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Abstract: 
    In this paper the oscillation criterion was investigated for all solutions of the third-

order half linear neutral differential equations. Some necessary and sufficient 

conditions are established for every solution of 

                  (    )              (    )                                
to be oscillatory. Examples are given to illustrate our main results. 
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Introduction: 
    The study of oscillation theory for 

solution of half linear neutral 

differential equations has been recently 

considered the attention of many 

researches for the last several years, 

see [1]-[8]. A few of them have been 

investigated the case with variable 

coefficients and delays, see [5], [7-9]. 

Consider the half linear neutral 

differential equations.      

 

                 (    )        

      (    )                                  

                 (    )        

      (    )                                 }
 
 

 
 

           

We define functions            

     (    )                 

                 (    )           

 In this paper we will assume that the 

following conditions are satisfied  

H1.           
                   
                      is the quotient 

of odd positive  integers. 

H2.           are continuous functions 

                   , 

            . 

H3. ∫ (
 

    
)

 

  

 
     . 

Where      is continuous positive 

function. By a solution of eq.(1) we 

mean a  nontrivial function      
           ,       for which 

           (    )                

                            and 

(1.1) is satisfied on some interval 

          ,  where        A non 

trivial solution of eq.(1) is said to be 

oscillatory if it has arbitrarily large 

zeros, otherwise is said to be 

nonoscillatory that is eventually 

positive solution or eventually negative 

solution. The purpose of this paper is 

to obtain necessary and sufficient 

conditions for the oscillation of all 

solutions of eq.(1). 
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Some Basic Lemmas 

     The following lemmas will be 

useful in the proof of the main results: 

Lemma 1. [5]   

     Suppose that                
        for        ,           
   and            

       
   

∫        
 

 

 

    

          

Then the inequality          
                  has no eventually 

positive solutions, and the inequality   

                         has no 

eventually negative  solutions. 

Lemma 2. [4] Assume that   
                              for 

    ,   

i. suppose that           for 

    . let       be a continuous 

nonoscillatory solution of a functional 

inequality 

      [          (    )]    in a 

neighborhood of infinity. 

Suppose that         for      , then  

     is bounded. If moreover                      

                  for some 

positive constant    then  

            . 

ii. suppose that         for     . 

let      be a continuous  nonoscillatory 

solution of a functional inequality 

      [          (    )]    in a 

neighborhood of infinity. 

Suppose that         for      , then  

     is bounded. If moreover      
         , for some positive 

constant    then              .                                 

Lemma 3. Suppose that H1-H3 holds, 

       and let      be an eventually 

positive solution of        then there 

are only the following two cases for 

      

       i.                         
                             . 

      ii.                        
                             . 

Proof. Let                
           , for       then from 

eq.      we get 

                          (    )  
           ,  hence 

                   is non increasing , so 

either 

                   
or                                 , 

 therefore            or            
       respectively.  

Suppose that                  ,  then 

there exists        such that  

                               ,  
then 

       
 

 
 

 
 
    

 . 

Integrating the last inequality from    

to    and using    we get 

              
 
 ∫

 

 
 
    

 

  

   

This lead to                  

Then                 , for    large 

enough, this implies that          
which is  

contradiction a. So                   

hence            .        □    

Lemma 4. Suppose that H1-H3 hold,  

                       , let 

     be an eventually positive solution 

of eq.       then there are only three 

cases for (2.ii)  

         i.                         
                               . 
        ii.                        
                             . 

       iii.                        
                             . 

Proof.  Let                 
           , for       then from 

eq.          we get                     
   hence                 is non 

decreasing then either                 is 

eventually positive or eventually 

negative, it follows that either          

is eventually positive or eventually 

negative, if            which mean 
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that                   for       
    so there exists     such that      

                            

that is 

       
 

 
 

 
 
    

      

Integrating the last inequality from     

to    and using H3 we get 

              
 
 ∫

 

 
 
    

 

  

   

then                  which implies 

that                hence there 

exist       such that               
for        then by Lemma 2 it follows 

that       is bounded which is a 

contradiction. Then                  

eventually which implies that         
 .      □ 

 

Main Results: 
    In this section, we give the main 

results. 

Theorem 1. Suppose that H1-H3 hold,  

                         and  

∫     

 

  

[   (    )]
 
             

 Then every unbounded solution of 

eq.        oscillates. 

 Proof.  Suppose the contrary that 

eq.         has eventually positive 

solution      then we have     

                   ,  so by Lemma 3 

there are only the following two cases  

for        

   i.                        
                            .  

   ii.                        
                            .  

Case i. In this case                is 

positive non increasing,  

                 (    ),   then 

               

         (       )

          

  (    )  

                        

 (    )                            

Integrating eq      from    to    we get  

                            
 

  ∫           

 

  

    

  ∫           

 

  

 [ 

  (    )]
 
  

    (     ) ∫    

 

  

[ 

  (    )]
 
   

Which as     leads to a 

contradiction.  

Case ii. Since      is unbounded then 

     is unbounded which is a 

contradiction in this case.     □  

Theorem 2. Suppose that H1-H3 hold, 

                         and 

there exist a continuous functions 

          such that              
   

   
   

   ∫ ∫ (
 

    
)

 
 
( ∫       

    

 

    

 

 

    

            )

 
 

     

 
 

 
          

      ( (    )). Then every 

bounded solution of eq.      oscillates.  

Proof. Suppose that eq.       has 

eventually positive solution      then 

we have                        ,  so 

by Lemma 3 there are only the 

following two cases  for         

   i.                        
                            .  

   ii.                       
                            ..  

Case i. In this case             , 

however       and       are bounded 
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leads to       is bounded which is a 

contradiction.   

Case ii. It follows from           

               (    ),   then 

 

        

                (       )  

           (    )  

                                     

 (    )    

Integrating eq.      from    to       we 

get   

              

  ∫       (    )  

    

 

 

       
 

 
 
    

 ∫       

    

 

         
 
  

Using (5) in the last inequality we get 

       
 

 
 
    

 ∫       (    )  

    

 

             
 
  

 
 (       )

 
 
    

 ∫       

    

 

             
 
  

Integrating the last inequality from   to  

      we get  

       ∫
 (       )

 
 
    

 ∫       

    

 

    

 

             
 
    

     

     ( (    )) ∫
 

 
 
    

 ∫       

    

 

    

 

  (    )     
 
    

             ∫
 

 
 
    

 ∫       

    

 

    

 

             
 
   

    

 Where          (    )  
by Lemma 1 and condition (6) the last 

inequality cannot has eventually 

positive solution which is a 

contradiction.        □ 

 

Example 1. Consider the third-order 

nonlinear differential equation 

(
 

 
*(     

 

 
      )

  

+)

 

 
 

 
 (  

  

 
)

                       

In equation      we find   

       
 

 
                 

  

 
   

If we set             
 

 
  and 

using the condition (3.3) we get 

 

 
   
   

   ∫ ∫ ∫        
  

  

  
 
 

 

  
 
 

 

 

  
 
 

 
 

 
 

Then according to theorem 2 every 

solution of equation      is 

oscillatory, for instance           is 

such oscillatory solution. 

Theorem 3. Suppose that H1-H3 hold, 

                         and 

there exists continuous functions 

          such that              
   

   
   

   ∫ ∫  
 

    
 
 
 * ∫

|    |

  (   (    ))

    

 

  +

 
 

    

    

 

 

    

 
 

 
           

                      . 

        
   

∫ |    |

    

 

                 

∫
|    |

  (   (    ))

 

  

                     

Then every solution of eq        is 

oscillatory. 



 Baghdad Science Journal  Vol.12(3)2015 
 

629 

Proof.  Suppose that eq         has 

eventually positive solution      then 

we have                        , so by 

Lemma 4 there are only the following 

three cases  for         

         i.                         
                             . 

        ii.                        
                             . 

       iii.                        
                             . 

Case i. From eq        it follows that  

 (    )  
     

    
 

     
          

         
 

 (    )

 
             

            
                     

Integrating eq        from   to      

and using (10) we get 

              

  ∫ |    |
      (    ) 

      (    ) 

    

 

   

                  ∫
|    |

            

    

 

   

      

 
 (            )

 
 
    

 ∫
|    |

      (    ) 
   

 
 

    

 

 

Integrating the last inequality from   to 

     we get 

       ∫
     ( (    ))

 
 
    

    

 

 

   ∫
|    |

      (    ) 
   

 
   

    

 

 

        (   ( ( (    )))) ∫
 

 
 
    

    

 

 

   ∫
|    |

      (    ) 

    

 

   
 
    

     

        ∫
 

 
 
    

 ∫
|    |

      (    ) 

    

 

  

    

 

 
 
   

   
Where                           
By lemma 1 and condition (7) the last 

inequality cannot has eventually 

negative solution which is 

contradiction. 

Case ii. From eq       we get        
                

 (    )   (    )                      

Integrating eq          from     to       

and using (11)  we get 

              

  ∫         

    

 

       

      

 
  

 
 
    

 ∫ |    |           

    

 

   

 
        

 
 
    

 *∫ |    |  
    

 

+

 

 

Integrating the last inequality from    

to   

            

  ∫
       

 
 
    

 

  

*∫ |    |  
    

 

+

 

   

           ∫
 

 
 
    

*∫ |    |  
    

 

+

  

  

   

 as     and in view of condition H3 

and (8) the last inequality leads to a 

contradiction. 

Case iii. In this case                  

and nondecreasing for      hence it 

is bounded. 

Integrating eq        from    to   and 

using (10) we get 

                            
 

  ∫|    |
  (   (    ))

  (   (    ))
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    (   (     )) ∫
|    |

  (   (    ))

 

  

    

as     and in the view of (9) the last 

inequality leads to a contradiction 

Example 2. Consider the third-order 

nonlinear differential equation 

 (
 

 
*(     

      )
  
+
 

)
 

   (
 

 
)  

                      

One can see that           
 

 
               

 

 
  

If we set               then 

     
 

 
  

We can see that all conditions (6) hold 

as follows 

√ 
 

   
   

∫∫  ∫    
 
       

  

 

  

 

 

 
 

 
 

 
 

    
   

∫       

  

 

 

∫     

 

  

 

so according to theorem 2 every 

solution of equation      is 

oscillatory.   
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 تذبذب حلول المعادلاث التفاضليت المحايذة نصف الخطيت من الرتبت الثالثت 

 
 ليلى محمذ شهاب  علي محمذ حسين

 
 خايعت بغذاد. -كهيت انعهوو نهبُاث –قسى انزياضياث 

 

 الخلاصت :
نخذبذب نكم حهول انًعادلاث انخفاضهيت انًحايذة َصف انخطيت يٍ انزحبت في انبحث بعض انًفاهيى ا 

 :حى اسخخزاج بعض انشزوط انضزوريت وانكافيت نحهول انًعادنتو  َوقشجانثانثت 

                 (    )              (    ) ا حكوٌ يخذبذبت.كًكي               

 انًسخخزخت.اعطيُا بعض الايثهت نخوضيح انُخائح 

 

 انًعادلاث انخفاضهيت انًحايذة َصف انخطيتيٍ انزحبت انثانثت، حذبذب انحهول. الكلماث المفتاحيت:


