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Abstract

The main purpose of this paper is to study prime and semiprime rings admitting a

¥ :
(8]

P

22l we give some results about that.

Introduction
Long ago Herstein [ 1] proved

that if R is a prime ring of
characteristic not 2 which admits a
non-zero derivation such that d{x)d(v)

= d{vid(x) for all x. v CR.then Ris

J1i I8 centrn
= 7. then R ois commutative. M. N
Daif [3] proved that, let R be a

semprime ring and d a derivation of R
with & 7= 0. If {d(x). d(y)] = 0 for all

X.y ER,
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derivation d satisfying new conditions when d acts as a homomeorphism on non-zero

~aardss prime and semiprime rings, derivations, homomeorphism, central ideal

then R contains a non-zero ceniral
ideal. M. N. Daif and I1. E. Bell [4]
proved that, let R be a semiprime ring
admitling a derivation d for which
either xv = dfxvi = vx + d(yx) for ali x,

§oED
="

R or xv — dixy) = yx — d(yx)for

SR =

. then R is commutalive.
V. De Filirpis [5] proved that, when R

1

|a¥at
i

nrrime ring et d a non-zero
derivation of R, U# (1) a two sided
ideal of R, such that d([x, y}) = {x, ¥]

for all x, v & U, then R is
commutative. A. 11. Majeed [6] proved
that, let R be a prime ring and U be a

non-zero ideal of R. If R admits
derivations d and g with d (U) # {0},
such that d{xy) = g(yx) for all x, y
S 1. then R is commutative. Rcccnlly
Mehsin ;Inbcl [7} proved that, fet R be
a 2-torsion [ree semiprime ring and U a

non-zero ideal of R.I{ R admits a non-
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zero derivation d such that d(xoy) -F
d[xy]) €EZR)forallx,y € U,
then R contains a non-zero central
ideal. We write xoy = xy+ yx. Our
purpose ‘is to study semiprime rings
and prime rings admitting a derivation
d salisfying new condilions when d
acts as homomorphism on non-zero

ideal.

Preliminaries

Throughout this paper, R denoted a
Semiprirﬁe ring if a Ra = (0), with a
& R implies a = 0, and called a prime
ring if a Rb = (0), a, b, € R, implies
that a =0 or b=0. A ring R is said to be
n-torsion free, where n % 0 is an
integer, 1f whenever nx = 0, with x
€ R then x = 0. If U is a non empty
subset of R, then the centralizer of U
in R, denoted by Cy (U), is defined by
: Cp (U) = {a€& Rux=xa flor all
x & U}. Ifa € Cy (U) we say that a
centralizes U. An additive map d from
R to R is called a derivation if d(xy)=
d(x)y+ xd(y)forall x, y € R. Let U be
asubset of R, amap d: R > Riis
said to centralizing on U if [x, d(x)]
& ZR) for all x € U. and is said to
skw-centrlaizing on U if d{x)x+
xd(x) € Z(R) forall x € U. We say

a derivation d acts as a homomorphism
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on U if d(xy)= d(x) d{y) for all x, y
&= 1 |

[et U be an ideal of R, then U is a
central ideal if xy=yx for ail x, & U,
y € R, and U is commulative ideal,
ifxy=yx forall x, y € U . Itis clear
that any central ideal is commutative.

We write [X, y]= xy-yx and note that

important identities [x,yz}
=y[xzltxylz  and  [xyz] =
x[y,z]t[x,z]ly.. To  achieve our

purposes, we mention the following

resulls.

Lemma 1[9]

Let n be a lixed integer, let R be
nl-torsion free semiprime ring and U
be a non-zero lefl ideal of R, If R
admits a derivation d which is non-
zero on U and n centralizing on U,
R coniains a non-zero central

then

ideal.

Lemma 2{10:Lemma 3]

If the prime ring R contains a
commutative non-zero right ideal, then
R is commutative.

Lemma 3] 11:Main Theorem]
Let R be a semiprime ring, d a

non zero derivation of R, and U a

non-zero left ideal of R. If for some

positive integers to, t, ....., t; and all
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x&€ U , the identity [[...[{

Y% 1 e ], X =0

holds, then either d(U) =0 or else d(U )
and d(R)U are contained in a non-zero
central ideal of R, In particular when R

is a prime ring, R is commutative

The Main Results

The main results of this paper

contain three sections.

3.1-On Semiprime Rings
Theorem 3.1.1

Let R be a 2- torsion free
semiprime ring and UJ a non-zero idcal
of R, R admiiting a non-zero
derivation d to satisfying [dg(x), x]=0

for all x € U. If d acls as a
}16111011101']111i5111 on U, then R contains
a non zero central ideal.

Proof: We have the following relation
[d%(x),x] =0 for all x € U . Replacing
x by xy,we obtain

[d* G0y, xy12[de0d), xy] +Hxd (),
xy]=0 for all x,y € U. Then we have
Coly, vl A,
R20Mde0dy). ] xd),
:-I-[x,xy]d?'(y) =0forallx,y € U.
A0y X Ty Oy Ty HA )y
R2ACOdxy T ).y]
+x[d2(y),x]y-l-x[x, y]d’(y) = 0 for all x,

Xyly
Xy]

510

y € U. Now replacing y by x, we
X[d*(x), xxHd (%),
+20d(x)%, Pt (), x3+ x[dP00),

. 2
obtain

x]x
x]x = 0 for all x € U. According to
the relation [d3(x), x]= 0, we obtain
2[d(x)*, x*] =0 for all x € U. Since R
is 2-torsion free, we have

[d(x)%, x*] = 0 forall x € U. Since d
acts as homomorphism on U, we
obtain [d(x%), x*] = 0 forall x € U.
Thus by Lemma (3), we have

cither d(U) = 0 or else d(U) and d(R)U
are contianed in non-zero central ideal
of R. Since d is a non-zero of U, then
R contains a non-zero central ideal.

This complete the proof.

Theorem 3. 1.2

Let R be a 2-torsion free
semiprime ring and U a non-zero ideal
of R. R admitling a non-zero
derivation d to satisfying [dz(x),xz] =0
x & U.

homomorphism on U, then R contains

for all If d acts as a

a non-zero central ideal.

Proof: We have [d*(x),x”] = 0 for all x
€ U. Replacing x by xy, we oblain:
[, XY 20deady),  xyT
[xdX(y), x’¥*] =0 forallx & U. Then
dCOly. Xy yHA )y Ty +2[d(0d
()XY I Py ()
=0forallxy & U.
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OOy Iy A [,y Ty H A ),y
2[00,y A (y),y 1+

X[, Y,y 1dy)=0  for  all

x,y € U.

Replacing y by x and according to the
relation  [d3(x)x*)=0 , we oblain
2[d(x):.x*]=0 for all x € U. Since R is
2-torsion free semiprime we get
[d(x)*,x"] =0 for all x,y € U. Then
Since d acts as a homomorphism on U
, we obtain [dx%),x'1=0 for all
xy & U. We coﬁlpleie the proof by

same method in Theorem 3.1.1

Theorem 3.1.3

Let R be a 2—torsion free semiprime
ring and U a non-zero ideal of R. R
admitting a non-zero derivation d to
satisfying [d*(x%),x]=0 for all x € U.
If d acts as a homomorphism on U,
then R contains a non-zero cenlral
ideal. |
Proof: We

have the relation

[d*(x}),x]=0 for all x € U. Then
[d*()x,x1+2[d ()% x JH{xd*(x),x]=0 for
all x & U.
[d%(x),x]x+2[d ()% x}+x[d*(x),x]=0 for
all x & U. Thus we get
[d2(x),x%1+2[d(x)%,x]=0 for all x € U.
Replacing x by x*, we oblain

[d2 D), xH2[d(x*)* x*]=0 for all x
€ U, Then
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x[d2 (D), 1+ AP0 x 21 () %
=0 for all x € U. According to the
relation [dz(xz),x]=0 , we obtain
X[, CT2[d(x) %Y =0 for all x
€ U. Then

RN [P Oh) x x 2[R O

foraill x € U,

Now according to the relation
[d%(x%),x]=0,we have

)2 [AA(xD) ] d* (), x]x = 0 for all x
€ U. Thus we obtain

2[d(x2)2,x2]:0 forall x € U. Since R
is 2-torsion [ree semiprime, we get
[dx*xP =0 forall x € U.

Sinee d acts as a homomorplﬁsm on U

,we obtain

[d(xY),x*]=0forallx € U.

Now we complete the prool by samie
method in theorem 3.1.1

Theorem 3.1.4

Let R be a 2-torsion free semiprime
ring and U a non-zero ideal of R. R
admitting a non-zero derivation d to
satislying [d*(*),x*] = 0 for all € U.
Il d acts as a homomorphism on U,
then R contains a non-zero central
ideal.

Proof: We have [dz(xz), xz]ﬁ() for all x
€ U. Then '
(0%, X*1H2[d(x)% %7 [ xd(x),x7] = 0

forall x e U.

Ny
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[d200),x2Jxtx[d2() )P Fr2[d(x) %) = 0
for all x e U. Replacing x by <%, we

obtain

[dz(xl),x‘t]x2+x2]'<12(xz),xA'i-i-E[ci(x2)2,x"]
;O forallx € U. Then
xz[dz(xz),xz]x2+[d2(x2),x2]x4+x4[dl(xz),
x2]+xz{d2(x2),x2]x2+2{d(xz)z,xd]:() for
all x € U. According to the relation
[2(x2),x7]=0, we get 2[d(x*)2x"1=0 for
allx € U

Since R is 2-torsion free semiprime

ring, we get [d(xz)z,x4]=0 for all x €&
.

Since d acts as a homomorphism, we

obtain [d(x"), x*]=0 forall x € U.
Now we complete the proof by same

method in Theorem 3.1.1.

3.2-On Prime Rings
Theorem 3.2.1

Let R be a piime ring and U a
non-zero ideal of R .R admitting a
derivation d to satisfying [d(x), d(y}]
=[x, y] forall x, y € U. If d acts as a
homomorphism on U, then R is
commutative.
Prool: When we have, d # 0.then

(H (), dM)=[x, y] for all x.y

€& U. Replacing x by x t,

we obtain
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[deat,d(y))+[xd(D,d(v)]=[xt, y] for

alx y,t € U.

dEOTLAE) 0.

[0 THx, dWIO=x]t, y[H{x,

yltfor all x, y, t € U. According

to (1) we obtain

(2)  dEoft dyi{x, d¥]d(H=0
foralix,y, t & U

Replacing t and y by x , we obtain

3 dEXAE)IH,00)]1d(x)=0
forall x € U. Then

@) [x, dx)¥=0 forallx & U.
Since d act as a
homomorphism,  then,we

get

5)  [x, dxH]=0 forall x & U.
By Lemmas (1) and (2) we
obtain ,R is commutative .

Now, we suppose that d=0, we

obtain [x, y]=0 for all x, y B |
Then by Lemma (2) , R is
commutative .

Theorem 3.2.2

Let R be a prime ring with char.# 2
and U anon- zero ideal of R.

If R admilling a derivation d
satistying [d*(x), d(1=[x, y] for
all x, vy & U. Then R is
commutative. '

Proof: We suppose first that, d 0,

then
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©) [ 0L OI=Ix, v) for all
X, ¥y & U.  The
lincarzation (i.e. putting
xty for x ) in (6) , we
oblain

(N [EEEGEy ]

[xy, y]?lyx, y] lorall x, y =V}

According 1o (6), we have

®) [ yIFDCylrxy’] for all
X,y & U. Then

9 [y l=lxE y) for all x,
¥ = U.Replacing x by —x,
we oblain

(10) = [xy-y'I=[x"y] for all x,
y € U. Then from (9) and
(10), we get

(1) 2[x%y]=0 for all x, y& U.
Since char. R # 2 then, we
obtain

(12)  [x%y)1=0 for all x, y& UL
From (8), we get

(13)  [xexyl=[ey’] for all x, y
c u. Replacing y by -y ,
we obtain

(14) —[x—x_z,y]=[x,y2] for all x, y
€ U. Then from (14) and
(13), we get

(15)  2[x,y°]=0 for all x, y &
U. Since char. R # 2, then

(16)  [x,y]=0 forall x, y & U.

Now, substituting (16) and

(12) in (8) gives [x,y]=0 lor
all x , y € U. Then by
Lemma ( 3 ) , R is
commutative .

When d=0 , then by Lemima (2),R

is commulative,

Theorem 3.2.3

Let R be a prime ring and U a

non-zero ideal of R .R admitting a

non-zero derivation d satisfying

[dx), d)I=fx"y?] for all x,y €

U. If d act as a homomorphism on

U, then R 1s commutative.

Proof: At first, we have d # 0, then

(7)) [dx).d)]=[x"y"] for all x,
y € u. Replacing x by x
r, we obtlain

(18)  [dX)r,d(y)]+[xd(r),d(y)]

z[x2r2,y2] forall x, y € U. Then

(19)  deOrd(y)Hd(x),d(y)]r+x
[d(e),dyd [ {x,d(y) ()=
Dyt forallx,y € U,
r € R Replacing rand y
by x , we obtain

(20)  dEO[xACHx,AG0Jd(x)70
foralix € U. Then

@21y [x, dx)}=0 for all x €
U. Since d acls as a
homomorphism, then [x,

dxH]=0 for all x € U.
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By Lemmas (1) and (2), R

is commutative

3.3- On
Rings
Theorem 3.3.1

Let R be a 2-torsion free
semiprime ring and U a non-zero ideal
of R .R admitling a non-zero

derivation d satisfying

A dD=[x. y] for all x, y E U,
If d acts as a homomorphism, then R
contains anon zero central ideal .

Proof: We have
(22)  d([AeAID=Ix, ¥] for all

X, ¥ € U. Replacing x by

%% we obtain

(AN AD-[xEyI=0 for

all x, v S U.Then
d ([dCox, dy)hrd(dx dx).dnD-

[x%y]=0 for all x, y Cu

d(d() )+ ACO. AR+
d(x[d(x), d (NDH+([x, d(y)]d(x))-
[x%,y]=0 forall x, ¥ < U. Then
dGOlx A, dy)))
([0 H (), d(y) ]+
(OfdEd(y)x d(d).dyID+
d([x, dy)Ddx)Hx. dy)1d’(x)-
[xz,y]:O forallx,y € U.
According to {23), we get
COO%,d) HCOd (A 1 HX,y]

Prime and Semiprime
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xHA(X),d()]dx)+d ) [d),d ()]
X[,y (DA DACOHx,d(y)1d”
(x)-[x%,y]=0 for all x, y € U
Replacing y by x, we obtain
@3 deolx,  dEMHEM(,
deoD+d([x, dE)DAO)Hx,
dx)d*x)=0 for all x, y
€ U. Then
(24)  dOlxdeT+ X, A1 ()
+d(x)(d(xd(x))-
d(d(x)))+Hd(xd(x))-
d(d(x)xNAE)=0 for all x
€ U. Thus
(25)  d’GOxd(x)-
P (x)d()x+xd()d*(x)-
d()xd2 () H(x) +d(x)xd’
(x)-d()d*(x)x-
d(xP+d(x) +xd” () d(x)-
d2(x)xd(x)-d(x)’=0 for all x
€ J. Then we obtain
(26)  [xdE)d*Hx.A ()]
=0 forallx & U. Then
X)) [x,d(dx))]=0 for all
XEU., Since d acls as a
homomorphism, we get
x,d*xH]=0 for all x € U. By
Theorem 3.1.3, R contains a non
zero central ideal.
Theorem 3.3.2
Let R be a 2- torsion free
semiprime ring. R admitling a

derivation d satis(ying
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d([dCa).dD=[x, y] for all x,y
ER. If d acts as a
homomorphism on R, then R is
commutative.
proof: |
At first , when d # 0, then
from Theorem 3.3.1, we get R is
commutative .
When d=0, then it is clear that,
R is commutative.
We can easy give the proof of
the following corollary:
Corollary 3.3.3
Let R be a prime ring U a non-

zero  ideal of R.R  admilling a

derivation d satisfying
d([d(x),8)D=[x,y] for all x, y € U.
If d acts as a homomorphism on U,

then R is commutative .
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