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Abstract:

There are two (non-equivalent) generalizations of Von Neuman regular rings
to modules; one in the sense of Zelmanowize which is elementwise generalization,
and the other in the sense of Fieldhowse. In this work, we introduced and studied the
approximately regular modules, as well as many properties and characterizations are
considered, also we study the relation between them by using approximately
pointwise-projective modules.
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approximately F-regular, approximately direct-summand, approximately
pointwise-projective modules

Introduction:

Let R be a ring with 1, and let exists an R-homomorphism
M be a unitary (left) R-module. Recall 0a M — A (may depend on a) such
that R regular ring, if for each element that (& oga)(a)—f@)eJ(R)B [2].We

X in R, there exists an element y in R
such that x = xyx. In the sense of
Zelmanowitze the module M is called
Z-regular, if for each element m in M,
there exits feM =Homg(M,R) such
that m= f(m)m [1]. In this paper we
introduce the concept of approximately
Z-regular modules, we call an element
m in an R-module M is approximately

obtain that every approximately Z-
regular module is approximately
pointwise-projective projective and we
consider versus conditions. In the
sense of Fieldhouse the module M is
called F-regular if every submodule of
M is pure [3]. We introduce the
concept of approximately F-regular
modules, we call an R-module M is

regular, if there exists o eM" such approximately  F-reqular if each
that m-a (mmeJ(R)M and submodule of M is approximately-
a (m)=(a (M))". An R-module M is pure. In (6) we proved that every
said to be approximately Z-regular approximately Z-regular module is
module if each of its element is approximately F-regular, recall that a
approximately regular. A ring R is submodule N of an R-module M is
approximately ~ Z-regular if it is said to lie over a direct summand of M,
approximately =~ Z-regular R-module. if there exists a direct decomposition
We obtain that approximately Z- M=P®Q with PcN and NNQ is

regular modules is closed under direct
sums and direct summands. Recall that

an R-module M is said to be an approximately direct-summand. We
approxma_tely _pointwise-projective call a submodule N of an R-module
m‘?d“'e’ it given R-epimorphism M lies over approximately direct-
a:A—B(where A and B are R- summand of M, if there exists a direct

modules) —and  R-homomorphism decomposition M=P®Q with PCN
f:M —>B, for each aeM, there -

small in M [4], this concept leads us to
introduce the concept of lie over
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and NNQCJ(R)M. It is clear that a
submodule which lies over
approximately direct-summand lies
over direct-summand.

We introduce a generalization of the
following:

Proposition(1)[4]: If M is any R-
module, then the following conditions
are equivalent for an element x in M:-

(1) Rx lies over a projective direct
summand of M.

(2) There exists «aeM st
a (x)=(& (x) )? and x- & (x)x€ J(M).
(3) There exists a regular element
y € Rx such that x-y € J(M) and Rx=Ry
@ R(x-y).

(4) There exists a regular element y
€ M such that x-y € J(M).

(5) There exists P :M——>Rx such

that 2= p, P (M) is projective
and x- P (x) € J(M).

Results:

We recall that the dual basis lemma of
approximately  pointwise-projective
modules in the flowing lemma which
appear in [2]:

Lemma (2): Let M be an R-module.
Then the following statements are
equivalent:

1) M is approximately pointwise-
projective.

2) Every R-epimorphism@ :A——M

is approximately pointwise spilt for
each R-module A.

3) Every R-

epimorphism&@ :F——M IS

approximately  pointwise-projective

spilt for each free R-module F.

4) For each meM, there exist
n

families{x. } ,X. €M and

n *
{(pi }izl’ ? €M =Homg(M,R) such

that_%l(pi (m)xi -meJ(R)M .
| =
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Proposition (3): Every approximately
Z-regular module is approximately
pointwise-projective.

Proof: Let M be approximatelt Z-
regular, then Ym eM ,3a €M * such

that m—a(m)m eJ(R)M and

a(m)=(a(m)?. ie. there exist

families
A m where i=1 and £,,. 1N O wherei=1
{XI }I = {al }I =1
0 wherei>; 0 wherei>;
S.t.

.glai (x; )m—m =e(m)m —m J (R)M
i=

.S0 by Dual-Basis Lemma (2) M is
approximately pointwise-projective.

Recall that an R-module M s said to
be an approximately-projective
module, if for each R-epimorphism
a:A—B (where A and B are R-
modules) and every R-homomorphism
ffM—B , there exists an R-
homomorphism g:M—A  such that
(0o Q)(a)-f(d)€J(R)B YaeM [5].
Now, we are in a position to give an
example of approximately pointwise-
projective module, but it is not
approximately-projective by using
approximately Z-regular module.
Example (4): Let K be a field, and | be
an infinite index set. For each iel, let

o0
K=K;. Let R = i1:[1Ki ith coordinate

operations R is ring. R is a regular ring
[6]. Let P=_®I Ki, it is clear that P is
ie

an ideal. P is a regular [6]. So P is
approximately Z-regular and by (3) we
have P is approximately pointwise-
projective module. P is a submodule of
a free R-module which is not direct
summand of R. So P is not projective
and J(R)=0, then P is not
approximately -projective.

Proposition (5):Let M approximately

Z-regular R-module and N
be a submodule of M with
JRIMNANCJI(R)N, then N is
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approximately Z-regular (and hence
approximately pointwise-projective) .
Proof: Let N be a submodule of
approximately Z-regular R-module M
and let neN, then neM, so there
exists feM” s.t. f(n)n-n€J(R)M and
(f(n))>=f(n). Let o =flx. be the
restriction of N to R, since N is a
submodule of M, then o € N” and
a (Nn-n€JRIMNANCJI(R)N and
(o (n)*=a (n). So N is
approximately Z-regular.

It is known that every Z-regular
module is F-regular [7], but the
converse is not true, if M is projective
R-module, then every F-regular
module is Z-regular [8].

Recall that a submodule N of an R-
module M is approximately-pure
submodule,

ifNAOIM =IN +J(R)MN(NNIM),
for each ideal | of R [5].

Proposition (6): Every approximately
Z-regular module is approximately F-
regular.

Poof: Let M be approximately Z-
regular module, P be a submodule of

M and | be an ideal in R., let x€
I

PN IM, then x€ P and x =

B
where 1 € I, mi€ M. Since M is
approximately Z-regular, then there

exists h€ M s.t. h(x)x—x € J(R)M and
(h(x))’=h(x), then h(g1 o)X
=

rim;

I
XEJR)M. i.e. x=Y rih(m;)x+t where
i=l

I
tEJ(R)M, it is clear that ¥ r; h(m;)€
i=l

I

I, then X€ IP+ J(R)M and t=x-Y r;
i=l

h(m;)x. i.e. t€ P IM,

then xE€IP+J(R)M()(P()IM).Then P
NIMCIP+J(R)M (P IM),s0P (1 IM

1023

=IP+J(RMO(PNIM). Then M s
approximately F-regular.

Remark (7): The converse of above
proposition is not true for example Zg
is approximately F-regular, but it is not

approximately Z-regular.

An element x in an R-module M is
said to be semi-regular, if the
conditions in the proposition (1) are
satisfies. An R-module M is called
semi-regular, if each of its elements is
semi-regular [4].

We need the following lemma which
appears in [4].

Lemma (8) [4]: Let M be an R-module
and let xeM be a regular element, if
Q M’ satisfies x=C (x) x and if
e= (x). Then:

(1) e =e and x = ex.

(2) RxLl Re, so Rx is projective.

(3) M=Rx®W, where W = {wE M
|o (w) x = 0}.

We need the following lemma which
appears in [8].

Lemma (8)[8]: Let M be a projective

R-module and N be a submodule of M.
Then M/N is flat if and only if given

xeN, there  exists an R-
homomorphism& :M——N such
that x= ¢ (x).

Proposition  (10): If M s
approximately  pointwise-projective
semi-regular R-module, then every
approximately F-regular is

approximately Z-regular.
Proof: Let xe M, then by Dual-Basis
Lemma (2), there exist families

{Xi }in:l,XiEM and {(pi }in:l,(DiEM*

N
s.t. 'Zl D (x) xi xeJ(R)M. Hence x
|=

N
= 1

1=l
sieJ(R) and m;e M. Let | be an ideal
of R generated by {® 1(x),?, (x),
s @0 (9),51,50,...,5¢}, then xePNIM

K
D x) x +jz—1 s m; sit.
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where P is a submodule of M
generated by x. Since M is
approximately F-regular, then
xe IP+J(R)MN (P 1M). Hence x=cx

such that cel, then c:izl t @

n

k
(x)+ jz—l s ie. a:El ti @i

k n
X+ > rpspx s.tr, tieR. Then i; t;
=1 )
N

P1() xx<IRM. Put hziél t @ it

is clear that heM’, then h(x)x—
x€ J(R)M and since M is semi-regular,
then  (h(xX))’=h(x), so M s
approximately Z-regular.

Let R be regular ring. Then every R-
module M is F-regular [9].

Corollary (11): Let R be a regular
ring. Then every approximately
pointwise-projective semi-regular R-
module is approximately Z-regular.
Proof: Let M be approximately
pointwise-projective R-module. Then
M is F-regular, and hence is
approximately F-regular. The
conclusion follows by proposition
(10).

In the following theorem we give
several characterizations of
approximately regular modules.
Theorem (12): Let M be an R-module.
Then the following conditions are
equivalent for an element x in M:-

(1) Rx lies over a projective
approximately direct- summand of M.
(2) x is approximately regular
element in M.

(3) There exists a regular element
yeRx such that x-yeJ(R)M and
Rx=Ry @R(x-y).

(4) There exists a regular element
y € M such that x-y € J(R)M.

(5) There exists P :M——Rx suct t

hat p?=p, P (M) is a projective and
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X- P (X) € J(R)M.
Proof: (1)=(2). Assume that there
exists a direct  decomposition
M=P ® Q, where PC Rx is projective
and RxNQcIJ(R) M.  Since
Rx=MNRx=(PP Q)N Rx=PN Rx®
QNRx=P@® QN Rx hence P is finitely
generated projective R-module, so by
Dual-Basis Lemma there  exist

n

{(”i }i 1

@ .eP"Put xi=r; x, rieR and define
n

aP—>Rby a(p) =3 1 @i(p)
| =

for each peP. Then « can be

extended to M by putting  (Q)=0.1fx

=p+gq where peP and geQ and

a (X)x=a (pra)x=a (P)x=( 2 ri@i(p)

i=1

{Xi}in:y xieP, and

)X :i%— riq)i(p)xzig_:l @i(p)xi=p. It

is clear that X-a (X)X=p+Q-
p=g€ QNRxcJ(R)M.i.e.x-

a (X)X EJR)M,and(« (X))*=a (« (X)
X)=a (p)=a (X), S0 (a (¥)°
=a(X).Then x is approximately
regular.

(2)=(3). Leta e M's.t.(ex (X))*=
a(X) and x-a (X)X€JI(R)M.

Write y=a (X)X.

Then a (Y)y=a (a (X)X) a (X)X=a (X)
a(X)a(XX=a (X)a(X) X=a (X)x=y.
Hence y is a regular element and x—
y € J(R)M, then by lemma (8), we have
M=Ry®W, where
W={we M | & (w)y=0}. We claim that
RXNW=R(x-y). Let we R(x-
y),then w=r(x-y)=rx-ry for some
rer. W=rX—ry=rx— o (X)X=[r
ra (X)]x€Rx anda (W)y=ot (rx—
y)y=a (rx)y-a (ry)y

= () o (X)x o (row (X)x) o (X)x=r

a (X)x—ro (x)x=0, so weW and
hence weRxMNW. This implies that
R(X-y) cRXxMW. Now let z€ RxNW.
Then z=rx where reR and 0=o.(2)
y=a (rx) oo (X)x=r ot (X) o (X)X=r o (X)
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x=ry. Thus z=rx—ry=r(x-y)€R(X-y)
which implies that RxMWcR(x—
y),henceRXx "W=R(x-y).

Then we have
Rx=RxMM=Rx"(Ry®W)=(RxNR
y) @ (RxNW)=Ry ®R(X-y).

(3) = (4). This is clear.

(4)=(5).

Suppose that there is a regular element
yeEM such that x-ye€J(R)M and
suppose that y=a(y)y, for some
a €M’ see the proof of (2)=>(3).
Write e=a (y), then x—ex=(1-e)(x—
y)eJ(R)M and we claim that ex is
regular element. e-a (X)=a (y—
x) €J(R)R,s0 if b(l-e+a (X))=1

for some beR, then ba €M™ and
(b (ex))(ex)=(be a (x))(ex)=(eb & (X))
e(x)= e(1-b+be)(ex)=e(ex)=ex which
implies that ex is a regular element.
Since y=1.y we may assume that
y €RYy, then by lemma (8), M=Ry® W
where  W={we M‘ a (y)w=0}. If

p :M—>RYy is the projection map of M

onto Ry. To prove that x-
p (X)€J(R)M. Write x=ry+w, where
rer, weW. Then o (X—

ry)y=a (ry+w-ry)y =a (ry)y+a (w)y-
a (ry)y=0 and @ (x-ry)y=a (X)y-

a (ry)y.Hence p (X)=ry=a (x)y, thus
X—p (X)=(x-y)-(a (x-

)y € J(RIMHI(R)Ry c J(R)M =>x-

p (X)€I(R)M.

(5)=(1). This is clear.

Remark (13): It is known that if M is
Z-regular R-module, then J(M)=0 [1]
and hence J(R)M=0. Thus an R-
module M is Z-regular if and only if M
is approximately Z-regular and
J(M)=0.

Corollary (14): Let M be an R-module
and let x,yeM. If x-yeJ(R)M and y is
approximately regular, then x is
approximately regular.

Proof: Let y be approximately regular
of M ,then by theorem (12) (4) there
exists a regular element zeM, s.t. y—
z€J(R)M, but we have x-y€J(R)M,
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hence x-zeJ(R)M, so again by
theorem (12), x is approximately
regular element in M.

Corollary (14): A projective module M
is Z-regular if and only if every
homomorphik image is flat and
J(M)=0.

Proof: Let M be a projective R-
module, x€ M and M/Rx is flat. Then
by lemma (8), there exists an R-
homomorphism ¢« :M—Rx such that
x=a (x). It is clear that o=« ?, since
M=a (M)® (1-a (M), then
Rx=a (M) is a projective direct
summand, it is clear that M is
approximately Z-regular and since
J(M)=0, then by remark (13), M is Z-
regular. The converse is an immediate
from remark (13) and theorem (12) (5).
Remark (16):

By looking at the proof of the a bove
corollary, we observe that a module
has zero Jacobson radical if each cyclic
submodule is a direct summand.
Theorem  (17):  The  following
conditions are equivalent for an R-
module M

1) M is approximately Z-regular.

2) If N is finitely generated submodule
of M, then there exists an R-
homomorphism « :M—N such that
a=a? a(M)is projective and (1-« )
(N)cJ(R)M.

3) Every finitely generated submodule
of M lies over a projective
approximately direct-summand of M.
Proof: (1)=(2). Observe that theorem
(12)(5) starts an induction on the
number of generators of N. Suppose
N=RXpt...+Rxp, then theorem (12)(5)

implies that there exists £:M—Rx,
s.t. B%=f, B (M) is projective and (1-
LYN)CIRM.  Write  K=(1-
BRxo)+(1- B)Rx1)+...+(1- B )(Rxn.
1) and by induction, there exists
§:M—K such that. §=828(M) is
projective and (1-0)(K)cJ(R)M.
Define a=f+8-48. Then a=a?
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and a(M)=(S+d-F9)
(M)=(M)D d(M). Hencea (M) is
projective and since N=K+Rx, ,it is
follows that a(M)cN and (1-
a)(N)=(1- £)(1-6)(N) cI(R)M.

(2)=(3). Let N be any finitely
generated submodule of M. Then by
2 there
existsa :M——>N such tha a=a?

a (M) is projective and (1o )(N
YSIJRM. If ye(l-a)(M)NN, then
y€N and y=(1- & )(x), for some x € M.
But x=y+a (x) €N which implies that
(1-a)(M)NN (-
a)(N) C J(R)M.Now M=« (M)®D (1-
a)M),a(M)N and (1-
a)(M)MNNC J(R)M. So N lies over a
projective  approximately  direct-
summand of M.

(3)=(1).This is clear.

Lemma (18): Let N be a direct
summand of an R-module M and x € N.
Then x is approximately regular
element in N if and only if x is
approximately regular element in M.
Proof: Suppose that x is approximately
regular element in N, then there exists
a €N’ st (a(X)*=a(x) and x-
o (X)Xx€J(R)N. Since N is direct
summand of M, M=N@®K for some
submodule K of M. Extend & to all M
by putting o (K)=0. Then a €M,
(a (X)*=a (X) and X- & (X)
x€JRINE JR)M. Hence x is
approximately regular element in M.
For the converse, let x be
approximately regular element in M
and  xeN, then there exists
a €M such that (a2 (X)*=a(x)
and x-a (X)x€J(R)M.Let

ap=aly N =R ,thenaleN *,(

ai1(x)*=a1(x) and  x-0 (X)X=x-
a (X)Xx€J(R)M

=J(R)(N @ K) C J(R)IN D J(R)K,this
implies x-a1(X)xeJ(R)M.Hence X is

approximately regular element in N.
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Theorem (19): Let M= g M; be a
iel
direct sum of R-modules M;. Then M is
approximately Z-regular if and only if
Mi; is approximately Z-regular for each
il
Proof: Let N be a direct summand of
M and x € N. Then by lemma (18), X is
approximately regular in N if and only
if x is approximately regular in M,
consequently it suffices to prove the
theorem for two summands. Hence let
M=N@®@K, where N and K are
approximately Z-regular R-modules.
Consider m=x+y, where X€N and
y €K, since x is approximately regular
in N, then there exists @ €N” s.t.
(a(x)=a(x) and x-a (X)xEJIR)N.
Extend a to all M by putting o (K)=0,
then a (m) is an idempotent and m-
o (m)M=(x+y)- & (X+y)(X+y)=(x+y)-
a (X)(x+y)=x+y- & (X)X- & (X)y=X-
a (X)x+y-a (X)y. But X-
a (X)x€J(RINE J(R)M by corollary
(14) and since K is approximately Z-
regular, then for each element of K is
approximately regular, hence y-a (x)y
is approximately regular in K and by
lemma (18), it is approximately regular
in M.
Conversely direct from lemma (18).
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