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Abstract:

Let R be an associative ring with center Z(R). A well known results proved by
Bell and kappe concering derivations in prime rings have been extensively studied by
many authors, several of these outhers extended these result for o - derivation like
Yenigual and Argac and some of them extended these results for a (c,t) — derivations
like M. Asharf.

The main purpose of this paper is to study the action of a (o,1) — (J,R) —
derivation and a left (o,t) — (J,R) — derivation and (o,t) — (J,R) — derivation on Jordan
ideals.

Keyword: Z(R): center of R, R: prime ring, d: derivation, &: left derivation, F:
generalized.

§ 1 Basic Concepts: A.
Definition 1.1: [3] N
A ring R is called a prime if for Definition 1.6: [3] _
any abeR, A ring R is said to be n-torsion-
aRb = {0} , implies that either a free, where n=0 is an integer such that
=0orb=0. whenever na = 0 withae R, thena =0.

Definition 1.2: [4]
A ring R is called a semiprime
ring if for any aeR,
aRa = {0}, implies that a = 0.

Definition 1.7: [3]

Let R be a ring. Define a lie
product [, ] on R as follows.
[x,y] = xy —yx, for all x,yeR.

Definition 1.3: [3]

Let R be a ring. Define a Jordan
product on R as follows

aob =ab + ba, forall a,beR.

Properties 1.8: [8]

Let R be a ring, then for all
X,¥,Z€ R, we have
(1) [xyz] = yIx,z] + [x.y]z
Definition 1.4: [3] (2) Doyl =xly.el * ezly

An additive subgroup ACR is Ei; K ; Zg ;[E;Z;]Z[E/)’(Z;]
g:alle_d a Jordan subring of R if a,be A. ’ ’ ’
implies that aob = ab + bac A. Definition 1.9: [4]

Definition 1.5: [3] Let R be a ring. An additive

i ‘R>R is call ivati
Let A be a Jordan subring of R mapping d s called a derivation

. . if d(xy) = d(X)y + xd(y), for all x,yeR
and J< A is an additive subgroup such and we say that d is a Jordan derivation
that ac A, belJ implies that ab +

H 2\ —
baeJ, then J is called a Jordan ideal of IFd(c) = dix)x +xd(x) , for all x€R.
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Definition 1.10: [8]

Let R be a ring. An additive
mapping 6:R>R is called a left
derivation if
d(xy) = xd(y) + yd(x), for all x,yeR
and we say that 6 is a Jordan left
derivation if
5(x?) = 2x3(x) for all xeR.

Definition 1.11: [8]

Let R be a ring. An additive
mapping d:R->R is called a (o,1) —
derivation where o,T:R>R are two
mappings of R, if d(xy) = d(x) o(y) +
t(y) d(y), for all x,yeR, and we say
that d is a Jordan (o,t) — derivation if
d(x?) = d(x) o(x) + ©(x) d(x), forall
xeR.

Definition 1.12: [8]

Let R be a ring. An additive
mapping 8:R>R is called a left (o,7) —
derivation where o,1:R>R are two
mapping of R,
if 3(xy) = o(x) 3(y) + t(y) 8(x), for all
X,yeR and we say that o is a Jordan
left (o,7) — derivation
if 5(x?) = 5(x) 8(x) + t(x) 8(x) , for all
xeR.

Definition 1.13: [6]

Let R be a ring. An additive
mapping F:R->R is called a
generalized (o,t) derivation associated
with d, where o,t.R>R are two
mappings of R, if there exists a (o,t) —
derivation d:R->R such that F(xy) =
F(xX) o(y) + t(x) d(y), for all x,yeR.

§ 2 (0,1) — (J,R) — Derivations:
In this section first we will
extend A.D. HAMDI, [5, Theorem
2.2.6] for a (o,0) - (J,R) derivation
which acts as a homomorphism or as
an anti-homomorphism on a nonzero
Jordan ideal and a subring J of a 2-
torsion-free prime ring R, second we
will generalize the above extension for
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a generalized (o,0) - (J,R) derivation.
Finally we will extend the above result
for (o,7) - (J,R) derivation which acts
as a homomorphism on a nonzero
Jordan ideal and a subring J of a 2-
torsion-free orime ring R.

Now we introduce the
following new definition which a
generalize of definition 1.11.

Definition 2.1:

Let J be a Jordan ideal of a ring
R. An additive mapping d:R—R is
called a (o,t) — (J,R) derivation where
o,7:R->R are two mappings of R, if

d(xy) = d(x) o(y) + (x) d(y), for all
xelJ,yeR,

and we ay that d is a Jordan (o,t) —
(J,R) derivation if

d(@) = d(@) o(a) + t(a) d(a) for all
aceR.

Example 2.2:

Let R be the ring of all 2x2
materices over commutative ring S of
characteristic two.

a b
LetJ= {( J:a,beS}
b a

It is clear that J is a Jordan ideal of R.

Define

a b 0 -b
dR>R, by d = :
c d c O
a b
for all eR
c d

Let o,7:R>R be two mappings, such
that

e aHe o € aHC o

For all (a bjeR
c d
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Then d is (o,7) — (J,R) — derivation.

The following lemmas help us
to prove the main theorems of this
section:

Lemma 2.3: [8]

If R is a ring, J a nonzero
Jordan ideal of R, then
2[R, R]JcJand 2J[R, Rl J.

Lemma 2.4: [8]

Let R be a prime ring, J a
nonzero Jordan ideal of R. if ae R and
aJ = {0} (orJa={0}),thena=0.

Lemma 2.5: [8]

Let R be a 2-trosion-free prime
ring, J a nonzero Jordan ideal of R. if
aJo ={0} thena=0o0rb=0.

Lemma 2.6: [8]

Let R be a 2-trosion-free prime
ring, J a nonzero Jordan ideal of R. if J
is a commutative Jordan ideal, then J
c Z(R).

Lemma 2.7:

Let R be a 2-torsion-free prime
ring, J a nonzero Jordan ideal and a
subring of R. Suppose that o,tare
automorphisms of R. if R admits a
(o,7) — (J,R) derivation d such that
d(J) ={0},then d=0orJcZ(R).

Proof:

We have d(u) = 0, for all ueJ. This
yields that d(uor) = 0, for all ueJ and
re R. Now using the fact that d(u) = 0,
the above expression yields that

t(u) d(r) + d(r) o(u) = 0, for all
ueJandreR ...(1)

Replacing r by vr, vel in (1)
and using (1), we get

t(u) d(vr) + d(vr) c(u) =0
©(u) [d(v) o(r) + t(v) d(r)] +
[d(v) o(r) + t(v) d(r)] o(u) =0
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t(u) t(v) d(r) + t(v) d(r) oc(u) =0

t(u) t(v) d(r) + t(v) t(u) d(r) =0

(t(u) ©(v) + t(v) ©(u)) d(r) =0

t(u) o t(v) d(r) =0, for all uvel,
reR.

Hence [u o v]tt (d(r)) = 0 , for all
uvelandreR.

This implies that Jt* (d(r)) = {0}, for
alluvelJandreR.

Hence by lemma (2.4), we get

d(r)=0, forallreR
Thusd=0o0onR

Now, we will prove the main
theorems of this section.

Theorem 2.8:

Let R be a 2-torsion-free prime
ring, J a nonzero Jordan ideal and a
subring of R. If that o is an
automorphism of R and d:R->R is a
(o,0) — (J,R) derivation then

(i) if d acts as a homomorphism on J,
then eitherd =0 on R or JC Z(R).

(ii) if d acts as an anti-homomorphism
on J, then either d = 0 on R or
Jc Z(R).

Proof:
Suppose that J & Z(R).

(i) if d acts as a homomorphism on J,
then we have

d(uv) = d(u) o(v) + o(u)d(v) = d(u)
d(v), foralluyvel ...(1)

Replacing v by vw, we J in (1), we
get.

d(u) o(v) o(w) + o(u) (d(v) o(w) +
o(v) d(w))

d(w))

Using (1), the above relation yields
that

(d(u) — o(u)) o(v) d(w) =0, for all
u,v,wel.

= d(u) (d(v) o(w) + o(v)
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That is , o7 (d(u) — o(u)) vo™ (d(w)) =
0, forall uv,wel.

and hence o™ (d(u) — o(u)) Jo* (d(w))
= {0},

For all u,v,weJ. By Lemma (2.5), we
get

either d(u) — o(u) =0 ord(w) =0, for
alluwel.

if d(w) =0, for all we J, then by using
lemma (2.7) ,

wegetd=0onR.

if d(u) —o(u) =0, forall ueJ, then
relation (1) implies that o(u) d(v) =0,
foralluvel.

Now replace u by uw, to get o(u) o(w)
d(v)=0,

for all u,v,wel.

that is, uws™ (d(v)) =0, for all
uw,vel.

and hence ulol(d(v)) = {0}, for all
uveld.

Thus by lemma (2.5), we get either u =
OQord(v)=0,

for all u,veJ, But since J is a nonzero
Jordan ideal of R, we find that d(v) =0
, for all ve J and hence by Lemma
(2.7), we get the required result.

(ii) If d acts as an anti-hnomomorphism
on J, then we have
d(uv) = d(u) o(v) + o(u) d(v) = d(v)
d(u), forall u,vel..(2)
Replacing u by uv in (2), we get
(d(u) o(v) + o(u) d(v)) o(v) + o(u)
o(v) d(v)

=d(v)
(d(u) o(v) + o(u) d(v))
Using (2), the above relation yields
that.
o(u) o(v) d(v) = d(v) o(u) d(v), for all
uvel

Again replace u by wu, we J, in (3),
we get

o(w) o(u) o(v) d(v) =d(v) o(w) o(u)
d(v), for all u,v,welJ..(4)
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in view of (3), the relation (4) yields
that

[d(v), o(W)] o(u) d(v) =0, for all
uv,wel,

That is, oX([d(V), o(W)]) uc™ (d(v)) =
0, foralluv,wel

and hence o’ ([d(v), o(W)]) Jo* (d(V))
= {0}, for all v,weJ.

By using lemma (2.5), we get either
[d(v), o(w)] =0 or d(v), for all v,we J.
if d(v) =0, for all ve J, then by using
lemma (2.7),
wegetd=0o0nR.
if [d(v), o(w)] =0, for all vwe J.
Replacing v by vw in the above
relation, we get
0 = [d(vw), s(w)]

= [d(v) o(w) + o(v) d(w), o(w)]

= [d(v) o(w), s(W)] + [o(v) d(w),
o(W)]

= o(v) [d(w), os(W)] + [5(Vv), o(wW)]
d(w)
for all v,we J, this implies that
o(v) [d(w), s(W)] + [o(v), o(w)] d(w)
=0 forall viwelJ.. (5)

Replace v by viv, vielJin (5), and
using (5), to get

[o(v1), o(W)] o(v) d(w) =0, for all
V,V1,WE J.

That is [v1,w] vo}(d(w)) =0, for all
V,Vi,weJ.

and hence [vi,w] Jo* (d(w)) = {0}, for
all vi,weJ.

By lemma (2.5), we get either [vi,w] =
0

ord(w) =0, forall vi,weJ.

Now let

Ji={wel/[vi,w] =0, forall vie J}
and

Jo={wel/d(w) =0}

Clearly, J1 and J, are additive proper
subgroups of J whose union is J.
Since a group can not be the set
theoretic union of two proper
subgroups.

hence J=J1 or J=J»
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if J=J1, that is, [vi,w] =0, for all
Vi,Wel.

if follows that J is commutative, then
by Lemma (2.6),

we get JC Z(R), which is a
contradiction.

On the other hand if J=J2, we get then
by lemma (2.7),

the required result.

Now we introduce the
following new definition which a
generalize of definition 2.1

Definition 2.9:

Let J be a Jordan ideal of a ring
R, An additive mapping F:R>R is
called a generalized (o,r) — (J,R)
associated with d, where o,T:R>R are
two mappings of R, if there exists a
(o,71) — (J,R) derivation d:R->R such
that
F(xy) = F(X) o(y) + t(x) d(y) , for all
xelJ,yeR.

Example 2.10:
Let
R=

Z W

{[x yj 1%, Y,Z, We N, where N is the ring of integers }

be a ring of 2x2 matrices with respect
to the  usual addition  and
multiplication.

Let J= Xy X, yeN
y X

it is clear that J is a Jordan ideal of R.
Let F.R2R, defined by

{0E o)

Xy
For all e R, and let d:R>R
Z W
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0
defined by d(x y):(x ) , for
z w)\z O

all (X yjeR.
Z W

Suppose that o,1:R>R are
mappings such that

e
(L ae) o
@ VVV)ER.

it is clear that d is a (o,t) — (J,R)
derivation .

Then F is a generalized (o,7) — (J,R)
derivation associated with d.

two

We generalize the theorem 2.8 as
follows:

Theorem 2.11:
Let R be a 2-torsion-free prime
ring, J a nonzero Jordan ideal and a
subring of R. Suppose that o is an
automorphism of R and F:R>R is a
generalized (o,0) — (J,R) derivation
associated with a derivation d.
(1) if F acts as a homomorphism on J,
then eitherd =0 on RJC Z(R).
(i) if F acts as anti-homomorphism on
J, then eitherd =0on R or
JC Z(R).

Proof:

Suppose that JZ Z(R)

(i) if F acts as a homomorphism on J,
then we have

F(uv) = F(u) o(v) + o(u)d(v) = F(u)
F(v), foralluvel ...(1)

Replacing v by vw, we J in (1), we
get.

F(u) o(v) o(w) + o(u) (d(v) o(w) +
o(v) d(w))
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= F(u) (F(v) o(w) +
o(v) d(w))

using (1), the above relation yields that
(F(u) — o(u)) o(v) d(w) =0, for all
uv,wel.

that is , 6t (F(u) — o(u)) vo* (d(w)) =
0, forall uv,wel.

and hence o™ (F(u) — o(u)) Jo™* (d(w))
= {0}, forall u,v,weJ.

hence by Lemma (2.5), we get either
F(u) —o(u) =0 or d(w) =0, for all
uwel.

if d(w) =0, for all we J, then by using
lemma (2.7) ,

wegetd=0onR.

if F(u) — o(u) =0, for all ue J, then
relation (1) implies that o(u) d(v) =0,
forall uvel.

Now replace u by uw, to get

o(u) o(w) d(v) =0, for all u,v,welJ.
This implies that uwo™ (d(v)) =0 and
hence

wo(d(v)) = {0}, forall u,vel.

Thus by lemma (2.5), we get either u =
0

ord(v)=0, forall uvel.

But since J is a nonzero Jordan ideal of
R, we find that

d(v) =0, for all ve J and hence by
Lemma (2.7), we get the required
result.

(i) If F acts as an anti-homomorphism
on J, then we have
F(uv) = F(u) o(v) + o(u) d(v) = F(v)
F(u), for all u,ve J..(2)
Replacing u by uv in (2), we get
(F(u) o(v) + o(u) d(v)) o(v) + o(u)
o(v) d(v)

= F(v)
(F(u) o(v) + o(u) d(v))
Using (2), the above relation yields
that.
o(u) o(v) d(v) = F(v) o(u) d(v), for all
uvel
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Again replace u by wu, we J, in (3), to
obtain

o(w) o(u) o(v) d(v) = F(V) o(w) o(u)
d(v),

foralluvwel........... ...... 4)

in view of (3), the relation (4) yields
that

[F(Vv), o(w)] o(u) d(v) =0, for all
uv,wel,

This implies that is, cX([F(v), o(W)])
uct (d(v))=0,

for all u,v,weJ and hence

o™ ([F(v), os(w)]) Jo* (d(v)) = {0}, for
all vweJ.

By using Lemma (2.5), we get either
[F(v), o(w)] =0 or d(v), for all vwe J.
if d(v) =0, for all ve J, then by using
Lemma (2.7),
wegetd=0onR.
if [F(v), o(w)] =0, for all vwel.
Replacing v by vw in the above
relation, we get
0 = [F(vw), o(w)]

= [F(v) o(w) + o(v) d(w), o(W)]

= [F(v) o(w), o(w)] + [o(v) d(w),
o(W)]

= o(v) [d(w), s(W)] + [o(v), o(w)]
d(w)
for all v,we J, this implies that
6((\)/) [d(w), s(W)] + [5(v), o(w)] d(w)
forallvwel..............

Now, replace v by viv, vie Jin (5),
and using (5), to get
[o(v1), o(W)] o(v) d(w) =0, for all
V,Vi,WE J.
That is, [vi,w] vol(d(w)) =0, for all
V,Vi,we .
and hence [vi,w] Jo* (d(w)) = {0}, for
all vi,weJ.
By lemma (2.5), we get either
[vi,w] =0 or d(w) =0, for all vi,weJ.
Now let

Ji={welJ/[vi,w] =0, forall
vielJ}
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and

Jo={wel/d(w) =0}

Clearly, J1 and J are additive
proper subgroups of J whose union is J.

Since a group can not be the set
theoretic union of two proper
subgroups, hence J=J1 or J=J> .

if J=J1, that is, [vi,w] =0, for all
Vi,WeEJ.

if follows that J is commutative, so
by Lemma (2.6), we get J Z(R),
which is a contradiction on the other
hand if J=J>,

then by lemma (2.7), we get the
required result.

In the following theorem our
objective is to extend theorem 2.8 to
a (o,1)—(J,R) derivation of a 2-
torsion-free prime ring R which acts
as a homomorphism on a Jordan
ideal J of R.

Theorem 2.12:

Let R be a 2-torsion-free prime
ring, J a nonzero Jordan ideal and a
subring of R. Suppose that o,t are
automorphism of R and d:R->R is a
(o,7) — (J,R) derivation. If d acts as a
homomorphism on J, then d =0 on R.

Proof:
Since d acts as a homomorphism on J,
then

we have

d(uv) = d(u) o(v) + t(u) d(v) = d(u)
d(v),

foralluvel ...l (1)

Replacing v by vw, we J in (1), we get
d(u) o(v) o(w) + (u) (d(v) o(w) + 1(v)
d(w))

(d(v) o(w) +7(v) d(w))

using (1), the above relation yields that
(d(u) — t(u)) t(v) d(w) = 0 , for all
uv,wej,

This implies that t* (d(u) — t(u))v ©
Hdw)) =0,

for all u,v,we and hence

= d(u)
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v(d(u) — t(u)) Jri(d(w)) = {0}, for all
uwel.

By using Lemma (2.5), we get either
d(u) — t(u) = 0 or d(w) = 0, for all
uwel.

if diw) = 0, for all wel, then by
lemma (2.7), we getd =0 on R.

if d(u) —t(u) =0, forallueJ, we get
d(u) = t(u), for all ueJ.

Then the relation (1) implies that

d(u) o(v) + d(u) d(v) = d(u) d(v), for
all uvel,

and this implies that

d(u) o(v) =0, for all u,vel.

Replacing v by vw, we J, we get

d(u) o(v) o(w) =0, for all u,v,wel,
that is, o (d(u)) vw = 0 , for all
u,v,weJ, and hence

ot (d(u)) Jw = {0}, for all u,v,weJ.

Hence by lemma (2.5), we get either
d(uy=0orw =0, for all uweJ.

Since J is a nonzero Jordan ideal of R
we have d(u) =0,

for all ueJ, then by lemma a (2.7), we
getd=0onR.

§ 3 Left

Derivations:

We will study the behaviour of
a left (o,7r) — (J,R) derivation which
acts either as a homomorphism or as an
anti-homomorphism on a nonzero
Jordan ideal and a subring J of a 2-
torsion-free prime ring.

(o) - (@I,R)

Now we introduce the following new
definition which a generalize of
definition 1.12
Definition 3.1:

Let J be a Jordan ideal of a ring
R. An additive mapping 6:R->R is
called a left (o,7r) — (J,R) derivation
where o,7:R>R are two mappings of
R, if
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d(xy) = o(x) d(y) + t(y) 8(x) , for all
xelJ, yeR and we say that & is a
Jordan left (o,7) — (J,R) derivation if
3(x?) = o(X) 8(x) + t(x) 8(x) , for all
xeR.

Example 3.2:

Let R= y - x, yeN
0 O

where N is the ring of integers

be a ring of 2x2 matrices with respect
to the usual addition and
multiplication.

e

It is clear that J is a Jordan ideal of R.
Let O:R2R, defined by

SX y:O y, for all
0O O 0 O

(X y]eR.

0O O

and let o,1:R>R be two mappings,
such that

c{g ZHS _oyJ’{; ZHE _ox]
s o

Then & is a left (o,7) — (J,R) derivation.

The following lemmas help us
to prove the main theorems of this
section:

Lemma 3.3: [8]

Let R be a 2-torsion-free ring, J
a Jordan ideal and a subring of R.
Suppose that  is an endomorphism of
R and 6:R->R is an additive mapping
satisfying 8(u?) = 2o(u) 8(u),
for all ueJ, then

(i) d8(uv + vu) = 20(u) 8(v) + 20(v)
d(u) for all u,vel.
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(i) S(uvu) = o(u?) d(v) + 3 o(u) o(v)
8(u) — o(v) o(u) 5(u) ,
forall uvel.
(i) d(uvw + wwvu) = (o(u) o(w) +
o(w) o(u)) (w)
+ 3 o(u) o(v) 8(w) + 3 o(w) (V)
()
—o(v) o(u) 3(w) - o(v) o(w)
o(u) ,
forall uvel.
(iv) [o(u), o(v)] o(u) 8(u) = o(u) [o(u)
, o(V)] 8(u),
for all u,veJ.
(V) [o(u), o(v)] B(uv) — o(u) 8(u)
—o(v) 8(u)=0
for all u,veJ.

Lemma 3.4: [8]

Let R be a 2-torssion-free
prime ring, J a Jordan ideal and a
subring of R. Suppose that o is an
endomorphism of R and 6:R->R is an
additive mapping satisfying

5(u?) = 2o(u) d(u) , for all ue ],
then

1) [o(u),o(V)] 8([u,v]) =0, for
alluvel.

(i) (oU?) o(v) — 2o(u) o(v)
o(u) o(u?)) 8(v) =0,

forall u,vel.

Lemma 3.5: [8]

Let R be a 2-torssion-free
prime ring, J a Jordan ideal and a
subring. Suppose that o is an
endomorphism of R and 6:R—->R is an
additive mapping satisfying

5(u?) = 2o(u) d(u) , for all ue,
then

(i) 8(u?v) = o(u?) 8(v) + (o(u)
o(v) + o(v) o(v)) 5(u)

+ o(u) d([u,v]) , for all

uveld.

(i) d(vu?) = o(u?d) §(v) +
(Bo(v) o(u) — o(u) o(v)) 5(u)

—o(u) o([u,v]) , for all

uvel.
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Lemma 3.6: [8]

Let R be a 2-torssion-free
prime ring, J a Jordan ideal and a
subring of R. Such that [u,v]?> = 0, for
all u,vel. Then J is commutative and
hence central.

In the next theorem, we
attempt to generalize the above
mentioned result for Jordan left
(o,7)- (J,R) derivation which acts a
Jordan ideal and a subring J of R.

Theorem 3.7: [8]

Let R be a 2-torssion-free
prime ring, J a Jordan ideal and a
subring. Suppose that o is an
automorphism of R and 3:R>R is an
additive mapping satisfying §(u?) =
2c(u) o(u) for all uel, then either
JC Z(R) or 8(J) = {0}.

Corollary 3.8: [8]

Let R be a 2-torssion-free
prime ring, if 8:R>R is a nonzero
additive mapping satisfying §(x?) =
2x3(x) for all xeR, then R is
commutative.

Now, let us take the following
theorem:

Theorem 3.9: [8]

Let R be a 2-torssion-free
prime ring, J a Jordan ideal and a
subring of R. Suppose that ¢ is an
automorphism of R and 8:R->R is a
left (o,0) — (J,R) derivation

(i) if & acts as a homomorphism on J,
thend =0onR.

(ii) if & acts as anti-homomorphism on
J,thens=0o0nR.

In the following theorem we
will extend the above theorem to a
left (o,7) — (J,R) derivation of a 2-
torsion-free prime ring R which acts
as a homomorphism or as an anti-
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homomorphism on a nonzero
Jordan ideal and a subring J of R.

Theorem 3.10:

Let R be a 2-torssion-free
prime ring, J a nonzero Jordan ideal
and a subring of R. Suppose that o, is
are automorphism of R and 8:R>R is
a left (o,7) — (J,R) derivation

(1) if & acts as a homomorphism on J,
then either 5 =0on R or JC Z(R).

(it) if & acts as anti-homomorphism on
J, then either 5 = 0 on R or
Jc Z(R).

Proof:

Suppose that J é Z(R).

(i) if & acts as a homomorphism on J,
then we have
d(uv) = d(u) 8(v) = o(u) d(v) + t(v)
S(u),
foralluvel
replacing u by uv in (1), we get
(o(u) 8(v) + (v) 8(u)) 8(v) = o(u)
o(V) d(v) + (V) d(u) 8(v),
forall uve U.
This implies that
o(u) 8(v) d(v) = o(u) o(v) d(v), for
alluyvel,

This implies that o(u) (8(v) - o(Vv))
o6(v) =0,

forall uvel

and hence o(J) (6(v) — o(Vv)) d(v) =
{0}, forall vel.

Since o is an automorphism of R
and J is a nonzero Jordan ideal of
R, o(J) is also a nonzero Jordan
ideal of R.

Application of Lemma (2.4) yields
that

(6(v) —o(v)) d(v) =0, forall ve]
and hence §(v?) = o(v) 8(v) , for all
vel.

Since o is a left (o,1) — (J,R)
derivation, we have
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o(V) 8(v) + t(v) d(v) = (V) (V) ,
forall ve ),
this implies that t(v) o(v) = 0, for
all ve,
on linearzing the latter relation, we
find that
0=1(v+u)d(v+u)

= (t(v) + t(u)) (8(v) +8( u))

= 1(v) 8(V) + t(v) 8(u) + t(u) d(v)
+ 1(u) d(u)

= 1(v) 8(u) + t(u) o&(v) , for all
uvel....... (2)

Replacing u by vu in (2), we get
0 =1(Vv) (V) d(u) + (V) t(u) 6(Vv)
=1(v) t(u) 8(v) , forall uvel,

That is, vut? (5(v)) = 0, for all
uvel,

and hence vitt (8(v)) = {0} , for
alluvel.

By Lemma (2.5), we get either v =
0 or
d(v) =0, forall vel.

Since J is a nonzero Jordan ideal of
R and t is an automorphism of R,
we get

d(v) =0, forall vel.

Replacing v by vor, reR in the
above relation, we have
0 = d(vor) = 8(vr + rv)
= 3(vr) + d(rv)
= o(v) &(r) + ()
(V) + o(r) 8(v) + t(v) o(r)
= o(v) o) +1(v)
5(r)
= (o(v) +1(v)) 8(r)

forallveJandreR.

Hence we get (c(J) —t(J)) o(r) =
{0}, forall rel.

Since o,t are automorphisms of R

and J is a nonzero Jordan ideal of

R, we get o(J) and t(J) are a

nonzero Jordan ideals of R, and

hence we get o(J) + t(J) is a
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nonzero Jordan ideal of R, thus by
lemma (2.4) we get 3(r) = 0, for all
reR,

this implies that is, 8 =0on R.

(i) If & acts as an anti-homomorphism
on J, then we have
d(uv) = 3(v) 8(u) = o(u) 8(v) + (V)
5(u)
foralluyvel

Replacing v by uv in (3) , we get
d(uv) d(u) = o(u) d(v) d(u) + t(v)
d(u) o(u)

= o(u) d8(v) d(u) +
©(u) =(v) 8(u) ,
forall uvel,
or equivalently .
(V) d(u) d(u) = t(u) t(v) d(u) , for
alluvel]
Replacing v by tv , teJ in (4), we
get
©(t) t(v) d(u) &(u) = t(u) (t) ©(v)
8(u) ,
forall u,vtel]
in view of (4) , the relation (5)
yields that
[t(u) , (t)] t(v) d(u) = 0, for all
uv,teld.
This implies that [u,t] v T2(8(u)) =
0, foralluyvtel
and hence [u,t] J T(8(u)) = {0} ,
forall utel
By Lemma (2.5), we get either [u,t]

=0or
o(u) =0, forall utel.
Now let
Ji={ued/[ut] =0, for all
teJ}
and

Jo={uel/5() =0}

Clearly, J; and J. are additive
proper subgroups of J whose union
is J.

Since a group can not be the set
theoretic union of two proper
subgroups, hence J=JiorJ=1J;.
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IfJ=J¢,thatis, [ut] =0, for all
uted,

Archivum Mathematicum (Vron).
Tomus 41:157 — 166.

2. Bell, H. E. and Kappe. L. C. 1989.
This yields that J is commutative, Rings in which derivations satisfy
and hence by lemma (2.6) certain algebraic conditions Acta
JC Z(R), which is a contradiction. Math. Hungar 53: 339 — 346.
3. Herestein, I. N. 1965. Topics in ring
Hence, we have remaining theory. The University of Chicago
possibility that Press, ed. No.1, Chicago, PP. 74.
d(u)y=0, foralluel. 4. Herestein, 1. N. 1976. Rings with
Replace u by uor , reR , in the involution. The University of
above relation, we get Chicago Press, ed. No.2, Chicago,
0 = &(uor) = d(ur + ru) = d(ur) + PP. 34.
d(ru) 5. HAMDILA. D. 2007. (o,t) -
= o(u) 3(r) + t(r) d(u) Derivations On prime rings. M. Sc.
+o(r) d(u) + (u) 8(r) Thesis, Baghdad University.
= o(u) 8(r) + t(u) 8(r) 6. Jung, Y. S. and Park. K. H. 2006.
= (o(u) +t(u) &(r) , On generalized (o,p) — derivations
forallueJandreR and commutivity in prime rings.
Hence, we have (c(J) — 1(J)) 8(r) = Bull Korean Math. Soc. 43: 10 —
{0}, forall reR. 106.
By a similar way in part (i) , we 7. Yengul, S. A. and Argac. N. A.
can get our result. 1994. On prime and semiprime
rings with o — derivations. Turkish
J. Math. 18: 280 — 284.
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