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Abstract

Carbon dioxide is the main greenhouse gas contributing to global warming risk. Forest biomass is crucial
for the sequestration of atmospheric carbon dioxide; however, the rate of decline in worldwide forest
biomass is concerning and can be attributed to anthropogenic activities. Reforestation is essential in this
situation to decrease the amount of CO, in the atmosphere. Efforts at reforestation can be evaluated
according to the financial investment required for their execution. This work presents a nonlinear
mathematical model that examines the impact of reforestation and the implementation of reforestation
initiatives on regulating atmospheric CO, levels. The critical values of the model and their stability are
found analytically. The occurrence of transcritical bifurcation around the possible critical points is
performed using the Sotomayor theorem. Based on the numerical simulations, the model in the absence
of reforestation would put some aspects at risk of extinction. Further, the level of CO,, in the atmosphere
would decrease due to reforestation. Moreover, the numerical analysis indicates that the system
experiences a loss of stability without reforestation activities. The system maintains oscillation through
Hopf-bifurcation while engaging in reforestation activities.

Keywords: Bifurcation Analysis, Carbon Dioxide Gas Emission Model, Numerical Solutions,
Reforestation, Stability Analysis.

Introduction

The world faces several environmental issues. contributes to the danger of global warming is the

Global warming is among the most dangerous
concerns. The fundamental factor that contributes to
the danger of global warming is the increased
concentration of carbon dioxide CO, in the
atmosphere 3. The world faces several
environmental issues. Overexploitation of our planet
has led to global warming, which is responsible for
most of these issues. The fundamental factor that

increased concentration of carbon dioxide CO, in the
atmosphere, leading to natural calamities such as
aridity, flooding, desertification, etc. % Human
activities, including agriculture, industrialization,
urbanization, deforestation, transportation, mining,
and energy generation, significantly increase
greenhouse gas emissions, particularly carbon
dioxide. Climate change is destroying almost every
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country °. Climate change concerns are developing
due to rising global temperatures. This is due mainly
to high greenhouse gas emissions and accumulation.
Human actions have caused global warming, climate
change, and negative repercussions on our quality of
life 7. These occurrences result in a significant
number of fatalities due to physical injuries,
inadequate nutrition, and heightened susceptibility to
contagious illnesses within the community 8. Climate
changes also impact the occurrence of vector-borne
diseases due to the rise in population and the spread
of vectors that transmit the disease °. Climate
changes are estimated to account for 3% of in 2004,
3% of global deaths were attributed to diarrhea,
malaria accounted for 3%, and dengue fever
accounted for 3.8% of deaths. Heart and breathing
problems can get worse during heat waves.
Increasing the level of carbon dioxide, CO, is
primarily responsible for climate change, so it is
crucial to produce measures to decrease and stabilize
future CO, concentrations. For this, it is required to
have a deeper comprehension of the main processes
that contribute to the rise of CO, in atmospheric
levels and how they impact the behavior of
atmospheric C0,%2,

Both the numbers of forest biomass and human
population have a significant impact on the
atmospheric CO, level. The increase observed in
atmospheric CO, concentration can be mainly
affected by human activity, specifically the
combustion of fossil fuels and changes in land use
such as deforestation. The burning of fossil fuels is
thought to be responsible for around two-thirds of the
increase in atmospheric CO,, with land use changes
accounting for the remaining fraction. Nevertheless,
managing the amount of CO, in the atmosphere
depends on forest biomass. Through photosynthesis,
forests absorb gigatons of CO,, which helps lower
global CO, levels in the atmosphere. Forest biomass
is essential to the dynamics of atmosphericCO,.
Furthermore, one of the main causes of the increased
CO2 levels in the atmosphere is the natural CO,
absorber's depletion as a result of human activity.
Hence, realizing the chemistry between human
population, forest biomass, and carbon dioxide
yields enhanced understanding for forecasting and
managing future levels of atmospheric CO, 315,
Some mathematical models have been presented to

analyze the impact of different causes on
atmospheric CO, concentration ¢8 For instance,
Tennakone 2 has discussed the relationship between
biomass and carbon dioxide by applying a
mathematical model. This study highlights that wide-
ranging deforestation messes up biomass and carbon
dioxide equilibrium. A feedback model * has been
employed to investigate the correlation between
global warming and human activities. This study
demonstrates that human activities contribute to the
generation of CO,, which in turn has a destabilizing
impact. Caetano et al. 8 have established a connection
between the atmospheric concentration of CO, and
variables such as forest area and gross domestic
product. The researchers have included reforestation
and clean technology as control variables in their
study to manage atmospheric CO,, levels. They have
optimized the overall expenditure in reforestation
and clean technology to achieve the target level of
C0219-21.

Researchers usually utilize the Allee effect to
describe a phenomenon where a population
experiences a decrease in its growth rate per
individual when the population density or size
decreases?>?*. Based on the available literature, there
is currently no mathematical model that investigates
the intricate relationship between atmospheric CO,,
human population, and low-density forest biomass.
Hence, it has been developed a mathematical model
in the current study to investigate the influence of
reforestation policy in low-density forests on the
dynamics of excessive carbon dioxide gas emission
model by incorporating the weak Allee effect in the
forest's biomass growth.

The current paper is structured in the following
manner: In the following section, it has been
established a mathematical model that governs the
dynamics of the problem. The model's stability
analysis is described in Section 3. In Section 4, the
criterion for the presence of bifurcation by selecting
an appropriate bifurcating parameter is established.
Numerical simulation is performed in Section 5 to
validate the analytical results, and the study is
ultimately concluded in Section 6.
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Model Formulation

This section presents a mathematical model that aims
to understand how the lack of forest biomass and the
following reforestation policy influence the
dynamics of carbon dioxide gas. The model
considers dynamical variables. The carbon dioxide
concentration that is excessive in the atmosphere
c(t), the forest biomass p,(t), the reforestation of
forest efforts p,(t), the human population density

p3(0).

The model was created based on the following
assumptions:

1. The present state of climate change is primarily
due to the excessive release and buildup of the
greenhouse gas carbon dioxide into the
atmosphere®,

2. Human activities, such as the burning of fossil
fuels at excessive rates, the fast expansion of
industry, the construction of cities, the clearing
of forests, and contemporary lifestyles, are
significant contributors to the ever-increasing
atmospheric concentration of carbon dioxide and
reduce green spaces.it is postulated that the
human population consistently exploits forest
biomass to sustain itself. As a result of
population growth, forest areas are removed for
agricultural and infrastructure development,
which reduces the forest biomass's carrying
capacity®.

3. The growth of the forest biomass density follows
a weak Allee effect growth pattern-26,

4. It is postulated that the increased mortality rate
of the human population is a consequence of the
detrimental impacts of carbon dioxide?.

5. Raising awareness of the risks of high carbon
dioxide levels, preventing deforestation, and
promoting conservation legislation can reduce
emissions into the atmosphere®.

6. As forests absorb carbon dioxide from the
atmosphere  through  the  process of
photosynthesis, it can be hypothesized that a
reduction in CO, concentration occurs as a result
of forest biomass®.

7. Reforestation initiatives are applied to raise
forest biomass. Also, it has been assumed that

some of the reforestation efforts shrink due to
their inefficacy or some financial obstacles®®.

Under the above assumptions, the following set of
ordinary differential equations is obtained:

dc
—- =11+ e1p1 + exp3 — e3Py — KoC — U4 C

dt
= f1(c,p1,03)

=1 (1= 2) (G0) + espamz — eopaps -

my/ \ey+p,
t2p1 = f2(P1,02,P3) 1
dp,
dt =r3(my — p1) — Uz3p2 = f3(P1,02)
dps P3
ar 74D3 (1 - m—z) — e7Cp3 + egp1P3

= fa(¢, p1,03)

with the initial conditions c® > 0,p9 > 0,p9 >0
andp? > 0.  Due to the biological nature of the
system, all parameters and variables in the model are
non-negative and are clearly described in Table 1.

Table 1. Explanation of system's (1) parameters.

Parameter  Explanation
Ty €O, emission rate from natural sources.
Ty Intrinsic growth rate of the forest biomass.
r Coefficient of implementation rate for reforestation
3 initiatives.
Ty Intrinsic growth rate of the human population.
e, Coefficient of CO, emission from forest sources.
e Coefficient of CO, emission from anthropogenic
2 sources.
Coefficient of CO, uptake by forest biomass as a
€s result of photosynthesis.
e, Allee threshold.
e Reforestation-induced Forest biomass growth
5 coefficient.
eg Rate of deforestation.
e The human population decline rate coefficient
7 attributable to CO,.
e Human population expansion resulting from forest
8 biomass.
m, Carrying capacity for the forest biomass.
m, Carrying capacity for the human population.
Natural CO, depletion due to good conservation
Ho strategies.
I Coefficient of natural depletion of atmospheric CO2.
U, Coefficient of natural depletion of forest biomass.
s Coefficient of decline in reforestation initiatives.

Further, Fig 1 illustrates the schematic sketch of the
system (1) under examination.
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Figure 1.The schematic sketch of system (1).

Theorem 1: All system's (1) solutions
c(t),p1(t), po(t) and p3(t) that start with positive
initial conditions c?, p?, p?, p9 are also positive.

Proof: By integrating the right-hand functions of the
model (1) for c(t),p,(t),p.(t) and ps(t), the
following is obtained

c(®) = Cexp {f; [~ (es ( pSexp{fylr(1 -
pl_(r)) (p—l) + espy (1) — eep3(7) — #2] dT) +

my €4+P1
uq + uo] dr}.
& =ste (-5 (22

e (v) — e6p3(7) — iz dr}.

p2(t) = p3 expl—p,t].

ps(®) = plexp {[; [ra (1 - 22) - ec(x) +
egp1(7)] dr}.

Then c(t) = 0,p,(t) = 0,p,(t) = 0 and p5(t) =0
for all ¢ > 0. Therefore, the interior of R% is an
invariant set.

To find the attractive region of the system (1), it may
use the following lemma in this setting:

Lemma 1: (Comparison lemma) Assume that u, v >

0 with w(0)>0. Then for i—v:s(u—

vw (1)), Limgyp, , w(t) < >andalso for‘fi—": > (u—
vw(t)), liminf;,,w(t) = %
Theorem 2: The set w = {(c,p1, P2, P3) € RE:0 <
C<Cp 0P <my; 0S5 py <Py 0<p3 <
P3mJ attracts all the solutions c(t), p,(t), p,(t) and
ps(t) initiating in R,

Proof: From the second equation of system (1), the
following is obtained

my/ \es+py

H2P1 = T2P1 ( - ﬂ)-

mq

Thus, for t — oo then p,;(t) < m,. From the third
equ,

dp
d_tz =r3(my — p1) — UsDz < T3My — [UzPs.

Then, applying the Comparison Lemma yield:

. 3Mmy
lesup,;_,oo P2 (t) < s

= DP2m-

Using the same technique, it yields

(t) < (ry+egmy)m, _

Lll'nsupt»_,oc, (4] Ty = P3m-
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3 +elm17'3+(7'3+68m1)€2m2

Lim c(t) < = C,,.
SUP¢-c0 ©) r3(Uo+p1) m

Thus, all system (1) solutions that are initiated in R$
are attracted to the region

w ={(c,p1,P2,P3) € R$:0<c<cp; 0<p; <
my; 0 < py < Poms 0 < p3 < Pam}

Existence of equilibria

System (1) has six non-negative equilibrium points,
namely:

1. The carbon dioxide gas equilibrium point E; =
(¢,0,0,0). The given equilibrium represents a
scenario in which the system is devoid of both
human population and forestry biomass, and
the atmospheric concentration of carbon

dioxide gas is & = ——.

HotHy

2. The carbon dioxide gas-human equilibrium
pointE, = (¢,0,0,p3), where the human

: ~_ my(r3(Hotus)—esmy)

IS Ps= T4(Hot+H1)—Maez€7 and

carbon dioxide gas is ¢ =, + 22 E, is
HotHy

feasible, provided that one of the following
conditions holds

population

(T4 (HotH1)
e7

(7"4 (Ho+p1)
ey

) > max{r;, mye,},

) < minf{r;, mye,}.
2

3. The carbon dioxide gas-forest equilibrium
point E; = (¢,p4,0,0), where the carbon

dioxide gas is ¢ = _mtein) ond the forestry
esp1tiotiy
biomass p; is the positive root of the following

equation
9(p1) = 12p1? — (rymy — ppmy)py + pymyey.

Clearly, g(my) = my[(ry + po)my + equ; —
1,m5)], g(0) = uymye, > 0and g'(py) = 27,p1 +
U,my — rym,. Therefore, g(p;) = 0 has a unique
positive root, say p, in the interval (0,m;) if
g(imy) < 0and g'(p;) <0, that means if

ramy > max{(ry + pz)my + eqliz, 213p1 +

Homy} 3
4. The forest-free equilibrium point E, =
=N = = =~ _ (nteips)  _ rsmy
(¢,0,p3,p3), where, ¢ = 2= and

Py = (rsmylug+pq]-rymye;)
3 r3[uotui]+tmaese;
following would be the case:

. For p; to be positive, the

3o + 11l > €71y 4
5. The reforestation-free equilibrium point
E<(& #;,0,72), where, ¢ = r1+eljj1+ezij3, s

5(¢,01,0,P3) eabitHotiy D3
TaMy(e3P1+HiotH1—€7)+D1 My (—eser+eg(Prez+iot+its) and
r4(esP1+uo+p1)—eze,m; '

p1is the root of the following equation

Aop? + A1Pf + Ayp1 + A3 =0, 5

Where, A, = e3(mymyegeg — 1415).

Ay =momy(es — po — )
+ mymyegeg (o + €3 — esey)
+ myeg(rymyes + mye;
+mqpeg) + myryeze;
+ mqu,ryes.

Ay = my[ryn (o + 1)
—myeg(ejese; — 1peses + peses
+ Uty + py7s — 12€7)
— Uz (T3€384 — foTy — 1Ty
+ myeze;) + mypeseqeg
—ry;myeze;].

Az = myes[mye; (e + pze)
— 1amaeq (o + 1)
— paTy (o + Hy).

Using Descartes's rule of sign?-?°, Eq 5 has a unique
positive root, say p, = p,, if one of the following
sets conditions hold:

Ay >0and4; <0,i =23,

A;>0,i=0,1and 45 <0,

As <0and4; >0,i =23,

A; <0,i=0,1and A5 > 0.
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Clearly, p; > 0 if one of the following conditions
holds:

(6’3251 + Uo + ﬂ1) {7”4 + pieq ezmz}
= " )>max —
ey Tyt Ppieg Ty

(6’3251 + Uo + ﬂ1) . {7”4 + pieq ezmz}
—_— | < min

ey Ty +pireg 1
6. The reforestation equilibrium point Eg; =
riteipiteps  «
c*,p*,,p*,p*,), where, ¢* == pi =
( PP P 3) esp1tiUstio 2
rz(m;-p] my(r3—e;c*+egp] .
3( uls pl), p§ — 2( 3 :3 8p1) and p{ is the

positive root of the following equation
Bopi® + B1pi” + Bopi + By = 0 6

Whel’e,BO = _‘ngeg(rznl_ + m1m26668) -
myrsreszes. < 0,

By = ug[my(rymae; — mye ege; — prese,
— M3T3€366 — Up€3 — UpM2€6E3
— mjeyeqe,eg — Myezeseqeg)
—12(UoTa — Hq7y) — UMy eqeg]
+ rzesmy (rymye; — rueze, — Wy

By = my [us(ry(pors + a7 + pzeze;)
— e;(mye eseq — myeesrs
—MyT1€6 — M2€1€4€6€7T7
— mjezeseseg — Uymye;)
— up (1o + pq)
—myrzeqs (Ko + Uy + mye;)
— UoMyeseqes)
+ rzes(myryesey + rpeamyg
+myeze; —eseze; — My lohy
—myezese;)].

Bs = mirsmyeqes(ug + py) +
myey[(mymyrsezese; + usmyrieqge; —
mypztaes(Uo+ig) — patiz(Ta(uo + p1) + eze;)].

Using Descartes's rule of sign, Eq 6 has a unique
positive root, say p; = pj if one of the following sets
of conditions holds:

B;i=23>0,
B; < 0and B; > 0.

Further, p3 > 0 if one of the following conditions
holds:

—eyeq).
13 + egp; > e;c”
Stability Analysis
This section explores the local stability behavior of
the system's (1) equilibrium points. The Jacobin
matrix at any point, say (c, p1, p2, P3), €an be written
as:
[T€3P1 — Ho — H1 €1 — €3C 0 €2 1
| 0 azz esp1 —€eP1 |
J (6, p1,p2,03) = | 0 -y —ug 0 |
2
[ —e7D3 egP3 0 n-— %fg —e;ct 98P1J
where a,, = szl[Zml(::'?;11;p;2(2p1+3e4)] +esp, — J(E) =
1(€4TP1 e3ry
esP3 — 1y. Consequently, the following is obtained. [_ (o + 1) € — (uo+u1) €2 ]
0 — Uy 0 0
1. The Jacobian matrix at E; = (¢, 0,0,0) is given as: | 0 -3 —Us 0 I
| 0 0 0 (= )l
|- 4 HotHa J
Then, J(E;) has the eigenvalues A;; = —(uo +

f1) <0, Ao =—pp <0, A3=—p3 <0, 444 =
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_ [ em . .
i (—uo+u1)' Then E; is a locally asymptotic stable
if

> T4(#2:'H1). 7

This condition states that in the absence of human
population and forest biomass, the carbon dioxide
gas point will be stable only if its natural growth rate
(nonanthropogenic) is greater than the intrinsic
growth rate of the human population. Moreover, E;

has a locally unstable manifold in the P5-direction
T4 (Uo+11)
e; '

provided r; <

2. The Jacobian matrix at E, = (¢,0,0,p3)can be
written as:

J(E) A
[—(.Uo +w) —ep—esl 0 2
| 0 —eeh3 — Uz 0 0 |
= 0 -3 — U3 0
A R —13P3
| ~T7Ps egP3 0 - ]

Then, J(E,) has the following eigenvalues A,, =
—(esP3 + p12) <0, A3 = —uz <0,

- _ Tsb3
Ay1 + Az = (M0+M1+m2)<0:
__ TuPs ~
Az1-Azs = my, (U + p2) + eze;p3 > 0.

That means E, is a locally asymptotical stable point.

3. The Jacobian matrix at E; = (¢, p4,0,0) can be
written as:

esPr — Mo — I e; — e3c 0 e,
r2P1[2my(es+P1)—P1(2P1+3ey)] . o
](ES) = 0 mq (e, +91)2 Hz  €s5P1 €61
0 —HUs3 0
l O 0 T4 - 676 + 681\51J

Then, J(E3) has the eigenvalues
A3 = e3pP1 — to — I,

Asq =14 + egPp — €5,

101 [2my (eq + P1) — P1(2P;1 + 3ey)]
my(eq + p1)?
—H2—H3

Asp + 33 =

A3z 433

_ —uspimz[2my(eq + P1) — P1(2P1 + 3e,)]
my (e + P1)?

+ Upus + 135D,

That means E5 is a locally asymptotical stable point
provided that:

Py < min {#04‘#1 975—7'3}
1 ' e3 ’ eg

2m, (e + P1) < P1(2P; + 3ey)
8

4. The Jacobian matrix at E, = (¢, 0, p,, p3) can be
written as:

](E4) _=
[Ho — Ha I 0 €
0 €sP2 — €gP3 — U3 0 0
0 -3 —H3 0
—e;P3 egP3 0 %ﬁk

Then, J(E,) has the following eigenvalues
A4z = espy — (€6D3 + U2), A4z = —u3 <0,

- _ TaP3
Ag1 + Agg = (#0"‘#1"‘ m2)<0

Ag1-Aag = %(#0 + py) + eze;p3 >0

That means E, is a locally asymptotical stable point
provided that:

espy < egpz + Uy 9
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This condition states that in the absence of forest
biomass, the forest-free point will be stable only if
the reforestation-induced forest biomass growth
coefficient is less than the human population
expansion resulting from forest biomass.

5. The Jacobian matrix at E5 = (¢, p;, 0, 3) can be
written as:

—e3P1 — Ho — M1 e; —e3C 0 €2 ]

[ 0 = ijl[zml(,:l;f:iz)lz(wﬁ%‘})] —eeP3 —Hp esPr —egPr |
J(Es) = | 0 —r 3 0

| —eyP3 egP3 0 %5.3 ]

[5] _ rePal2my(es+P)-P1(2P143e)] ..
Leta,, = s (e +P0)? €6P3 — Uz,

so the characteristic equation of J(E5) can be written
as:

2+ H B3+ 1,802 + 18+ 1,8 = o,
here

. 5 74D
H = exppy + po + iy + iz + aby +:n—23’,

5 . 403
Hz[s] = —U3 (agz] — e3P — Mo — My — . )
2

- a£52] <e3ﬁ1 tpotp t %)
+ TaP3(esps + Ho + i)

m;
+ p3(eze7 + egegpy) + 138501,

. 1403
Hj 5] = M3 <a£52] <_93P1 —Ho — U1 — —)
m;

+ nyP3(espr + to + 1)
m;

+ p3(eze; + 9698151))
+ ezeqe;CPips + (e3p1 + Lo

. [5]
. Tap3ay;
+ 1) | €501 —
1 (3 5P1 ™y

+ 9698?51253):

TaD3(esP1+Ho +#1)) _
my

5 .
Hy™l = —py <a£2] (eze7p3 +

ecP1P3(espy + po + g + 63676")> +

M) [5]

r3e5P1P3 (6’26’7 + o~ — a3, €287P3.

Now, from the Routh-Hurwitz criteria *, E is a LAS
point, under the condition that

HP® > 0,i = 1,2,3,4 and H;® (1,5 H,15) -
) — 1,280,515

6. The Jacobian matrix at E; = (c*, p1, p2, p3) can be
written as:

J(Es)
[—esp1—Ho — M1 €5 —e3C” 0 €2 |
0 Az, esp1  —egP1
= 0 -3 —H3 0
l —e7P3 egp3 0 P
m;
1, p1[2my (e +pi)—pi(2p]+3e "
Let a£62] _nnil 1(7:1(523-;{)12( p1+3es)] +esp) —

egP3 — Uy, SO the characteristic equation of J(Eg)
can be written as:

2%+ H O3 + B2 4 pgplelp + p,lel = o,
here
Hy () = e3pi + o + o + g + b + B

l6] — _ (6],  _f — —T3P3Y _
Hy™ = ,u3(a22 €3P1 — Uo — U1 mz)

a£62] (espf + o + 1 +%)+T4p3(eaz::l:uo+u1)+

p3(eze; + egegpy) + 13€5D7,
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Hy'® = g <p§ (e2e7 + egegpr) — (e3p1 + po +

Ho — H1)> +

eseqe;C pip3 + (espy + to + pg) (7”36529; -

.U1)a£62] :’:23 (a£62] —e3p; —

ale!
[6] Tap3Q
22—, — =t 9698191203)

H4[6] = —us <T4P3(93P1;l:0+#1)a22 + a£62]€2€7p3
esP1P3(espr + po + py — 93970*)> +

7"4(3327;"'140"'#1)) [6]

* *
T3es5pP1P3 (3237 + p— ay; 26703,

Now, from the Routh-Hurwitz criteria, E¢ is a LAS
point under the condition that

H'' > 0,i = 1,2,3,4 and H3[6](H1[6]H2[6] N
Hs'*T) — H12[6]H4[6] > 0.

Using the Lyapunov method 32, the following
theories look into what needs to happen for the
system's (1) global stability (GS) property to be
present at the points where there is no reforestation
and where there is reforestation.

Theorem 3: The reforestation-free equilibrium E5 =
(¢,91,0,p3) is GAS provided the following
conditions are satisfied:

6(eq + p1)(eqy + P1)(eg — e3¢ — ey)?
< (esp1 +

+ Uo)Ts (P12 —myey
+ (es + p1)(p1 + ﬁl))

4m,(e; — e3)* < ry(espy + po + 1) 10

6m;(es + p1)(es + P1)(eg + €6)?
ST (P12 —Mmyeé,

+ (es +p)(p1 + ﬁ1))

3e2 < umy (Plz —mye, + (es +p)(p1 + 151))

Proof: Let us contemplate the positive definite
function given below:

( _)2 .
CZC +(P1—P1 P11n )"‘Pz

(P3 —P3— D3 lnp,—).

WS =

Thus,

ZE = (er —e30)(c — )y — ) + (e2 —

67)(193 p3)(c — &) — (o + ug — e3py)(c —

2 2 (re(mzes—pi-(estp) i +5)

C) + (pl pl) < (es+p1)(es+vy)

esp2(p1 — P1) — ee(p3 — D3)(p1 — 1) + 3my —
T, . .

T3pP1 — UaP2 — m—42 (ps —P3)* + eg(py — 1) (p3 —

D3).

Therefore,

aws HotHi—esPs .
— < —| |22 (c—-¢
e Y G
2

\](rz(p%—mze4+(e4+p1)(p1+p;))> (p p )
* 1~ 1 -

3(es+p1)(es+p7)

2
[\/@(c—'ﬁ)+ zr—;lz(pg —ﬁs)] -

2::2 (ps —P3) +

2

\](rz(pf—mze4+(e4+p1)(p1+p’{))> (p p )
* 1~ 1 -

3(es+p1)(es+p7)

7"2(P%—mze4+(e4+p1)(P1+pD) ( _
3(e4+p1)(es+p}) 1

o

p)| +r3(my —py).

Then, dWS < 0 can be transformed into a negative

definite form under conditions (10). Hence, Ws is a
Lyapunov function and Es is a GAS.
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Theorem 4: The reforestation equilibrium Eg =
(c*, pi, p3,p3) is GAS if the following conditions are
satisfied:

6(e; — e3c)?(eq + p1)(es +p7) < (g + po —
esp1) (12 (maes — p? — (4 +p1) (1 +p1)).

4m;(e; — €7)* < 1y(uy + po — e3py). 11

3(es — 13)%(eq + p1)(es + p1) < pz(r; (‘mze4 -
p? = (es + P)(p1 + 1))

6m;(es — eg)* < 14(1y (‘mze4 —-pi

—(estp)(p1 + PD)

(c—c")?

Proof: Define Wy = + (p1 —pi—

* 1 P1 P2—D; o P
piin pi) + ( 2 ) + (p3 p3 —p3ln Py ), where
We(c, p1, 2, P3) is @ positive definite function about
E¢. Thus,

d i} . .
% =e (c—c")(py —p1) tex(p3 —p3)(c —
c*) —esc(c — c*)(py — p1) + espi(c — ¢*)? —
(o + p1)(c—c*)* +

rz(m2€4_P%_(€4+p1)(p1+p;)) 2
(es+p1)(es+p}) (1 —p1)* +es(pa

p1)(P2 —p2) —es(p1 —p1) (3 —p3) —13(D1 —
* * * 7. *

p1) (P2 — p2)—us (P2 — Pz)2 - m_42 (ps — P3)2 -

e7(p3 — p3)(c —¢*) + eg(p — P1)(Ps — P3)-

Therefore,

dWg Uo+iUi—esp] *
276« ZOTM1 3R (A

” / 5 (c=cH+

Jrz(p%—mze4+(e4+p1><p1+p;)) or —p})
1~ P -

3(es+p1)(es+p7)

+ - 1 * *
( /%(C—C ) + ’2::2 (s —P3)>

2

Jis(p2 —p3) +

T2 (P% —myes+(es+p1) (01 +PD)
3(es+p1)(es+py)

(P —pD) | —

T4

(ps —p3) +

2m,

T2 (pf —myest(estp1)(py +P;))

SertoGerty  P1 PO
Then,% < 0 under condition (11). Hence, W is a

Lyapunov function and Eg is a GAS.
Local bifurcation

A transcritical split occurs when two equilibrium
points collide and exchange their stability. The
following theorems will investigate the possibility of
a transcritical split occurring. Many scholars use
Sotomayor's theorem to determine the existence of
transcritical bifurcation TB; for instance, see33-35,
For this determination, the system (1) can be
rephrased in the following vector forms:

o
dE . b1
E=F(E)W|thE =1 p, ,and F =
b3
f1(¢, p1,p3)
f2(P1, P2, P3)
f3(p1,p2)

fa(c, p1,P3)

The subsequent outcomes concerning the local
bifurcation around each equilibrium point.

_I (Hotp1)
T

Theorem 5: For e;* , sSystem (1) at E;

has a transcritical bifurcation (TB).

Proof: At e,* =M, J(E;) has a zero
1

eigenvalue 4,4, = 0. Therefore, J(E,) at e;* becomes
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€311
—Ho—H1 €1 — ot €z
JEy=| 0 00
0 —T3 —uz 0
0 0 0 0

Now, let vt = (vl[l],vz[l],v3[1],v4[1])T and

(THhHT = (tl[l];tz[l];tg[l];t4[1])T represent the

eigenvectors corresponding to the zero eigenvalue of

J*(E;) and ]*T(El) respectively. Direct computation
i 1] — (%2 1] —

gives V (“0+#1,0,0,1) and TI1 = (0,0,0,1).

Then

TE, (E,,e3) = (0,0,0,1)(0,0,0,0)7 = 0.

(T DE, (Ey,e5)v1t) =
0

T
(0,0,0,1) ,001) =

—C

S O OO

0 0

0 0 O ( e

0 0 0 J\uotm
0 0

—¢#0.

(T[l])T[DZF(El,e7*)(V[1],V[1])] =
11 2r\T 1
(0,0,0,1) (O,O,O,—Ze7v1[ I_ m_i) = —2e,v/ -

24 0.

mq

This means the required conditions to have TB are
satisfied.

my (e +P1)? (U2 +H3)
P1[2m(es+P1)-P1(2P1+3€4)]’
system (1) at E; has a TB if the following are
satisfied

Theorem 6: For r, =

P =my
2m,(es + p1) # p1(2p1 + 3ey)
(TBYT[D2E(Es, ) (VIELVEN] = 0
12

my (e +P1)* (o +tt3)
Drl2my (e +P1) -1 (201 +3e,)]
r, >0, J(E3) has zero eigenvalues 15, = 0. The
Jacobian matrix at r, becomes:

where

Proof: at r, =

J"(E3)
/33131 —Uo—H1 € —es¢ 0 e \
— 0 C22[3] espy —egP1
0 -3 —H3 0 '
0 0 0 mn—e,C+egp

Where,

[3] _ TzP1l2my(es+P1)—P1(2P1+3es)]
= (e 777 Uy. Now, let
VB = (1,30,0,3 9,8 5, B)  and  (TB)T =
(t1[3],t2[3],t3[3],t4[3])T represent the eigenvectors
corresponding to the zero eigenvalue of J*(E;) and
J*T(E5) respectively. Direct computation gives
VBl =(11,22,0) and 7B =
M3
(0 1,50 A). Then

) v ~
U3 " Ty—ezCtegpy

C22

(T[3])T{7r2 (E3,r2t) =

o1 i) (001~

o 2 . <2
) (25).00) =(1-2) (25
(TN [DE,, (5, r3)V]] =

p1[2m,(es+p1)—p1(2p1+3e4)]
my(es+p1)? )

(TEDT[D2F (B3, ") (VI V)] =
215 (eaps (e4m1—4p%—3€f—6e4p1)—pf+efm1)
mq(es+p1)*

+ 2e5vs.

This means the required conditions for TB are
satisfied if the conditions stated in Eqgs.12 are met.

Theorem 7: For u; = e C + esp, — eghs, System
(1) at E4 hasa TB if

(TUNT[D2E(E,, u,)(VIH, vI4)] = 0.
13

Proof: at u; = e,C + esp, — egp3,J(E,) has zero
eigenvalues A,, = 0. The Jacobian matrix at u;
becomes:
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—Mo—H1 e —e 0 )

0 0 0 0
J*(Es) = 0 s Mz 0
—e7D3 egpP3 o s

ms

Now, V14 = (1 1,;—7“3,—(”““1)_(61_635)) and T4 =
3

€2

(u1+#o)) represent the  eigenvectors

(110 .
3
corresponding to the zero eigenvalue of J*(E,) and

J*T(E,) respectively. Then, direct computation gives
(T[4]) (E4' U3)
— (1 + o)
e7pD3

(1,1,0 ) (0,0,0,0)T
0

(1) [DE,, (Ey, 15)V1#]

T
—(uy +
- <1,1,0,M> (0,—1,0,0) = —1 £ 0
€7D3
(T[4])T[D2F(E4,u2*)(V[4] V[4])]
= —2e3 + x£41]
2(uo + 1q)
+ W(m [4] (67 - 68)
+ r3).

This means the required conditions for TB are
satisfied if the conditions stated in (13) are met.

Theorem 8: For e5 = eg, at the equilibrium point E
hasa TB if

(TSHT[D2E(Es, e2)(VISL, V)] # 0

14
H, 51 gy, 5]
Proof: System (1) at es = Egl [H i ) _
T3P Pz HE
b}s], where e; > 0 and
5 5 N 5 (€31 +lo+Hs)
b = <a£2] (€2€7p3 + Dabarfaliio7 i 63’;112 Hotis ) —

eeD1P3(espr + po + 1y + 9397‘3)) + a£2]9297p3-

bl = ey, + r‘*(eﬂ’lm—m’“‘l), has a zero-eigenvalue
2
if

Ay= Hy (1,5, — g, 181 — 260,181 =,
where a252 and H; are given in the local stability
analysis of Es. Now, the Jacobian matrix J(Es) =

J(Es, e<), becomes

J(Es) )
/—6’3P1 —Ho— M1 €1 —e3C 0 € \
| 0 022[5] N S |
= 0 ek ~H3 0 |
. esi 0 —14P3
7P3 8P3 m,

Now, VISl = (1 1,

Tls] = (1 1 &b M

" us —e7P3
eigenvectors corresponding to the zero eigenvalue of
J*(Es) and ]*T(ES) respectively. Then, direct
computation gives

+lo+
T3 (63P1 Ho P:) (e1— 930)) and
2

) represent  the

T *
(TB) R, (Es,e2) =
(1 1 espl —(93P1+ﬂ0+ﬂ1)) (0 0 0 O)T — 0
U3 —é7D3

(T15))'[DF,, (Es, e2)V15)] =
'(‘“—T“"))T (0.5:94%,0,0) = p,vl™ = 0

e7P3

(1,1,0,

(151 [D2F,, (Es, e) (V1) V151)]

(41  2(ko+i) ]
X21 #(mzﬁ (e7 = 6’8)"'7”3)-

= _263 +

This means the required conditions for TB are
satisfied if the conditions stated in (14) are met.

Now, the following theorems examine the criteria
that determine the appearance of a Hopf bifurcation
around Es and Eg using Haque and Venturino
methods %68,

Theorem 9: Suppose that the following conditions
are satisfied

HF > 0,i=13 15
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A= 51,181 — 151 > o 16
e; >0, 17
6(e7)W(e7) +T'(e7)d(e7) # 0 18

Where the formula of e;, 6(e;), Y(e;),I'(e;) and
¢d(e;) are given in the following proof. Then, the
system has a Hope bifurcation at e, = e; around Es.

Proof: To verify the necessary and sufficient
conditions for Hope bifurcation to occur at Es, it
needs to find a parameter such that

H3[5](H1[5]H2[5] - H3[5]) - le[S]H4[5] =0. It is

H, [5] (H1[5]H2[5] _ H3[5]) _

H§[6]+H12[6] H£
6]

engHF]H;

observed that

2[5] ol

H2VH,P =0 gives  es =

e,pisbll, where,

-y - 4173)

ryPz(esPr+uo+iy)
m;

b1l = —ps (agsz] — e3Py —

5
agz] (33P1 +Uo + g + r4p3) +

+egegpiPs + 1r3€sp;.

Clearly e; > 0 provided condition 17 holds. Now at
e, = e5, the characteristic equation given in the local
stability analysis of E5 can be written as:

5]
(22 +2 g )(AZ +HI + [5]) =0,
19

which has four roots

- 4 _1 5]
A1 = Fi ﬁ'lm—g —Hi *
[s]
5] A
HE™ =4

Clearly, at e; = e7 there are two purely imaginary
eigenvalues A; and A, and two eigenvalues A; and A,
which have negative real parts provided conditions
15-16 hold. Now, for all values of e, in the
neighborhood of e, the roots, in general, have the
following forms:

A3,4
[5]
1 A
2 ylsl 2[51 1
=5 H{i™' + [Hf 4_H[5]

Clearly at e; = €7, Re(d12)le,=e; = a1(e7) =0,
which means fulfilling the first condition for Hopf
bifurcation implies that the necessary condition is
followed. To validate the transversality condition,
aq + ia, is substituted into Eq 19 and then calculate
its derivative concerning e, , and compute the form
0(e;)W(e7) + I'(e7)d(e7) where the form of 6, Y, T
and ¢ are

0(e;) = (051(37)) H’[S (e7) + a1(37)H§[5](37)
+ (ay(en)) Hylen) + H; P (ey)
—3ay(ep) (@z(e7)) *Hi (er)
— (az(en)) Hy(en)™

I'e;) = 3(ay(e7)) @z (er)Hi ) (ey)
+ ay(e)H3 (e7)
+ 2a4(e7)ay (97)Hé[5] (e7)
— ay(e)H; P (ey).

W(e) = 4(ai(ey))” + 3(ar(en) H (ey)
+ HP (ey) + 2a,(e,) HY ()
- 12“1(97)(052 (6’7))2
- 3(“2(6’7)) H1 (e7).

d(es) = 12(ay(e7) atz(e7)
+ 6a;(e;)a; (37)1‘1 (97)
+ 2“2(37)H£ (e7) — 4(052(37))3-

[5]

H
Then,fore; =e; =2 a; =0,a, = H?S and
1

1[5] [5]
1[5], * (97)H (e7)
6(e;) = H, -z 3 7
(e7) = (e7) (e

5] (g — 11 (el (e5)
3 7 HF’] (e;) 1

. I(e7) =

ay(e;7) [H
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W(ep) = —2HS (e,

2a5(e7) [1[51, %\ g[8l %y _ o ps[5]/ +
HF](e;) [Hz (e7)H; > (e7) — 2H; (37)]-

d(e7) =

Hence, according to condition 18, the following is
obtained.

8(e7)v(e7) + T'(er)d(e;) =
2H[s]( *) .. [5] _ e 5+
3 (€7)|P3| U320y, — €3€6CP1 — T3€2€5P1

[5] 2 *
[5] ezHg) a3es) 1151 ey prl8] ey _
ed;; + HI! +H£5](e;) [Hz (e7)H; ™ (e7)

2H§5] (e;)] # 0. This means the required conditions

for HB are satisfied.

Results and Discussion

In this section, MATLAB is utilized to conduct
numerical simulations of a system (1) to demonstrate
the outcomes derived from our theoretical study. The
data set below displays a set of ecologically feasible
parameter values that have been considered °.

= 1; e = 0002; e, = 015; ez = 003; €y
= 0.001; eg = 0.0001; e
= 0.0002; e; = 0.001;

= 1000; m, = 20000; 1,
= 0.0002; u, = 0.0001;

Uz =
0.02; u; =0.02 21

To understand the dynamic behavior of system (1)
and evaluate the impact of reforestation on CO,
emissions, two scenarios are examined. The results

Theorem 10: Suppose that the following conditions
are satisfied

H ' >0,i=13
A= 61,161 p,lel > o }
eg >0
6(e) (i) + T(es)d(es) # 0)
20

Then, system (1) has a Hopf bifurcation at eg = eg
around Ej.

Proof: the proof is similar to Theorem 9, hence
omitted.

of the two cases will then be juxtaposed to facilitate
comparison. The two cases are:

e The system without reforestation

In this case, the interaction dynamics between the
carbon dioxide concentration c(t), the forest
biomass p,(t), and the human population density
ps(t) in the absence of reforestation efforts, i.e.,
where r; = u; = 0 is examined. Fig 2 depicts the
system (1) model with a reforestation-free
equilibrium point E: = (2,0,2.38,0). Moreover,
despite the initial values, the solution undergoes an
initial phase of expansion or contraction before
reaching Es in an asymmetrical convergence
direction. Every condition necessary for the
existence and global stability of E;=
(352.94,170.2,0,943.98) is fulfilled.
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Figure 2. The existence and global stability for the parameters given in (21) with r; = p3 = 0.

Fig 3 illustrates the increase in the coefficient of
natural depletion of forest biomass (i), which
ultimately leads to a reduction in both human and
forest populations and rising in the CO, in the

6000,

5000
4000, %

3000

byt

2000

1000 "

1000

500 1000
500

p,(t) 0 o c(t)

Populations

atmosphere. The system, in this case, settles down to
the CO, equilibrium point E; = (824.96,0,0, 0) for
Uy = 0.26.

3000

2500

Py .

2000 f -

1500

1000

300

200
time

o H
o 100

Figure 3. The existence and global stability for the parameters given in (21) with u, = 0.26.

To assess the impact of the coefficient of CO, uptake
by forest biomass as a result of photosynthesis (e3).
System (1) was solved using the dataset presented in
(21) with varying values of e;. The result shows for
e3 <0.00001 the human population faces
extinction, and system (1), in this case, approaches

asymptotically to the carbon dioxide gas-forest
equilibrium point E; = (¢,p1,0,0) =
(22378.9,920,0,0). Furthermore, the decrease in
the coefficient of CO, uptake by forest biomass due
to photosynthesis results in a significant rise in the
amount of C0, in the environment. See Fig 4.
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Figure 4. The existence and global stability for the parameters given in (21) with e; = 0.00001.

The impact of the reduction in the intrinsic growth
rate of the forest biomass (r,) is shown in Fig 5. It
shows a comprehensive bifurcation diagram with r,
representing the bifurcation point. It is evident from
the diagram that the system undergoes two
transcritical bifurcations: when the CO, equilibrium
point E; and the carbon dioxide gas-forest
equilibrium point E; exchange their stability. It is
clear from Fig 5 that for a small value of r, < 0.12,
for example if r, = 0.02, system (1) settles down

2000 ™ [N i
' 1
' 1
1 —x
1 1
1500 1 \ ! 1
a ! ' Unstable E
« 1 ! 3
£ 1 !
2 1 !
2 1000 ' !
z 1. /- Trancritical line >!
® 1 !
< 1 !
2 stable | :
' 1
500 E, v Unstable E1 1
{ 1
' 1
vy Y 1 Y
. " .
0

0.1 0.2 0.3 0.4 0.7 0.8

2

0.5

asymptotically to E; = (750.12,0,0,0). Moreover,
to raise the value of r, (say r, = 0.14), it is observed
that system (1) approaches asymptotically to E; =
(¢,p41,0,0) = (104.19,11.65,0,0). Therefore, the
conditions stated in theorem 6 are satisfied, and
system (1) faces a transcritical bifurcation at r;, =
0.12. The result shows that a decrease in r, harms
both the forest and human populations and causes an
increase in the amount of CO, in the environment.

8000 ...
8000 [ . i

= 4000
L]

Populations

2000

1000 G
1500

Populations

2000

1000

P, (t) c(t)

Figure 5. Transcritical bifurcation with respect
to Ip.
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Now, numerically verifies the effect of the
coefficient of CO, emission from anthropogenic
sources (e;). Fig 6 illustrates that for 0.001 < e, <

* Populations

600

P, (t)

c(t)

Figure 6. The existence of a periodic attractor
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0
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0.01, the solution faces a periodic attractor. While it
settles down to the CO, equilibrium point E; =
(2041.03,0,0,0) for e, < 0.001. See Fig 7.

12000

10000

8000

@
=]
=]
=)

2000l W0

200 400
Time

600

for the dataset given in (21) with e, = 0.01.
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Figure 7. The existence and global stability for the parameters given in (21) with e, = 0.001.

For the data set (21) with a decrease in the human
population decline rate coefficient attributable to
CO, (e;), the conditions (15-17) for the existence of
a pair of purely imaginary roots of the characteristic
eq 19 are satisfied, and the transversally condition is
also satisfied under condition (18) when e, <
0.00028. The Hopf-bifurcation has occurred at e;

p,(t)

Populations

0.00028, as stated in Theorem 9. See Fig 8.
Moreover, the same result could be obtained for the
redaction of the human population expansion
resulting from forest biomass(eg). In this case,
system (1) also faces a periodic attractor for eg <
0.03. See Fig 9.
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Figure 8. The existence of a periodic attractor for the dataset given in (21) with e; = 0.00028.
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Figure 9. The existence of a periodic attractor for the dataset given in (21) with eg = 0.03.

e The system with reforestation

In this case, it is examined the interaction dynamics
between all components in system (1). Upon

analyzing the data set in (21), it observes that all
prerequisites for the existence and global stability of
E¢ = (519,167.67,896.53,1419.01) are met. See
Fig 10.
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Figure 10. The existence and global stability of the parameters (21).

The impact of the coefficient of implementation rate
for reforestation initiatives (r3) is shown in Figs 11-
12. Fig 11 shows for 3 < 0.00002, the system faces
loss in the reforestation effort, and the solution
converges asymptotically to the reforestation-free
equilibrium point Es = (¢,p1,0,p3) =

(469.58,135.45,0,1063.26). While, for
0.00002 < r3 < 0.28, the system approaches the
reforestation equilibrium point E,. See Fig 10. While
the system faces a periodic attractor for the range
r3 = 0.28. See Fig 12. So, the decrease in r3 causes
reforestation efforts have been rendered futile.
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Figure 11. The solution of system (1) for the parameters given in (21) with r; = 0.00002.
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Figure 12. The face plane in cp,p3 space and cp4p, space for the dataset given in (21) with r; =
0.28.

In addition, the conditions for stipulating the

presence of two purely

imaginary roots and

satisfying the transversality condition fulfilled for

the data set (21) with eg < 0.02. Therefore, the
Hopf-bifurcation has occurred at eg = 0.02, as stated

in Theorem 10. See Fig 13.

1000

Figure 13. The Hopf bifurcation in cp;p3 space and cp,p3 space for the dataset given in (21) with

ey = 0.02.
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The periodic attractor could also be obtained for the
following cases e, < 0.01, ez = 0.01, e4 < 0.002,
and e; < 0.0001. See Figs 14-17.
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Figure 14. The periodic attractor in cp,p3 space and cp4p, space for the dataset given in (21) with
with e, = 0.01.

Figure 15. The periodic attractor in cp,p3 space and cp4p3 space for the dataset given in (21) with
with es = 0.01.
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Figure 16. The periodic attractor in cp,p3; space and cp,p3 space for the dataset given in (21) with
with eg = 0.002.
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Figure 17. The periodic attractor in cp;p3 space and cp,p3 space for the dataset given in (21) with
with e; = 0.0001.

Conclusion

This article suggests and analyses a nonlinear
mathematical model to determine how low-density
forest biomass and reforesting affect the flow of
carbon dioxide into the atmosphere. To develop the
model, it has been hypothesized that the
concentration of carbon dioxide in the atmosphere
rises due to both anthropogenic and natural activities,
falls naturally, and absorbs carbon dioxide through
forest biomass. It is also postulated that the increased
mortality rate of the human population is a
consequence of the detrimental impacts of carbon
dioxide. Additionally, it is postulated that the human
population consistently exploits forest biomass to
sustain itself. As a result of population growth, forest
areas are removed for agricultural and infrastructure
development, which merely reduces the forest
biomass's carrying capacity. The model under
consideration comprises six non-negative equilibria.
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