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Abstract:
Let R be a commutative ring with non-zero identity element. For two fixed
positive integers m and n. A right R-module M is called fully (m,n) -stable relative to

ideal A of R™™, if (N) =N + M"A for each n-generated submodule of M™ and R-
homomorphism 6: N — M™ . In this paper we give some characterization theorems

and properties of fully (m,n) -stable modules relative to an ideal A of R™". which
generalize the results of fully stable modules relative to an ideal A of R.

Key words: fully (m,n) -stable modules relative to an ideal A of R™",(m,n)-
multiplication modules and (m,n)-quasi injective modules.

Introduction:

Throughout, R is a We will write N" = N™ , N, = N™
commutative  ring with  non-zero Fully stable module relative to an
identity and all modules are unitary ideal have been discussed in [1], an R-
right R-module. We use the notation module M is called fully stable relative
R™" for the set of all mxn matrices to an ideal, if O(N)<=N +MA for
over R. For G ERmxn,GT will denote each submodule N of M and R-
the transpose of G. In general, for an homomorphism 6:N — M.It is an
R-module N, we write N™" for the easy matter to see that M is fully stable
set of all formal mxn matrices whose relative to an ideal, if and only if
entries are elements of N. Let M be a O(xR) = xR + MAfor each x in M and
right R-module and N be a left R- R-homomorphism 6: xR — M. An R-
module. For x e M*™ , s e R™" and module M for two fixed positive
y e N™  under the usual integers m and n is called fully (m,n) -
multiplication of matrices, xs (resp. sy) stable relative to an ideal A of R, if
is a well defined element in M"™ O(N)=N +M"A for each n-
(resp. N™). If X e M"", Se R™" generated submodule N of M™ and R-
and Ye N™, define homomorphism  6:N— M™[2]. In
Oy (S)={ue M*™:us=0, Vs e this paper, for two fixed positive

S} integers m and n, we introduce the
Yk (8) ={V e N™ :vs=0, Vs e concepts of fully (m,n) -stable modules
s} relative to an ideal A of R™ and

(m,n)-Baer criterion relative to an ideal
Y3 A of R"Xm_ and we prove that an R-
- module M is fully (m,n) -stable relative

Yamn (X) ={s € R™" :1xs=0, VX to an ideal A of R™™ if and only if
e X} (m,n) -Baer criterion relative to an

Pamn (Y)={se R™:sy=0, Vy e
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ideal holds for n-generated submodules
of M™.

1. Results:
Definition 1.1 : An R-module M is
called fully (m,n) -stable relative to an

ideal A of R™™,if (N)cN + M"A
for each n-generated submodule N of
M™ and R-homomorphism
0:N — M™". The ring R is fully (m,n)
—stable relative to an ideal, if R is fully
(m,n) -stable relative to an ideal as R-
module.

It is clear that M is fully (1,1)-
stable relative to ideal, if and only if M
is fully
stable relative to ideal.

It is an easy matter to see that
an R-module M is fully (m,n)-stable
relative to ideal, if and only if it is fully
(m,qg)-stable relative to ideal for all 1<
q < n, if and only if it is fully (p,n)-
stable relative to ideal for all 1<p <m,
if and only if it is fully (p,q)-stable
relative to ideal for all I<p<mand 1<
qsn.

In [2], an R-module M is called
fully-stable, if O6(N) < N for each

cyclic submodule N of M and R-
homomorphism 6:N—->M. An R-

module M is called fully (m,n) -stable,
if ©O(N) < Nfor each n-generated

submodule N of M™ and R-
homomorphism 6: N — M™ [3]. It is

clear that every fully (m,n)-stable
module M is a fully (m,n)-stable
relative to each non-zero ideal A of R
for this follows from the fact

O(N)cN+M"A.
An R-module M is fully (m,n)-

stable relative to an ideal A of R™™, if
and only if for each

0:NQo,R) > M™ (where o, e M™
i=1
) and each w e N, there exists t =
(ts,..., tn)eR" such that e(W):zn:OLiti
i=1
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+ AM™ = (a,,... ,a,) T+ M™ ifr =
(ry,....,tn) € R", then 6 ((ay,... ,a,)
M +M™A = (a,,... ,a,)t" + M"A,

Proposition 1.2 : An R-module M
is fully (m,n)-stable relative to an ideal
A of R™™, if and only if any two m-
element subsets {a,,... , a,,} and {

B, } Of M'if Bj & SR +
i=1

M"A. , for each j = 1,..., m implies

an{ocl,... , O, Y& an{ By,...,pm

}.

Proof : Assume that M is fully (m,n)-
stable module relative to an ideal A of
R and there exist two m-element

subsets {a,,..., a,} and { B,,....B,,

} of M" such that Bj ¢ iaiR +
i=1

M"A, Vj = 1,...m and an{ocl,... ,

o, }C an{ By,.--,p, } Define f:
YR > M" by f(Xor)= B
i=1 i=1 i=1

. Let OLi = (alivai23"‘,ain)' If Zairi = O’
i=1

then > a;r, =0,j=1,..,m implies
i1

that o;r' =0 where r = (ry,..., 1)
and hence r'e y, {a,,..., a,} By

assumption B, r' =0,j=1,..,m so
Zn:Biri = 0. This show that f is well
i=1

defined. It is an easy matter to see that
f is R-homomorphism. Fully (m,n)-
stability relative to an ideal A of

R™™ implies that there exists t =
(t,....tn ) € R" and w e M"A such

that f(Xour) =Y (Jouh) t+w
i=1 k=1 i=1
=2 (
k=1
eSaR .Let ri=(0,..,0,1,0...,0)
i=1
e R"where 1 in the i th position and 0

n
o,f; t) +w foreach ) o;r,
1 i=1
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otherwise. B,= f(a;) = i o, tk+w
k=1

which is contradiction. Conversely
assume that there exists n-generated
submodule of M™ and R-

homomorphism e:iaiR —M" such
i=1

that 6(3 a,R)e 3 a,R+M"A. Then
i=1 i=1

n
there exists an element B(=> a;r. )e
i=1

zn:ociR such that 6 (B) ¢ Xn:ociR
i=1

i=1

+AM". Take B;=p,j = 1...,m, then
we have m-element subset {6 (B),...,

6 (B)} suchthat 6 (B)g Ya,R +

MA, j =1,...m. Let n=(ts,....t)" e
an{al,... , anythen a;m =0, ie

> a8 t=0 Vj=1..,m, a =

(@,20j ) and {0 (B).....0 (B}
= é 0Btk = Zn: e(%airi M = Zn:

k=1 k=1
(8(S0ur, ) = 0. hence y, {os.....

an}s v {0 (B)...0 (B)} thus

an{ocl,... , O, }C an{ 0(By)s---»
0 (Bm )}which is a contradiction. Thus

M is fully (m,n)-stable module relative
to ideal .

Corollary 1.3 : Let M be fully
(m,n)-stable module relative to an ideal

A of R™ | then for any two m-
element subsets {a,, ... ,o,,} and {

Bisoens Bm} of M", YRn {(xl,... , O,
}< Ve, { BissBn} implies o, R
+..+a, R+AM"= 8, R+...+ B,R
+M"A.

Corollary 1.4: [1] Let M be a fully

stable module relative to an ideal A of ,
then for each x,y in M,y ¢(x), v,
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(X) = v, (v) implies (x) + AM = (y)

+ AM.

A submodule N of an R-
module M satisfies Baer criterion
relative to an ideal A of R, if for every
R-homomorphism f: N — M, there
exists an element re R such that f(n) -
rm eAM  for each ne N . An R-
module M is said to satisfy Baer
criterion relative to A, if each
submodule of M satisfies Baer
criterion relative to A and it is proved
that an R-module M satisfies Baer
criterion relative to A for cyclic
submodules, if and only if M is fully
stable relative to A [1].

Definition 1.5 : For a fixed positive
integers n and m, we say that an R-
module M  satisfies  (m,n)-Bear
criterion relative to an ideal A of R, if
for any n-generated submodule N of
M™ and any R-homomorphism

0:N—>M™ there existst € R such

that 0 (x) - xt e M™A for each x in N.
It is clear that if M satisfies
(m,n) -Baer criterion relative to an
ideal A then M
satisfies (p,q) -Baer criterion relative to
anideal A, V 1I<p<mand1<q<n.
Proposition 1.6 : Let A be an ideal
of R™ and M be an R-module such
that vy, (NnK) = vy, (N) +y, (K)

for each two n-generated submodule of
M™.If M satisfies (m,1)-Bear criterion
relative to A . Then M satisfies (m,n)-
Bear criterion relative to A for each n
>1.

Proof : Let L=x;R + xR + ... + x,R
be n-generated submodule of M™ and f
: L—->M™ an R-homomorphism. We
use induction on n. It is clear that M
satisfies (m,n) -Bear criterion, if n =1.
Suppose that M satisfies (m,n) -Bear
criterion for all k-generated submodule
of M™, for k <n-1. Write N= x;R, K
=XR + ... + x4R , then for each w; e
N and woeK, f|n (wi) = wir, [

(wz) =wss forsomer, s eR. Itis clear
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(s ey (NOK) = 3, (N) +
(K). Suppose that r-s = u+v with u e
V. (N),ve v, (K)andlett=r-u=

s +v. Then for any w = wi+ Woe L
with wieN and w,eK, f(w) - wt =
flwy) + f(wy) - (w1 + wo)t = f(wy)- wit
+ f(wy) - wat = f(wy) — wa(r - u) + f(wy)
- W (s+V) = f(wy) — war + wiu + f(w;)
- WS - Wov = f(wyp) — war + f(wy) - wps
e MTA.

Proposition 1.7 : Let M be an R-
module and A be an ideal of R. Then
M  satisfies (m,n)-Baer  criterion
relative to an ideal A, if and only if
Oan Y, (,R,...,00,R) € a,R+...
+a,R + M"A for any n-element
subset {a.,, ... ,a,} of M".

Proof : First assume that (m,n)-Baer
criterion relative to an ideal A holds
for n-generated submodule of M", let
o; = (ai1,ai2,..-,aim), for each i=1,...,n
and B:{Bl""ﬂﬁn}e KM" an (O“lR
+... +(an), a;, = (alj,azj,...,an,-).
Define 6: o,R,... ,a,R —M" by 0 (
iairi) = iBiri f Zn:(xiri = 0, then
i=1 i=1 i=1

> ajri=0,j=1,..,m, this implies
i=1l

that o,r'= 0 where r = (ry,....r;) and
hence r’ e Ve, (R, ,a,R). By

assumption B, r' =0, Vi=1,...,n so
>.Bir; = 0 . This show that f is well
i=1

defined. It is an easy matter to see that
0 is R-homomorphism. By assumption

there exists t eR such that e(iairi)
i=1
- (iociri )t € M"A for each iociri €
i=1 i=1
SaR. Leth = (0 ...,0,1,0, ....0) e
i=1

R" where 1 in the ith position and 0
otherwise. B; - a,;t =0 (a;) - o;t e
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AM" thus B, € S o.R + AM" which is
i=1

contradiction. This implies that ¢,
Ve, (,R+... +a,R) € a,R+... +

a,R + M"A. Conversely, assume that
Oun Ve, (,R+... +a,R) < o4R
+... +a, R + M"A, for each {a,, ...,
a,} of M" Then for each R-
homomorphismf: a,R+... +a,R —
M™and s = (sy, ...,sn) € Ve, (R +...

+o,R), znj (iairi) sk = 0 for each

k=1 i=1

o;R,

1

Q

n
ili €
i=1 i

Sk = i f
k=1
Eair‘) € lwn Vg, (R+...+0,R)
= a,R+... +a,R + M"A, then f (
_”zlairi):f(airT):f(ai)rTea1R+...

n

hence i f (i(xiri )
k=1 i=1

(Yoyf s )= 0, thus f (

i=1

+a,R + M"A, for some r € R. Then
M satisfies (m,n) -Baer criterion.

Corollary 1.8: An R-module M is
fully (m,n)-stable relative to an ideal A

of R™™ ,ifand only if ¢, Ve, (4R

+... to,R) ¢ o,R+... ta,R +
M"A for any n-element subset {a.,, ...
,a., } of M".

We can summarize the above
results in the following theorem.

Theorem 1.9: The following
statements are equivalent for an R-
module M and an ideal A of R.

1. M is fully (m,n)-stable relative to A
2. For any two m-element subsets { o,

yeous 0 3 and { B,,....8, 3 of M" if

Bj ¢ iaiR + M"A. |, for each j =
i=1

..., mimplies y, {oy,..., a,}&

an{ Bys.-,pm}.
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3.(m,n)-Baer criterion relative to A for
n-generated submodules of M™.
4 Oun Ve, (,R+... +a,R) € o4R

+... +a,R + M"A for any n-element
subset {a.,, ... ,a, } of M".
Corollary 1.10: [1] The following
statements are equivalent for an R-
module M and an ideal A of R.

1. M is fully-stable relative to A
2.Foreachx,yinM,y ¢(x), vy, (X)

(y) implies (x) + MA = (y) +

Tr

MA..

3. M satisfies Baer criterion to A for
for each cyclic submodule.

4. For each x in M, v (y, (X)) <

(x)+ AM.

Recall that an R-module M is
(m,n)-multiplication module if each n-
generated submodule of M™ is of the

form M,l for some ideal | of R™"
[3].
Proposition 1.11 : Let M be an
(m,n)-multiplication R-module. Then
M is fully (m,n)-stable module if and
only if M is fully (m,n)-stable relative
to each non-zero ideal of R™™.
Proof : = Itisclear
<Let N be any n-generated
submodule of M™ and f: N — M™ be
any R-homomorphism. If N = (0), then
it is clear that M is fully (m,n)-stable
relative to ideal. Let N # (0), and since
M is an (m,n)-multiplication module,
then N = M,l, for some non-zero ideal
| of R™™ .By hypothesis f(N) < N +
IM, =N + N = N. Hence, M is fully
(m,n)-stable module.
Corollary 1.12: [1] Let M be
multiplication R-module. Then M is
fully stable module if and only if M is
fully stable relative to each non-zero
ideal of R.

Recall that an R-module M is
(m,n)-quasi-injective in each R-
homomorphism from an n-generated
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submodule of M™ to M extends to one
from M™ to M [4].

The following theorem follows

from Theorem(2.14) in [5] and
Proposition(1.11).
Theorem 1.13: Let M be an (m,n)-
multiplication R-module. Then M is
(m,n)-quasi injective if and only if M is
fully (m,n)-stable relative to each non-
zero ideal of R™™.

Now we introduce the concept
of (m,n)-quasi injective module
relative to an ideal A of R™"

Definition 1.14: An R-module M is
called (m,n)-quasi injective relative to
an ideal A of R™™ if for every R-
homomorphism g : N— M™ where N is
n-generated submodule of M™ and R-
homomorphis f : N — M there exists
R-homomorphim h : M™ — M such
that fg(x) — h(x) e M"A for each x in
N.

Proposition 1.15: If M is a fully
(m,n)-stable R-module relative to an
ideal A of R™™, then M is (m,n)-quasi
injective relative to A.

Proof:

Let N = a,R+... +a,R be n-
generated submodule of M™ where o;,
.0 M" and f: N — M™ be any
R-homomrphism. Since M is a fully
(m,n)-stable module relative to A, then
f(,R+... +a,R) € o,R+... +a,R
+ M"A, thus there exist s = (s, ..., sn)
e R"andw e M"A. Letr;=(0,...,1

.0, ..., 0) such that f(zai )= (

i=1

> a; )s+w.Defineg: M™ —> M by
i=1

g(aj)=0;s, itis clear that g is a well
defined R-homomorphism. Now f(

Yo )-g(Xa )= (Xa s+ w

- (Zai )s =w e M"A and since for

i=1
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