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Abstract:

It was known that every left (8, @) -derivation is a Jordan left (&, &) — derivation on

F-prime rings but the converse need not be true. In this paper we give conditions to

the converse to be true.
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Introduction:
In [1] Ashraf proved that every

Jordan left(8,8) - derivation on
prime ring is a left (6,8) -
derivation on prime ring . In[2]
Oukhtite and Salhi proved that every

Jordan left derivation on & -prime ring

is a left derivation on & -prime ring. In
this paper we prove that every Jordan

left (8,8) - derivation on &F-prime
ring is a left (&,8) - derivation on
O -prime ring.

§ 1 Basic Concepts:
Definition 1.1 : [2]

A ring R is said to be 2-torsion-free if
whenever 2x= 0 with

XER, thenx=0.

Definition 1.2 : [3]

Let R be aring . Define a lie product
[.,.]onas follows
[x,y]=xy-yx,forall x,y ER.
Properties 1.3: [3]

Let R be aring . Then for all x,y €R,
we have

1. [xyzl =ylx.z] +[xylz.

2. [xyzl=xly.z] + [x,z]y .
Definition 1.4 : [4]

A ring R is called a prime if for any
a,b ER,

aRb = {0} implies that eithera=o0 or
b=o

Definition 1.5 : [2]

A ring R with involution & is said to

be 0- prime if aRb = aR T (b) = {o}

impliesthata=oorb=o0
Definition 1.6 : [5]
A ring R with involution 0 , we define

Sa, (R)={rER/ T (r)=7r}.

Definition 1.7 : [3]
A Lie ideal of a ring R is an additive
subgroup

U of ring R satisfying [U,R] U .

Definition 1.8 : [4]
A Lie ideal U of aring R is said to be

g - lieideal ,ifd (U)=U

Definition 1.9 : [2]

If Uisad - Lie ideal of a ring R such
that
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u? €U for all uUEU , then U is called

a 0@ —square closed Lie ideal .

Definition 1.10 : [1]
Let R be a ring . An additive mapping

d:R—R is called a left (6,0) -
derivation
where @ : R — R is a mapping of R ,
if
dixy) =6 () d (y) + & (y) d (x) , for
all x,y €R and
we say that d is a Jordan left (8, ) -
derivation
If d(x?) = @ (x) d(x) + & (x) d(x), for
all x ER.

=26 (x) d(x), forall x € R.
It is clear that every left (8,8)-

derivation of R is a Jordan left (8, 6)-

derivation , but the converse is not true
as the following example, shows:
Example 1.11:-

Let R be a commutative ring and let

aER

Such that 6(x) af(x) =0, for all
xER.

but 5(.1’) aﬂ(y) # 0, for some x
andy € R, such that x # y.

Define a map d:R— R as follows
d(x) = 8 (x) a, for all XER

Where @:R— R is an endomorphism

mapping.
Then d is a Jordan left (8,8)-

derivation but not a left (8,8)-

derivation.

It is clear that d is an additive mapping.
Now, we have to show that d is
satisfies

d(x’) =6 (x) d(x) + 8(x) d(x) =

827

2 0(x) d(x), forall x ER
d(x?) = 8 (x)a

=8(x)alB(x) =0, forall
x ER
20(x)dx)=28(x) 8(x)a

=2 6(x)a B8(x) =0, for

allx ER
fdxd) =2 8(x) d(x), forall
x ER

" d is a Jordan left (&, 8)- derivation

of R.
We must prove that d is not a left

(8, 8)- derivation of R.
d(xy) = 8 (xy)a

=0 (x)aB(y), forall
X yeR.
but
8(x) d(y) + 8(y) d(x)
8(x) 8(y)a + 6(y) 6(x)a
8(x)ad(y)+6(x)ab(y)=
28(x)al(y) forallx, ¥ ER.
Since H(x)a 5'(}’) # 0, for some x
andy € R.
Lodxy) # 0(x) d(y) + 6(y)
d (x), for some x and y € R.

v d is not a left (6, @)- derivation of
R.

Lemma 1.12: [2]

If UZ Z (R)isad - Lie ideal of a
2- torsion — free - Prime ring R and
a,b € R such that

aUb=0 (a) Ub = {0}, then a=0 or
b=0.
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Lemma1.13:
Let R be a 2- torsion-free O - prime

ring and U be a 0 - square closed Lie

ideal of R. suppose that & is an

endomorphism of R. If d:R— R is an
additive mapping satisfying

du? = 2 @ (u) d(u), for all u, v € U
then
(i) d(uv+vu) = 2 B(u) d(v) + 2 B(v)

d(u), forall u, v € U.

(i) d(uvu) = B (U?) d(v) + 3 B (u) B(v)
d(u) - @(v) @(u) d(u), forall u,v E U
(iii)d(uvw + wwvu) = { Bu) B (w) +
6 (w) (u)} d(v) +3 B(u) B(v) d(w) +
3 B(w) B(v) du) - B(v) B(u) d(w) -
6 (v) & (w) d(u),

forallu,v,w € U

(VO ), B(v)] B) du) = B(u)
[6 (u), B (v)] d(u), forall u, v € U.

V) [€ ), W] d([uv]) = 0, for all u,
v EU.

(vi)d(vu?) = B (u?) d(v) + 3 B (v) B (u)
- B () B(v)) du) - () d([u,v]), for
allu, v € U.

Proof:

(i) Since uv +vu = (U + v)? — u* —V*,
we find that uv + vu € U . for all
uveu

Hence by linearizing

d(u®) = 2 B(u) d(u) on u, we get

d(uv + vu) = 2 B(u) d(v) + 2 B(v) d(u),
forallu, v e U. 1

(ii) Replacing v by uv + vu in 1, we get
dlu(uv . + vu) + (uv + vu) u) =
40 (u?)d(v) + 66(w)8(v)d(w)

828

+2 8(v) B(u) d(u)
On ht other hand,
d(u(uv + vu) + (uv + vu) u) = d(u’v +
vu?) + 2d(uvu)

2

= 28U d(v)
+4 B(v) B(u) d(u) + 2d(uvu).

Combining the above equation with 2,
we get

d(uvu) = B(u?) d(v) + 3 B(u) B(v) d(u)
- B(v) 8(u) d(u), forallu,veE U.
(ii)By linearizing (ii) on u, we get

d((u + w) v(u + w)) = B(u?) d(v) +
B(W?) d(v) + { B(u) B(w) + B(w) B(u)}
d(v) + 3 8(u) B(v) d(w) + 38(u) B(v)
d(u) + 3 B(w) B(v) d(w) + 3 B(w) B(v)
d(u) - B(v) B(u) d(u) - B(v) B(u) d(w)
- B(v) B(w) d(u) - B(v) B(w) d(w).
on the othSr hand,

d[(u + w) v(u + w)] = d(uvu) + d(wvw)
+ d(uvw + wvu)

= 8(u?) d(v) + 3 8(u) B(v) d(u) - B(v)
B(u) d(u) + BW?) d(v) + 3 B(w) B(v)
d(w) - B(v) B(w) d(w) +d(uvw + wwvu).
Combiﬁling 3 and 4, we get
d(uvw + wvu) = { B(u) B(w) + B(w)
B(u) } d(v) + 386(u) B(v) dw) +
38(w) B(v) d(u) - 8(v) B(u) d(w) -
B(v) B(w) d(u), for all u, v € U.
5

(iv)Since uv + vu and uv — vu both
belong to U

we find that 2uv € U for all u, v € U.
Hence, by our hypothesis we find that
d((2uv)?) = 28(2uv) d((2uv))

4 d((uv)®) = 88(uv) d(uv). Since

char R+# 2, we have

d((uv)®) = 2 8(u) B(v) d(uv). Replace
w by 2uv in 5, and use the fact that
char R# 2, to get
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d(uv(uv) + (uv)vu) = {8(U? B(v) +
B(u) B(v) B} d(v) +36(u) B(v)
d(uv) + 3 B(u) B(v®) d(u) - B(v) B(u)
d(uv) - B(v) B(u) B(v) d(u). 6
On the other hand,

d((uv)? + uv®u) = 2 B(u) B(v) d(uv) +
2 8(u®) B(v) d(v) + 3 8(u) B(?) d(u) -
B(v?) B(u) d(u). 7

Combining 6 and 7, we get

[6(u), B d(wv) = 8(u) [6(u), BV)]
d(v)+  B(v) [B(u), B(V)] d(u)
8

Replacing u + v for v in 8, we have

2[8(u), B(v)] B(u) d(u) + [B(u), B(V)]
d(uv) =

2 6(u) [B(u), B(V)] d(u) + B(u) [B(u),
B(v)] d(v) +

B(v) [B(u), B(v)] d(u).

Now application of 8 yields (iv)

(v) linearize (iv) on u, to get

[B(u), B(v)] B(u) d(u) + [B(u), B(V)]
B(v) d(v) +

[B(u), B(v)] B(u) d(v) + [B(u), B(V)]
B(v) d(u) =

B(u) [6(u), B(V)] d(u) + B(u) [B(u),
B(v)] d(v) +

B(v) [6(u), B(v)] d(u) + 8(v) [B(u),
B(v)] d(v), forallu, v € U.

Now application of 8 and (iv) yields
that

[B(u), B(V)] B(u) d(v) + [B(u), B(V)]
B(v) d(u) =

[6(u), B(v)] d(uv) and hence

[B(u), B(V)] {d(uv) - B(u) d(v) - B(v)
d(u) }=0forall u,veEU. 9
Combining 1 and 9 we find that,

[B(u), B(V)] {d(vu) - B(u) d(v) - B(v)
d(uw}=0forall u,veuU. —10

829

Further, combining of 9 and 10 yields
the required result.

(vi) replace v by 2vu in 1, and use the
fact that char R # 2, to get

d(uvu + vu®) = 2 8(B(u) d(uv) + B(v)
B(u) d(u)) forall u, v € U. 11
Again replacing v by 2uv in 1, we get
d(u?v + uvu) = 2(B(u) d(uv) + B(u)
B(v) d(u)) forallu, v E U.——12
Now, combining 11 and 12, we get
d(u?v - vu?) = 2(8(u) d([u,v]) + [B(u),
B8(v)] d(u)), forall u, v € U. —13
Replacing u by u®in 1, we have

duv + wvu®) = 2(8ud d(v) +
2 B(v) B(u) d(u)), for all u, v € U.
14

Hence, subtracting 13 from 14 and

using the fact that char R # 2, we find
that

d(vu®) = B@U?) d(v) + {38(v) B() -
B(u) B(v) } d(u) - 8(u) d([u, v]), for all
uveu.

Q_ 2 Jordan left (0, @)- derivations

on_a_-square closed Lie ideals:
Theorem 2.1:

Let R be a 2-torsion-free o
a- square closed
Lie ideal of R. Suppose that B is an
automorphism of R. If d: R— R is an
additive mapping satisfying

d(u®) = 2 B(u) d(u), for all u, € U, then
d(uv) = B8(u) d(v) + B(v) d(u), for all u,
veU.

Proof

Suppose [U,U] =0 and let u, v € U.
From d((u +v)?) = 2 8(u + v) d(u + V),
it follows that

2d(uv) = 2 68(u) d(u) + 2 B(v) d(v) —
du?) — d(v®) + 28(u) d(v) + 2 B(v)
d(u),

- prime
ring and let U be a
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In such a way that

2d(uv) = 2( B(u) d(v) + 2 B(v) d(u)),
forallu, v € U.

As char R #2, then

d(uv) = 8(u) d(v) + B8(v) d(u).

Hence we shall assume that [U,U] #0
According to Lemma 1.13 (iv) we have

{BWUHB(v) - 26()B(V) BU) +
B(v) B(U?} d(u) =0 1
Foralluyv €U

Replacing [u,w] for u in 1, where
w £ U, we get
[B(u), BW)]?
2[8(u), B(W)]
d([u,w])

+ B(v) [B(u), B(w)]* d(Ju,w]) = 0, for
allu,v,we U.

Now, application of Lemma 1.13 (v)
yields that

8™ ([8(u), BW)I*) U 8™ (d([uw]) =
{0}

which implies that [u,w]? U

8™ (d([u,w])) = {0}, for all u, w € U.
letx,y € Sa, (R) N U, we have
[x,y1*U 87 (d([x.y]) = {0} =

o ([xy]*) U 8™ (d([x.y])) and by
Lemma 1.12 either [x,y]* = 0 or

0 (d(xy]) =0

If 8 (d([x,y])) = O, then d([x,y] = O,

applying Lemma 1.13 (i) together with
char R# 2, we find that d(xy) =

B(x) d(y) + B(y) d(x).
Now suppose that [x,y]? = 0
From Lemma 1.13 (iv) it follows that

{6 B(v) - 2 B(U) B(v)B(U) +
B(v) B} d(v) =0, forall u, v € U.
Linearizing this relation in u, we obtain
B(u) B(w) B(v) + B(w) B(u) B(v) -
2 B(u) B(v) B(w) - 2 8(w) B(v) B(u) +
B(v) B(u) B(w) + B(v) B(w) B(u)) d(v)
=0, forallu,v,w & U.

B(v)
B(v)

d([u.w])
[B(u), B(w)]

830

Replacing v by [x,y] and using Lemma
1.13 (v), we conclude that

(-2 Buoe([xyD 6w - 2
B(w) B([x.y]) B(w) - 2 B(w) B([x.y])

B(u) + B([x.y]) B(w) B(w) d([x,y]) = 0
2
Write u[x,y] instead of u in 2, since

[xy]* =0,
Lemma 1.13 (v) leads us to

B(IxyD) 8(u) B([x,y]) B(w) d(Ix.y]) =
0, forallu, w £ U.

B(Ix.yD) B(u) B(Ix,y]) U d([x.y]) = {0},
forall u £ U.

0" [B(Ix.y]) B(u) B(x.y])] U

B (d([x,y]) = {0}, forall u € U.

[x.y] u [x.y] U 8" (d([x.y]) = {0}, for
allue U.

As [x,y] € U NSa, (R), the fact that
a (U) = U yields

[x.y] u [x.y] U 0 (d(Dx.y]) = {0} =
 ([xyl u [xy]) U 67 (d([x.y])

and using Lemma 1.12, either

Bt d([x,y]) =0 or

[X,y] u [x,y] =0, forallu € U.

If 8 (d([x,y]) = 0 then d([x,y] =0

by Lemma 1.13 (i) together with

char R#2,

we find that

d(xy) = B8(x) d(y) + B(y) d(x)

If [x,y] u[x,y] =0, forall u € U, then

[xyl U [xyl = {0} = a( [xy] )U
[x.y].

Once again using Lemma 1.12, we get
[x,y] =0and

Lemma 1.13 (i) forces d(xy) =

B(x) d(y) + 8(y) d(x).

Consequently, in both the cases we
find that

d(xy) = 8(x) d(y) + B(y) d(x), for all x,
y EUNSa, (R) 3

Now, let u,v E U, if we set
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up=u+ag() , u=u-ag (u)
vi=v+ g (V) , vo=v-a (V)
then we have 2u =u; s u;and 2v=v; +
Vo.

Since uy, Uy, Vi, V2 eUN Saa (R),

application of 3 yields
d(2u2v) = d((u + u2)( V1 + Vv2))
= d(U1 V1 + U Vo +Uo V1+U2 Vz)

= B(uy) d(va) + B(v1) d(uy) +
B(uy) d(v2) + B(v2) d(uy) + B(u2) d(v1)
+ B(v1) d(uz)+ B(uz) d(v2)+ B(v2) d(uz)
=2 6(u) d(2v) + 2 B(v) d(2u)
As char R#2, it then follows
d(uv) = B8(u) d(v) + B(v) d(u), for all u,
v e U
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