is to
determine the optimal sequencing of all jobs while
minimizing the total waiting time. Table 1 provides
a comprehensive list of symbols and their respective
meanings utilized in two machine fuzzy FSSP.

Table .1 Notation

Characters Descriptions
i Index for jobs f5;, i=1,2,...... n
M Machines (M1 and M2)
pM Average Hesitant Fuzzy Set (AHR)

score for the fuzzy processing time of
the job i on machine M . This
represented the average value of the
fuzzy job time.

i Fuzzy processing time of job i on
machine M.

CBM Completion time of job f on machine
M.

Ug Job B's waiting time.

Si The starting time of the job i on
machine M, denoted as W,.

Wg Waiting time of job S.

Whime Total waiting time.

Start

| Compute Ranking Index for f |

Verify condition
max(P!) < min(P?)

| Calculate h;, = (n — q)d; |

I

| Arrange jobs |

I

| Identify minimum processing time

| Generate other sequences l

[

| Compute total waiting time |

I

| Select optimal sequence |

Figure 1. Flow chart for the proposed method
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Fuzzy flow shop scheduling problem
Problem statement

In this section, the formulation of the fuzzy FSSP has
been investigated, where the processing times for a
set of n jobs, sequenced across a pair of machines,
are expressed as trapezoidal fuzzy numbers denoted
as PM. These fuzzy representations capture
uncertainty, offering a range for each processing time
rather than a precise value . The primary objective
is to devise an optimal job processing sequence on
the two machines, emphasizing the minimization of
total waiting time while accounting for the
uncertainty introduced by trapezoidal fuzzy
numbers. The duration for processing job i on
machine M is represented by the trapezoidal fuzzy
number P = (ey, ey, e3,e4), Where e;, e,,e3,e, are
parameters. For trapezoidal fuzzy numbers, the
membership function is 1 or the maximum of (e, —
e3), and it is zero at the corners e; and e, of the
trapezoidal fuzzy number. Fig 2 illustrates these
numbers. In this context, u denotes the membership
function, and x signifies the processing time. The
membership function, employed in fuzzy logic,
assesses the degree of membership or truth value of
an element in a fuzzy set, considering its attributes

like processing time. Additionally, a crucial
condition max(P;') < min(P?) ensures
compatibility in processing time intervals on

different machines, contributing to the feasibility of
the scheduling solution.

Preliminaries

The initial introduction of fuzzy mathematical
programming at a broad level originated within the
framework of fuzzy FSSP proposed by Behnamian
J 3%, Next, essential definitions are provided.

Fuzzy set %

A fuzzy set P maps elements from the universe of
discourse X to the unit interval. Let P be represented
as P = {(x,us(x)/x € X)}, where ps is the
membership function that assigns a value to each
element x belonging to X in the fuzzy set P. s (X)
yields the degree to which x belongs to the fuzzy set
P. p; maps X to the interval [0,1], and the fuzzy set

P can be represented as P: X — [0,1].

Fuzzy number 3738

A fuzzy number, denoted as P, is defined based on
the following criterion

e ps(x):R — [0,1] is continuous.

o ups(x) =1 forall xe[eq, e4] Where e; <
e, < ez <ey.

e up(x) strictly increasing on [eq, e;] and
strictly decreasing on [e3, e,].

o us(x) =0 forall xe(—o0,e,) U (&4, +).

Trapezoidal Fuzzy Number: A trapezoidal
fuzzy number P = (e, e,, e3,e,) is defined by
its membership function ps(x) as follows:

x—e; .
p— if eg<x<ey
1, if e;<x<e;
mp(x) =
4~ .
p— if e3<x <ey
\ 0, if otherwise
1
-ur(x)“

Figure 2. Trapezoidal membership function

Defuzzification method 3°

Finding the singleton value (crisp value), which is
the average value of the trapezoidal fuzzy numbers,
is the process of defuzzification. Due to its simplicity
and accuracy, Robust’s Ranking approach is utilized
in this case to defuzzify trapezoidal fuzzy numbers.

Robust ranking technique

If P is atrapezoidal fuzzy number, then the ranking
method is given by

R(P) = [} a(bl,b®)da , where (b,bE) =
{la(e; —e1) + e, —a(es — e3) + e,]} the a — level
cut off the fuzzy numbers P.
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R(P) = fol[e1 + a(e, — e;)]ada + fol[e4 —ale, —
e;)]ada 2

R(P) = f[elo( + a?(e, — e;)]da
0

1
+ f[e4oc —a?(e, — e3)]da

o 31
R(P) = [el —+(e; —e;) —]
2 3 0 )

o ol
+ 947_?(94_33)

0
R(ﬁ) _ e1t2(eptes)te, 3
6
R(P) is the ranking index for fuzzy number P

Significance and novelty of the proposed
model

The importance of the proposed objective resonates
across every service provider organization and
industry because client satisfaction is of paramount
importance to every executive. In today’s rapidly
advancing world, where time is at a premium,
everyone seeks services that minimize waiting times.
Therefore, service executives consistently strive to
ensure timely service delivery, avoiding extended
wait periods for clients. Most of the previous
research has focused on achieving different
objectives, including minimizing elapsed time and
reducing the rental cost of machines. The objective
introduced in this study has previously garnered little
attention from researchers in the context of
trapezoidal fuzzy processing numbers. The novelty
of this research lies in delving into this objective and
presenting an algorithm aimed at minimizing job
waiting times for flow shop scheduling problems
with  randomly generated trapezoidal fuzzy
processing times.

Total waiting time for flow shop scheduling

Consider the problem of a flow-shop with n jobs and
two machines, where the jobs are processed
sequentially on machines M1 and M2, following the
order M1M2, without allowing any passing.
Furthermore, let S} and ¢} denote the starting and
completion times of job i on machine M1, and S? and

C? represent the starting and completion times of job
i on machine M2, where i = 1,2 ...,n. The waiting
time for job i on machine M2, referred to as W, is
determined as S? — C! within a schedule ‘S’
involving n jobs ( S = 1,82, - Brn). The total
completion time of all jobs in a two-machine flow
shop problem is the completion time of the last job
on the second machine, denoted as C,%n

1 _ pl
i =P 4

1 _ 1 pl C
CBi_ Cﬁi—l + PBi' 1 = 2,...,77. 5

2 _ 2 1 D2 T
Cj = max{C;_,Cp}+ P§, i=2..,n 6

The total completion time is then Cﬁn. The objective
is to find a schedule that minimizes the total waiting
time  Wime, Where Wime = 21w, W;.  The
mathematical details of this problem can be found in
Table 2.

Table 2. Representation of the problem
description in matrix form
Jobs(i) M, (f7) My(f7)
1 (el €31, e31.eh1) (€31, €31, €51, e51)
2 (€12, €32, 035, €35) (el €3, €57, €5r)
3 (els €33 €33, ei3)  (efs, €33 e33 el3)
N (elne€ineinCin) (€1, €3, €3, eln)

The two-machine specialized flow-shop scheduling
problem arises when the processing times of the n
jobs on machines M1 and M2 adhere to the condition
expressed as max P! < min P?, transforming the
problem into a specialized scheduling problem.

Theorem 1:
Let n-jobs, indexed from 1 through n, undergo
processing on two machines (M1 and M2) in a flow

shop environment, excluding any transient
operations. Suppose these jobs adhere to the
structural condition:

max P} < min P? 7
where PM- represents the alpha cut ranking index
(Eq 3) value of the equivalent fuzzy processing time
required by the job i on machineM (M = 1,2), and
( Weime), the total waiting time of jobs, is determined
as:
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Under this constraint, the total waiting time of jobs (
Wiime) 1s mathematically represented as:

Wiime = n- ﬁ[}:l + Z;l;ll (n—q) dﬁq - Zln==11 pﬁll
8

where:
) 51
dﬁq = (Pﬁq - Pﬁq) 9

Proof:
Initially, the evaluation begins with determining
the completion time, denoted as C}}", for orders

B on machine M, considering the sequence, S =

ﬂl' ﬁZ' .837 .Bk ] Bn'
Claim:

2 _ pl D2 D2 D2
Applying mathematical induction to n,
let P(n) denote:

2 _ pl D2 D2 D2
Now, forn = 1,

2 _ pl D2
Cs, = Pg, + Pg, 12
Now, assuming P (k) to be true for n = k,
Then for P(k + 1), utilizing Eq.7.

2 _ 1 2 D2
Cﬁk+1 = max (Cﬁk+1’ Cﬁk) + Pﬁk+1 13
Proving,

2 _ pl D2 D2 D2 D2
Cg, =P, +Pg, +Pg, ++Ps +F,,, 14
Next, Ug will be evaluated, representing the time
consumed by the job g while waiting.

Claim: For the sequence S = B4, 82, B3, - Bx -, Bn
of the jobs

Next, the waiting time Uy for the job, § is analyzed

for the sequence Ug, = 1, B2, B3, ) Bi -» P OF
the jobs:

Clearly,

and

) 1
UBk_Sﬁl_CBk o 16
Implicitly,

— 2 1 1 _
Up, = max(C3,_ ,Cz)—Cp,. k=2,3..,n
17

Condition (Eq 7) of the proposed model specifies a
requirement that must be satisfied, expressed as:

— p1l -1 =1 _
Ug, = P, + Xqza1dp, + Xis1 Pg,  k=23...,n

18
Approaching the major proof of the theorem:
Wtime = UB1 -|'UB2 -|'UB3 +"',+Uﬁn 19
Wiime =1 pﬁll + Zg;%(n - Q)dﬁq + Z?=1ﬁ[%i '
k=23...,n 20

Theorem 2:

Given a natural number k and real numbers
4,13, ..., T , among all possible linear combinations

of the form
k-1
D e D1
i=0

the minimum value is attained when r, < r, <
...’S rk.

Proof:
Applying the induction hypothesis on k,
the result holds trivially for k = 1.

Assume that the result holds for less than k& real
numbers.

Now, considering the ordered sequence

T'1< TZS

..S 'r'k

kri+ (k—Dry+ (k—2)r5+ 4 211 + 1%


https://doi.org/10.21123/bsj.2024.10784

Published Online First: October, 2024
https://doi.org/10.21123/bsj.2024.10784
P-ISSN: 2078-8665 - E-ISSN: 2411-7986

S

Baghdad Science Journal

=k -+ Kk —2)r,+(k — 3)rg + -

k
+ k-1 +ZTL'
i=1

Since the last term Y'¥_, r; is constant,
the hypothesis assumption implies that
kri + (k — Dy + (k — 2)r3 + - + 21,4
+ 7
is minimized.
Remark:
Based on the result from Theorem 2,

it is evident that for an n-job sequence S =
B1, B2, B3, - B -, B the term

Zn:(n — q)dg,
q=1

in Eq.8 will be minimized if the n -jobs in sequence
S are arranged in the non-decreasing order of the
values

dg,, while $1-, P,

remains constant for every sequence of jobs. Bearing
these observations in mind, an exact method is
proposed to minimize the total waiting time
Wiime for two-machine specially structured flow-
shop scheduling problems.

Proposed algorithm
The proposed algorithm entails the following steps:

Step 1: Calculate the Ranking Index value of fuzzy
processing time ;M = (ey, e,, e3,¢e,) forall jobs j;,
where i = 1,2,3 ...,n, using alpha cut Ranking
Index (Eq 3).

Step 2. Verify the structural condition, i.e.,
max P! < min P?

Step 3. Calculate hl-q = (n — q)d;, where d; =
P? — P} for i = 1,2,3,..,n—1, and present the
computed entries in the following tabulated format:

Step 4. Arrange the jobs in ascending order of d; and
obtain the sequence S; = By, B2, B3, ) Bn-

Step 5. Identify the minimum processing time of
machine 1 and denote it as Pl. Then, verify the
condition

P'xl = ﬁﬁlﬂ
If this condition is satisfied, then the sequence

obtained in the previous step is optimal; otherwise,
proceed to the next step.

Step 6. Generate other sequences S;, where i =
2,3,4, ...,n, by exchanging the i*" job with the first
one of the sequences S;_; while keeping the
remaining job sequence unchanged.

Step 7. Compute the total waiting time W;;,,. for all
sequences Sy, S5, S3, ..., S, using the formula defined
in Eq.8.

Step 8. Select the sequence with the minimum total
waiting time from the list mentioned in the previous
step; this sequence represents the optimal solution.

Illustration

A mathematical representation of a problem
involving 10 jobs and two machines is presented in
Table 3, as illustrated in the adjusted algorithm *’.

Table 3. Trapezoidal fuzzy processing times

Jobs M, M,
| fi fi
1 (65,69,77,93) (75, 89,97, 112)
2 (61,72,83,93) (80,92, 104, 106)
3 (65,69,77,93) (81,86,97,112)
4 (64,71,79,94) (76,89, 99, 107)
5 (57,75,78,88) (79, 83,98, 107)
6 (54,71,76,92) (82,87,102,113)
7  (65,72,85,89) (76,385,103, 110)
8  (60,70,80,92) (80,87,98,112)
9  (58,69,78,90) (76, 84,94, 106)
10  (63,69,84,87) (75,89, 94,107)

The representation of the ranking method (Eq 3) for
the previously mentioned fuzzy processing times is
shown in Table 4.
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Table 4. Crisp values of P}

S7 = B1, B3, Br0, B7, Bo, Bs, Bar Bs, B2, Be
Sg = Bs, B3, B1o B7, Bo, Bs: Ba B1, B2, Be
So = B2, B3, B10, B7, Bos Bs: Bas B1, Be, Be
S10 = Be: B3, Bro, B7, Bo, Bs, Ba, B1, Bs, B2

Therefore, the optimal job sequence S,, consisting of

Bo, B3, B10: B7, Bs, B, B1, Bs, B2, Be had achieved the
minimum total waiting time W, of 702.16 units,

Jobs M, M,
j P! P?
1 75.00 93.16
2 77.33 96.33
3 76.66 91.50
4 76.33 93.16
5 75.16 91.33
6 73.33 95.50
7 78.00 93.66
8 75.33 93.66
9 73.66 89.66
10 76.00 91.33

It is clear from the above table that the max

as had been indicated in Table 5.

Table 5. The optimal job schedules

max(P) < min(P?).

Sequences Total Waiting Time (W ime)

Therefore, the structural criterion has been fulfilled. ) 730.00
Then with the aid of step 4, the subsequent sequences S 723.83
- 2 .

have been obtained. s, 744 50
S1 = B3, B10,B7: Bos Bs, Bar B1, Bs, B2, Be Sa 702.16
_ Ss 717.83
As a result, Pl # Pél’ all potential sequences s, 732,83
according to step 6 are S, 72750
Sz = B10, B3, B7, Bo, Bs, Ba, B, Be, B2, B Ss 732.00
Sy 757.33
S3 = B7, B3, B10: Bo, Bs, Ba, B1, B, B2, Be Sio 745.83

54 = Bo. Bs P10, B7, Bs. Ba, Br. By, P2, Be After analyzing the outcomes of the aforementioned

Ss = Bs, B3, B10. B7, Bo, Ba, B1, Bs, B2, Be

methods, it becomes evident that the proposed
approach outperforms the Goyal method, exhibiting
the most favorable optimal value. This comparison is

Se6 = Ba» B3, B10, B7, Bo, Bs, B1, Bs, B2, Be detailed in Table 6.

Table 6. Comparison for optimal sequence

S.No Ranking Method Optimal sequence Waiting time
1 B. Goyal & S. Kaur 34 Bo, B3, B1os Bar B7, B1, Bs, B2, Bs, B~ 708.25 units
2 Ranjith. K and Karthikeyan 40 B, B7, B1os B3 Bar B1, Bs, B2, Bs, Be~ 706.34 units
3 Proposed algorithm Bo, B3, B1os B7, Bs) Bar B1, Bs, B2, Be~ 702.16 units

Pseudo code for the proposed algorithm

The pseudocodes of the proposed algorithm steps are
mentioned below
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Pseudo code for Proposed algorithm
Require: Fuzzy processing time matrix £, Job
processing times P}, P?
Ensure: Optimal job sequence S;, minimum total
waiting time Wiine
Initialization
While max P} < min P? do
Compute the alpha Ranking Index for f;
if processing times satisfy the condition, then

Compute difference matrix h; = n - Vv,
where V; = P? — P}

Arrange jobs in ascending order based on
differences

Results and Discussion

The algorithms were employed in MATLAB and
performed on computers running Windows 10
Professional, each equipped with 4 GB of RAM and
Intel Core i5-3770 processors operating at 3.10 GHz.
To assess the proposed algorithm, experiments were
carried out by testing it on 10 different cases of the
fuzzy two-machine FSSPs. These cases were
randomly generated 3, resulting in a total of 14
combinations for 2-machine n-jobs problems, with
the number of machines (m) held constant at 2 and
the number of jobs (n) varying within the range of n=
{10, 20, 30, 40, 50, 60, 80, 90, 100, 120, 200, 250,
300, 500}. The processing time P = e;,e,,e3,€,
for job i on machine M1 and M2 was determined as
follows: P} was assigned a random value between 65
and 90, while P? was randomly generated within the
range of 90 to 115. Each of the algorithms requires
an equal amount of computation time, resulting in a
waiting time of n X 2 seconds. For each group, the
mean total waiting time for each problem generated
by the proposed algorithm is compared with the
mean makespan values of existing approaches such
as the Palmer algorithm 2, Johnson algorithm *, NEH
algorithm * and Goyal B. and Kaur S. *. These

Find minimum processing time P}
Obtain alternative job sequences S;
Calculate the total waiting time W, for each
sequence
Select a sequence with a minimum total waiting
time S;
Set W* to minimum W;
else
Print "Structural condition not met."
end if
end while

comparisons are visualized in the graph presented in
Fig 3. These results were obtained using both the
proposed algorithm and existing heuristics, as
depicted in Table 7.

The examination of the experiment involved
applying a multi-factor Analysis of Variance
(ANOVA) technique %2, with n-jobs and 2-machine
considered as uncontrollable factors. To execute
ANOVA, it is crucial to verify the primary
hypotheses, specifically focusing on the normality
and independence of residuals. Normality can be
assessed through methods such as a Quantile—
Quantile plot (Fig 4) of the residuals, or by
evaluating their fit to a theoretical normal
distribution. Additionally, statistical tests such as the
chi-square test or the Kolmogorov—-Smirnov test for
normality can be employed in this context. The
results of the ANOVA analysis are presented in
Table 10. Fig b5, illustrates the results of different
statistical tests used to evaluate the adherence of our
data to a normal distribution. A high p-value
(exceeding 0.05) indicates that the data does not
significantly deviate from normality.
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Table 7. Average mean of total waiting time for FSSPs

Jobs Palmer’s Johnson’s NEH B. Goyal & Proppsed
Method 2 Method ! Algorithm 4 S. Kaur * algorithm
10 1001.78 910.12 856.56 882.11 840.43
20 4465.84 4324.52 3865.56 3986.13 3799.23
30 10605.92 9905.92 9205.92 0428.81 9280.59
40 19205.52 18005.52 16585.52 16916.67 16374.47
50 29535.36 28635.36 25535.36 26564.62 25398.47
60 41708.53 38952.36 35069.27 37217.52 35049.66
80 75259.35 70523.23 66925.52 66984.44 65923.66
90 92124.52 89365.42 83245.25 83799.91 83009.82
100 112235.3 111235.3 104235.3 104957.6 103945.3
120 150873.36 158973.67 149883.85 148873.62 148873.6
200 428004.26 412984.26 398984.26 398004.18 397984.26
250 701661.88 681661.88 661661.88 651661.88 651735.97
300 953894.94 933894.94 923894.94 935718.69 923894.94
500 2652455.01 2552455.01 2489542.66 2587262.75 2417305.66

In Table 8, descriptive statistics outline the mean,
standard deviation, and standard error for various
algorithms, including the Palmer, Johnson, NEH,
Goyal, and Kaur, and the proposed method. Notably,
the mean values for the proposed method are lower
than those of the other algorithms, indicating
potential performance improvements. Specifically,
the proposed method exhibits the lowest mean
among all algorithms, suggesting its superior
performance in the evaluated metric. However,
drawing definitive conclusions requires considering
the associated standard deviations and standard
errors, which offer insights into the variability and
precision of the measurements. The lower mean in
the proposed method category, coupled with an
assessment of the associated variability, implies that
this algorithm may represent the most advantageous
choice among the options considered in this analysis.

As mentioned in Table 9, the proposed method was
compared to the Johnson, Palmer, NEH, and B.
Goyal and S. Kaur algorithms. The mean deviations
were -27829.67929, -16315.10357, -6148.27071,
and -13488.7764 respectively. The significance level
(p-value) was 1.000, and the confidence intervals
ranged from -27829.67929 to -13488.7764. Our
experiment involved a non-parametric analysis,

including ANOVA and multiple comparisons, to
determine whether there are statistically significant
differences between the algorithms. Surprisingly,
varying levels of parameter T do not vyield
statistically significant differences. This suggests
that the proposed algorithm exhibits robustness
across different values of T. As previously
mentioned, there is no evident statistically significant
disparity among the various levels of T. The high p-
values indicate no statistically significant differences
between the means of the proposed method and the
other algorithms, as shown in Table 10.

[H]

(]

0 100 200 300 00 00
Number of Johs

Figure 3. Comparison of mean of total waiting
time for FSSPs
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Table 8. Descriptives of mean comparison

95% Confidence
Algorithms N Mean S.td'. Std. Interval for Mean Minimum  Maximum

Deviation Error Lower Upper

Bound Bound
fﬂaéiﬂggsz 14 37664511 717233.64 191688.75 -37473.26 790763.49 1001.78  2652455.01
J,\‘;ll:tﬁggf 14 36513054 691114.24 184708.05 -33906.95 764168.02 910.12  2552455.01
AlgtlrI?tl:m“ 14 354963.70 675471.15 180527.26 -35041.73 744969.13  856.56  2489542.66
B. ?(Zﬁ";"f‘s' 14 36230421 699562.45 18696593 -41611.13 766219.54  882.11  2587262.75
;B%ﬁftfrﬂ 14 34881543 65768454 175773.59 -30920.31 728551.18  840.43  2417305.66
Total 70 361571.79 668327.41 79880.40 202214.75 520928.84  840.43  2652455.06

As discussed earlier, there is no clear statistically
significant distinction among the various T levels.
However, setting T to 0.5 appears to yield superior
outcomes compared to a setting of 0.0, where only
enhanced solutions are accepted. Further
experiments with higher T levels did not result in
additional improvements.

Considering uncontrollable factors such as n-jobs
and 2-machine setups, Further investigation into the
optimal combinations of destruction and temperature
factors for each of the 14 groups of instances can be
conducted. While such analysis could potentially
fine-tune the algorithm, it also runs the risk of over-
tuning, complicating its implementation. Therefore,
all algorithms are executed under identical
conditions.

Table 9. Multiple Comparisons

Dependent Variable:

Tukey HSD

Mean Difference

95% Confidence Interval

(1) Algorithm (1-J) Std. Error Sig. Lower Bound  Upper Bound
Palmer’s Johnson’s Method 11514.57571 260234.00707 1.000 -718656.2734  741685.4248
Method 2 NEH Algorithm 21681.40857 260234.00707  1.000 -708489.4406  751852.2577
B. Goyal & S. Kaur  14340.90286 260234.00707  1.000 -715829.9463  744511.7520
Proposed algorithm  27829.67929 260234.00707 1.000 -702341.1698  758000.5284
Johnson’s Palmer’s Method -11514.57571 260234.00707 1.000 -741685.4248 718656.2734
Method * NEH Algorithm 10166.83286 260234.00707  1.000 -720004.0163  740337.6820
B. Goyal & S. Kaur  2826.32714 260234.00707  1.000 -727344.5220  732997.1763
Proposed algorithm ~ 16315.10357 260234.00707  1.000 -713855.7456  746485.9527
NEH Palmer’s Method -21681.40857 260234.00707  1.000 -751852.2577  708489.4406
Algorithm #*  Johnson’s Method ~ -10166.83286 260234.00707  1.000 -740337.6820  720004.0163
B. Goyal & S. Kaur  -7340.50571 260234.00707  1.000 -737511.3548 722830.3434
Proposed algorithm ~ 6148.27071 260234.00707  1.000 -724022.5784  736319.1198
B.Goyal &  Palmer’s Method -14340.90286 260234.00707  1.000 -744511.7520  715829.9463
S. Kaur 3 Johnson’s Method ~ -2826.32714 260234.00707  1.000 -732997.1763  727344.5220
NEH Algorithm 7340.50571 260234.00707  1.000 -722830.3434  737511.3548
Proposed algorithm ~ 13488.77643 260234.00707  1.000 -716682.0727  743659.6256
Proposed Palmer’s Method -27829.67929 260234.00707  1.000 -758000.5284  702341.1698
algorithm Johnson’s Method ~ -16315.10357 260234.00707  1.000 -746485.9527  713855.7456
NEH Algorithm -6148.27071 260234.00707  1.000 -736319.1198 724022.5784
B. Goyal & S. Kaur  -13488.77643 260234.00707  1.000 -743659.6256  716682.0727
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Based on the provided ANOVA results, it does not
appear that there is a statistically significant
difference in the performance of the proposed
algorithm. The high p-values for the F-statistic in
both the Between Groups comparisons suggest that
any observed variations are likely due to random
chance rather than systematic differences. The
analysis of the mean differences between the

proposed algorithm and the comparison algorithms
(Palmer, Johnson, NEH, B. Goyal, and S. Kaur)
reveals that, on average, there are no statistically
significant variations. The mean differences and
associated confidence intervals suggest that any
observed distinctions in performance are likely
attributable to random chance rather than inherent
differences in the algorithms.

Table 10. ANOVA for the experiment on the parameter of the proposed algorithm.

Total waiting time

Sum of Squares df Mean Square F Sig.
Between Groups 6255166517.299 4 1563791629.325 0.003 1.000
Within Groups 30813390987352.500 65  474052169036.192
Total 30819646153869.800 69

These values represent the differences in means,
precision, significance, and confidence intervals
around those differences. The high p-values suggest
that there are no statistically significant differences
between the means of the proposed method and each
of the other algorithms. The mean comparisons are
clearly displayed in Fig 4. As discussed earlier, there
is no discernible statistically significant distinction
among the various T levels. Nevertheless, it appears
that setting T to 0.5 yields superior outcomes
compared to a setting of 0.0, where only enhanced
solutions are accepted. Further experiments with
higher T levels did not result in any additional
improvements.

Our experiment employed a non-parametric analysis,
incorporating ANOVA and multiple comparisons, to
assess the presence of statistically significant
differences among the algorithms. ANOVA Table 10
suggests no overall significance, yet mean
comparisons reveal a slight variance in the total
waiting time of jobs between the proposed and
existing algorithms. Notably, one of the suggested
heuristics consistently emerges as the most effective
across various distributions, yielding an ANOVA
below one. This conclusion is supported by both
visual and statistical analyses, including Tukey’s
ANOVA and the Kolmogorov-Smirnov signed rank
test. Future research could explore integrating
machine setup time, using trapezoidal fuzzy

numbers, and extending the algorithm's application
to scheduling problems with three or more machines.

Quantile-Quantile Plot

Sample Quantiles

Theoretical Quantiles

Figure 4. Quantile-Quantile Plot

Mean of total waiting time

Palmer's Method Johnson's NEH Algorithm B. Goyal & S Proposed
Kaui

r algorithm

Algorithm

Figure 5. The statistical mean difference for
FSSPs
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Conclusion

In this paper, the two-machine flow-shop scheduling
problem with trapezoidal fuzzy processing times is
addressed, aiming to minimize the total waiting time.
A novel algorithm with a specially structured model
is proposed. A defuzzification function is utilized to
rank fuzzy numbers. The proposed method is then
compared with existing algorithms, including NEH,
Palmer, Johnson, and B. Goyal & Kaur all re-
implemented for this study. Results from exact
algorithms indicate that the approach outperforms
the existing algorithms in both solution quality and
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