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Abstract:

In this paper, we characterize normal composition operators induced by
holomorphic self-map ¢@(z) =az’ +bz+c, when ‘a‘él,‘b‘ﬁl,‘ckl and

\a\ <1, ‘b‘ <1 ‘C‘ <1 .Moreover, we study other related classes of operators, and then
we generalize these results to polynomials of degree n.
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Introduction:

Let U denote the unit ball in the
complex plane, the Hardy space H? is
the  collection of  holomorphic

(analytic)functions f (z) =" _f(n)z"

with f(n) denoting the n-th Taylor
coefficient  of f such that

Y fm) <oo

and the norm is defined by
A 2

Hir=y. | fm) .

The particular importance of H? is due
to the fact that it is a Hilbert space with
inner product on H? is defined by

<f,g>=>"_ f(n)g(n) where

f(n) and g(n) are n-th Taylor
coefficient of fand g in H* . Let

be a holomorphic function that take the
unit ball U into itself (which is called
holomorphic self-map of U).To each
holomorphic self-map y of U, we

associate the composition operator
C, defined forall f e H* by
Cf=foy.

In this paper, we are going to discuss
some links between the function theory

and the operator theory .We investigate
the relationship between the properties

of symbol ¢ and the operator qu

where ¢(z) =az® +bz+c such that
laj <1, <1,|c| <1 and |a| <1,|o| <1,|c| <1
Composition operators have been
studied by many authors in different

contexts. A good source of references
on the properties of composition

operators on H ?can be found in [1].
We state very loosely some basic facts

on composition operators on H °.
Theorem 1: Every composition

operator C, is bounded.
Theorem 2: CW is normal if and only
it y(z)=Az ,|4<1.
Theorem3: C.C =C .

v wo
Theorem 4: CW is an identity operator
if and only if y is the identity map.

For each a €U, the reproducing
kernel at ¢ ,denoting by K _is defined

by
1
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It is easily seen for each «a €U and
feH? f(2)=>7 f(nz" that
<f,K,>=Y" f(n)a"=f(a).2].

The reproducing kernels for H *will

play an important role in the study of
composition operators since the span

of this family {K_ } _is a dense
subset in H?. Shapiro in [1] gave the
following formula for the adjiont C_

of a composition operator CW induced

by a holomorphic self-map  of U on
that family.

Theorem 5 : Let y be a holomorphic
self-map of U, then for each o €U

C K=K,

Cowen in [3] gave an exact value of

composition operator induced by
polynomial of degree 1.

Theorem 6: Let w(z)=sz+t

where [s/<1/t/<1 and

Isi+/t/ <1the norm of C_ on H %is

defined as follows
2

e, i* =

R

In this paper, we study the normality of
a composition operator induced by a
holomorphic self-map
p(z)=az’ +bz+c where
laj <1,|b|<1,|c| <1 and |a| <1,|b| <1,|c| <1
In addition we study other related

classes, and extend these results to a
polynomial of degree n.

1. The characterization of the
normality of C .

Recall that [4] an operator T on a
Hilbert space H is said to be normal if
TT"=T'T (where T" is the adjoint
of T) and is isometric if T'T =1
(where 1 is the identity operator).
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Moreover, T is  unitary if

TT" =TT =1 .We start this section
by the following consequence.

Theorem 1.1:
Let  @(z)=az’+bz+c,  where

la <1,]b| <1,|c| <1 and |a| <1, |o| <1,|c[ <1
If ‘b‘ =1,then C_ is an isometric on
H?2.

Proof :

Assume that ‘b‘ =1, soitis clear
that a=c=0
(since‘a‘ <1, ‘b‘ <1 ‘C‘ <1).Therefore
@(z)=bz.To prove that C is
isometric it is enough to show that
C,C,=1Since the span of the
family {K _} _, is dense in H?, then
we can prove the equality on this

family. Leta €U, then by theorem
(5)

C,C.K.(2)=CK,(9(2)
= K,y (@(2)) (by theorem 5)
1

1 p(@)(0(2)
1

) 1-babz
_ 1
1—\b\2§z
1
1-az
Ka(z) "

Hence C'C K (z)=K (z) foreach
9 a a

a €U .This implies that c.c,=1.50

C, is isometric.

By using similar technique of (1.1) we

can generalize this theorem to a
polynomial of degree n.
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Theorem 1.2:
Letp (z2)=a,z"+a 2" +..+az+4,
where [a,[<1, i=1.2,...n ,a0\<1

and Y la]<1. i la,| =1, then

C,, is isometric operator on H .

The following result gives the
necessary and sufficient condition for

normality ofC(p .
Theorem 1.3:
Let @(z)=az’ +bz+c where and

la| <1,|b <1,[c| <1,
| <1|b|<1c|<1 .Then

normal if and only if a=c=0.
Proof :
Assume that C(p is normal. Trivial

C(p is

case when C(p is the identity operator,
then by theorem (4) ¢ is the identity
self-map, hence @(z) =z, thus a=c=0.
Therefore we may assume that C(p is

not the identity operator, then ¢ is not
identity self-map of U. To prove

a=c=0, we suppose the converse, first
assume that c=0 then
@(0)=c=0.But C is normal, then
C,C K, (2)=C,C K,(2)

[Since C K, =K, and by theorem
) C;Ko(z) = K(p(O)(Z)]

C, K, (2)=C K, (2)

Hence K, (9(2)) =K, (2). This

that ESN

1-9(0)p(z) 1-¢(0)z
Thus  @(0) p(z) =p(0) z.  Since
@(0) #0,then ¢(z) =z ,which is a
contradiction (since ¢ is not identity
map).Thus ¢=0, it follows that
o(z) =az’® +bz.Therefore

0(0)=0.This implies that z"H? is an

implies

invariant subspace of H *under C_for
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each positive integer n (by [5]). But
C, is normal, then by [6] (z"H?®)" is

also invariant under C(p.ln particular,
(z*H?)* is an invariant subspace of

H? under C,. But
(z?H?*)* = span{l, z}, then
C,zespar{l,z} .It follows that
C,z=p(z)=a+p for some

a, S But ¢(z) =az’ + bz therefore
a=0,a=0 and S =D,as desired.
Conversely, if a=c=0, then ¢(z) =bz
with \a\ <1, then again by theorem (2)
C, is normal.

The next consequence is a
generalization of (1.3).

Corollary 1.4:

Letp (z2)=az"+a 2" +..+az+4a,

where \a0\<1, ‘ai‘él i=1,2,...n
and Y |a,[<1.Then C, is normal
ifand only if @ =0,i=0,...,n, i 1.

Corollary 1.5:
C, is a unitary operator on H* if and
only if /b/=1.
Proof :
Assume that C is unitary,

thenTT =TT =1.
Since C¢ is unitary then it is normal,
thus by theorem (1.3) a=c=0, it follows
that(z) =bz, |b| <1. To show that
‘b‘ =1.Leta €U, a#0, then
C,C,K,(2)=C K, (9(2))
= K¢(a) (¢(Z))
N
1-p(a)p(z)
But
C;C(p K, (2)=1(K_ (2))=K_(2).
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Thus n . .
and > |a,|<1.Then C_ isa unitary
1 __ 1 Therefore, Z'O ) o e
1-p(a)p(z) 1-oz operator if and only if |al| =1.
1 _ 1 . Hence
1-babz 1-oz _
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