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Abstract: 
Based on analyzing the properties of Bernstein polynomials, the extended 

orthonormal Bernstein polynomials, defined on the interval [0, 1] for n=7 is achieved. 

Another method for computing operational matrices of derivative and integration    

and     
  respectively is presented. Also the result of the proposed method is 

compared with true answers to show the convergence and advantages of the new 

method. 
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Introduction: 
We already know that 

orthogonal polynomials play a central 

role in the solution of least-squares 

problems. The main characteristic of 

this technique is to reduce the 

problems related to those of solving a 

system of algebraic equations. The 

polynomials determined in the 

Bernstein basis [1],enjoy considerable 

popularity in many different 

applications. For example in the 

solution of integral equations, 

differential equations and 

approximation theory, see e.g.],[2],[3]. 

On the other hand, recently the method 

of operational matrix of integration 

was proposed as an effective tool for 

processing of singular integrals of Abel 

type using one –step procedure. 

Example, Legendre Wavelet was used 

[4], [5].Further, Singh et al. [6] derived 

the operational matrices of Bernstein 

polynomials, which have certain 

advantages for the considered problem 

in the case of smooth transformed 

functions. Due to the increasing 

interest on Bernstein polynomials, the 

question arises of how to describe their 

properties in terms of their coefficients 

when they are given in the Bernstein 

basis. Recently Yousefi and 

Behoozifar derived the operational 

matrices of Bernstein polynomials 

[7].In this work we proposed a method 

to give the operational matrix of 

derivative    and integration 

    
 respectively such that: 

   
 

  
 ( )      ( ) 

     ∫ ( )   

 

 

    
   ( )    
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where  ( )  ,   ( )    ( )    ( )    ( )    ( )    ( )    ( )    ( )- 
 

And                 are the basis 

Bernstein polynomials. 

The remainder of this paper is 

organized as follows. In section2, we 

describe the formulation of the 

Bernstein polynomials (BP), 

fundamental relations andwe give 

approximate function for BP. In 

section4, a class of orthonormal 

polynomials for n=7 are given. In 

section5 wecalculate the operational 

matrix of derivative. In section6 we 

briefly describe calculating the 

operational matrix of integration. 

Finally, in section7 we demonstrate the 

accuracy of the proposed numerical 

scheme by numerical example. 

 

Bernstein polynomials (BP) and 

Fundamental Relations 

From the binomial theorem we have 

for any n: 
  ((   )   ) 

  ∑.
 

 
/

 

   

 (   )      

The Bernstein basis polynomials of 

degree n are defined on the interval [0, 

1] as [8]: 

   ( )  (
 
 
)  (   )         For  

         ( ) 
The set of Bernstein basis polynomials 

   ( )    ( )      ( ) formsas 

basis of the vector space of 

polynomials of real coefficients and 

degree no more than n. 

For convenience, we set    ( )    if 

     or    . 

By using the binomial expansion of 

(   )     we have 

( 
 
)  (   )    

∑ (  ) ( 
 
)(   

 
)       

   … (2) 

A function     ,   - may be written 

as in the following expansion: 

 ( )         ∑       
 
    … (3) 

Here              where      is 

the inner product over   ,   - . 

If the series is truncated at   , then 

denote: 

 ( )  ∑      ( )   
  ( ) ( )

 

   

 

Where   ,             -
 , 

  ( )  ,             -
 … (5) 

     ,   -  is a Hilbert space with 

the inner product that is defined by 

(   )   ∫  ( ) ( )  
 

 
 and .Let 

        *           + is a finite 

dimensional and closed subspace, 

therefore    is a complete subset of , 

so,   has the unique best 

approximation out of    such as 

       that is;       s.t    

  ||    ||  ||   ||  this implies 

that: 

     (      )                    ( ) 
Therefore, exist the coefficients 

           such that 

  ( )    
  ( )             ( ) 

Where    ,           ]. By eq.s 

(6) 
(     ( )    ( ))            

        ( ) 
For simplicity, we write: 

                 ( ( )  ( ))  (   ( ))  
Where 

(    ( ))   ∫ ( )  ( )  

 

 

 

  ,(       ) (       )   (       )- ( ) 
We define the matrix  ( ( )  ( )) 
is an (   )  (   )which is called 

the dual matrix of               ( )  

Let   ( ( )  ( ))  

  ,∫   ( )  
 ( )   -    

 

 

                   (  )  
Where   is a Hilbert matrix and we 

can obtain the elements of   as: 

          ∫    ( )
 

 
   ( )    

 
(  ).

 
 /

(    ).     /
          Where               
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Generation of the Orthonormal 

Polynomials 

Let us first define the inner product in 

the functional space for two functions 

 ( )and  ( ) defined over the domain 

      by: 

(    )

  ∫  ( ) ( ) ( )            (  )
 

 

Where  ( )the suitable chosen weight 

function .The is induced norm of a 

function using above inner product is, 

therefore, given as 

 

|| ||   ∫  ( )  ( )         (  )
 

 

To generate an orthogonal sequence, 

we can start with the set: 
*  ( )+  *   ( )+ 

              (  ) 
Where    ( ) are the linearly 

independent Bernstein polynomials 

over the domain [0, 1]. 

To generate an orthogonal sequence 

    , we apply the well-known Gram-

Schmidtprocess, on*   +   
    which is 

given as: 

                      (  ) 

          ∑                     (  )

   

   

 

Where 

    

(        ) (       )            (  )⁄  

 

By dividing each     by its norm, we 

obtain a class of orthonormal 

polynomials from Bernstein 

polynomials, 

 

Namely                            
      
And they are given by: 

     √   (   )
  

     √  ,  (   )
  

 

 
(   ) - 

    
  √  

 
[21   (   )    (  

 )  
 

  
(   ) - 

     
   

 
,    (   )  

  

 
  ( 

  )  
  

  
 (   ) 

 
 

  
(   ) - 
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,    (   )      (   ) 

     (   )  
  

 
 ( 

  )  
 

  
(   ) - 

      √ ,   
 (   )  

   

 
  ( 

  )       (   ) 

 
  

 
  (   )  

  

 
 ( 

            )  
 

  
( 

  ) - 

      √ ,  
 (   )      (   ) 

 
   

 
  (   ) 

      (   ) 

     (            ) 

 
 

 
 (   )  

 

  
( 

  ) - 

     , 
  

  

 
  (   )       ( 

  )  
    

 
  (   ) 

      (   ) 

           
   

 
  (   ) 

   (   )  
 

 
( 

  ) - 
The explicit representation for the 

orthonormal, in general product of a 

factorable polynomial and non –

factorable polynomial. For the 

factorable, there exists a pattern of the 

form (√ (   )   )(   )    
,           and the pattern in the      

non-factorable part can be determined 

by analyzing the binomial coefficients 

present in Pascal’s triangle. In this way 

we have determined this formula 

    ( )   (√ (   )   )(  

 )   ∑ (  )  
   (      

   
)(  
 
)    . 
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The Operational Matrix of 

Derivative for Orthonormal 

Polynomials 

In this section, orthonormal Bernstein 

operational matrix of derivative will be 

derived; before we derive we need the 

following theorem. 

Theorem: [9] 

The first derivatives of nth degree 

generalized Bernstein basis 

polynomials can be written as a linear 

combination of the generalized 

Bernstein basis polynomials of degree 

n 
 

  
   ( )  (     )      ( )

 (    )    ( )

 (   )      ( )  (  ) 

From this formula, there is a relation 

between Bernstein basis polynomials 

matrix and their derivatives. 

The matrix relationwhich obtained is 

given by: 
 

  

[
 
 
 
 
 
 
 
                      
                    
                    
                    
                     
                     
                    
                    ]

 
 
 
 
 
 
 

 

 

 ̇( )   ( )       … (18) 

Such that 

B(x) = [   ( )    ( )    ( )    ( )    ( )   ( )    ( )   ( ) - 

 ̇( )  [   ̇ ( )    ̇ ( )    ̇ ( )    ̇ ( )    ̇ ( )    ̇ ( )    ̇ ( )    ̇ ( )] 

 

Now, we introduce a new method for 

deriving operational matrix of 

derivative for orthonormal Bernstein 

polynomials of degree seven. The idea 

of the technique depends on the 

following derivative property of the 

basis vector  ( ) 
  ( )

  
    ( )         (   ) 

Where  ( )are the orthogonal 

Bernstein polynomials of the degrees 

even and  ( )be the 

Bernstein polynomials respectively 

defined by: 

 ( )  
,                               -

  

And 
 ( )
 ,                                - 

    (  ) 
 

Where   is the     operational 

matrix of derivative defined as follow 

 

[
 
 
 
 
 
 
 
                         
                                       
                                               

                                         
                                                                   
                                                                                
                                                                                           

                           ]
 
 
 
 
 
 
 

 

 

Orthonormal Bernstein Operational 

Matrix of Integration 

The main objective of this section is 

derived the orthonormal Bernstein 

polynomials 

matrix of integration, to achieve this, 

integrating the orthonormal base eight 

function from 

0to t as given 

i.e. 

∫ 

 

 

( )     ∫,   ( ) 

 

 

   ( )    ( )    ( )    ( )    ( )    ( )    ( )-
  

= [  ( )   ( )   ( )   ( )   ( )   ( )   ( )   ( )-
  

=    
   ( )              (   ) 
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Where   ( ),           are defined 

as follows: 

   ( )    ∑    
 

 

   

   ( )

 ,   
     

       
 -  ( ) 

          (   ) 

For       the explicit expressions 

for   
 via eight orthonormal 

polynomials for eqs. (21) 

is given as 

[
 
 
 
 
 
 
 
                                                                                  
                                                                                   
                                                                                  
                                                                                 
                                                                                
                                                                               
                                                                              
                                                                             ]

 
 
 
 
 
 
 

 

 

Solving variational problem 

In this section, we solved the problems 

of finding the minimum of the time-

varying functional by using the 

operational matrix of derivative 

Algorithm 1via BP 
Consider the first order functional 

extremal 

 ( )  ∫, ̇ 
 

 

( )       ̇( )

   ( )-            (  ) 
With two fixed boundary conditions 

 ( )          ̇( )
                   (  ) 

In this case, the exact solution is 

 ( )      
      

       Where 

     
     ⁄     ,    

       ⁄      … (25) 

Approximate the variable  ( ) using 

(OBP) 

 ( )       ( )           (  ) 
Differentiated eq. (26), we get 

 ̇( )      ̇( )
          ( )         (  ) 

Where    ,                           
  -

 , 

  ,                          
       ] 

Substituting eqs. (26) and (27) in eq. 

(23) , yields 

 ( )

  ∫,  
 

 

 ̇( ) ̇ ( )          ̇( )

     ( )  ( )  -       (  ) 
The quadratic programming problem in 

eq. (28) can be simplified to 

 ( )     ⁄              (  ) 
Subject to 

          , 

Where 

   .
  ( )

  ( )
/  

 .
        
         

/      

 .
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     ∫   ̇ ( )

 

 

   

  (
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   ∫, ( )

 

 

 ̇ ( )

  ( )  ( )-    
 

 

(
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The optimal values of unknown 

parameters    can be obtained using 

Lagrange multiplier 

technique as 

  

        
      

  (   
    

 )  (   
    

   )  
   ,                                                                             - 

 

Table (1) shows comparison between 

exact and approximate solution by 

using the operational matrix of 

derivative of BP of degree 8 
  Exact solution BP |Exact -     | 

0 2 2 0 

0.1 1.863804265845607 1.863804265845607 0.000000000000000 

0.2 1.736253775770209 1.736253775770209 0.000000000000000 

0.3 1.616071961185921 1.616071961185921 0.000000000000000 

0.4 1.502056000789419 1.502056000789419 0.000000000000000 

0.5 1.393064785622723 1.393064785622723 0.000000000000000 

0.6 1.288007495877680 1.288007495877680 0.000000000000000 

0.7 1.185832682072615 1.185832682072615 0.000000000000000 

0.8 1.085517743229661 1.085517743229661 0.000000000000000 

0.9 0.986058694681254 0.986058694681254 0.000000000000000 

1 0.886460118134294 0.886460118134294 0.000000000000000 

 

Algorithm 2via OBP 

Consider the first order functional 

extremal 

 ( )  ∫, ̇ 
 

 

( )       ̇( )

   ( )-        (  ) 
With two fixed boundary conditions 

 ( )          ̇( )            (  ) 
In this case, the exact solution is 

 ( )      
      

       Where 

     
     ⁄     ,    

       ⁄      … (25) 

Approximate the variable  ( ) using 

(OBP) 

 ( )       ( )      (  ) 
Differentiated eq. (26), we get 

  ̇( )      ̇( )           ( )  (  ) 
Where  ,                           
  -

  ,   ,                      
           ] 

Substitutingeqs. (26) and (27) in eq. 

(23), yields 

 ( )

  ∫,  
 

 

 ̇( ) ̇ ( )          ̇( )

     ( )  ( )  -       (  ) 
The quadratic programming problem in 

eq. (28) can be simplified to 

 ( )     ⁄               (  ) 
Subject to 

          , 

Where 

   .
  ( )

  ̇( )
/  

 (√   √  √    √  √ √   
                   

)  

 

   .
 
  
/       ∫   ̇ ( )

 

 

   

  (
 √  

 

 √  

 

 √  

 

  

 

 √ 

 

 √ 

 

 √ 
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   ∫, ( )

 

 

 ̇ ( )   ( )  ( )-    
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                                                              )

 
 
 
 
 

 

 

The optimal values of unknown 

parameters    can be obtained using 

Lagrange multiplier 

technique as 

  

        
      

  (   
    

 )  (   
    

   )  
  

 ,                                                                               - 
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Table (2) shows comparison between 

exact and approximate solution by 

using the operational matrix of 

derivative of OBP of degree 8 

  Exact solution OBP |Exact -     | 

0 2 
2.000000000000

002 

0.000000000000

002 

0.

1 

1.863804265845

607 

1.863804265845

606 

0.000000000000

001 

0.

2 

1.736253775770

209 

1.736253775770

209 

0.000000000000

000 

0.

3 

1.616071961185

921 

1.616071961185

920 

0.000000000000

001 

0.

4 

1.502056000789

419 

1.502056000789

417 

0.000000000000

002 

0.

5 

1.393064785622

723 

1.393064785622

723 

0.000000000000

000 

0.

6 

1.288007495877

680 

1.288007495877

678 

0.000000000000

02 

0.

7 

1.185832682072

615 

1.185832682072

615 

0.000000000000

000 

0.

8 

1.085517743229

661 

1.085517743229

658 

0.000000000000

03 

0.

9 

0.986058694681

254 

0.986058694681

250 

0.000000000000

004 

1 
0.886460118134

294 

0.886460118134

288 

0.000000000000

06 

 

Conclusion: 
In this paper the properties of the 

combination for (OBP) and Bernstein 

polynomials themselves defined on the 

interval [0, 1] are analyzed. We 

derived     Bernstein polynomials 

operational Matrices for derivative and 

integration in details directly. The 

orthonormal Bernstein operational 

matrix is used to reduce the variational 

problems to solve a system of linear 

algebraic equations. The above 

example supports this claim. 

 

References: 
[1] Yves, B.; Frederique, G. and Assia, 

M.  2011. A formal study of 

Bernstein coefficients and 

polynomials. Institut National 

DeRecherche EnInformatique EtEn 

Automatique INRIA, 4:731-761. 

[2] Doha, E. H.; Bhrawy, A. H. and 

Saker, M. A. 2011. Integral of 

Bernstein Polynomials: An 

Application for the Solution of High 

Even-Order Differential Equations. 

Appl. Math. Lett.24:559-565. 

[3] Mandal, B.N. and Bhattacharya, S. 

2007. Numerical Solution of Some 

Classes of Integral Equations Using 

Bernstein Polynomials. Appl. Math. 

comput, 190:707-1716. 

[4] Yousefi, S. A. 2006. Numerical 

Solution of Abels Integral Equation 

by Using Legender Wavelets. Appl. 

Math. Comput. 175:574-580. 

[5] Razzaghi, M and Yousefi, S. 2011. 

The Legender Wavelets Operational 

Matrix of Integration. Int. J. Syst. Sci. 

32.495-502. 

[6] Singh, A. K.; Singh, V. K. and Singh, 

O.P. 2009. The Bernstein Operational 

Matrix of Integration. Appl. Math. 

Sci. 3: 2427-2436. 

[7] Yousefi, S. A. and Behroozifar, M.  

2010. Operational Matrices of 

Bernstein Polynomials and their 

Applications. IJSSYS. 41(6):709-716. 

[8] Weikan, Q.; Marc, D. R. and Ivo, R. 

2011. Uniform Approximation and 

Bernstein Polynomials with 

Coefficients in the Unit Interval. EJC. 

32:448-463. 

[9] Aysegul, A. D. and Nese, I. 2013. 

Bernstein Collocation Method For 

Solving Non Linear Differential 

Equations. Math & Com App. 

18(3):293-300. 

 

 

 

 

 

 



 Baghdad Science Journal  Vol.12(4)2015 
 

858 

 الجذيذة من الذرجة السابعة لمتعذدات حذود برنشتن المتعامذةمصفوفات العمليات 
 

 ميادة نزار محمذعلي
 

 .الجاهعت الخكنىلىجُتقسن العلىم الخطبُقُت، *

 

 :الخلاصة

اسخنادا" الً ححلُل خصائص هخعذداث حذود بزنشخن ، حن حىسُع هخعذداث حذود بزنشخن الوخعاهذة  الوعزفت علً 

     وللخكاهل     للذرجت السابعت، حن حقذَن طزَقت حسابُت اخزي لوصفىفاث العولُاث للوشخفت  [0,1]الفخزة 
  

 نخُجت للطزَقت الوقخزحت هع الاجاباث الحقُقُت لأظهار الخقارب وهزاَا الطزَقت الجُذة علً الخىالٍ .كذلك قارنا

 

ام شوُج الوخعاهذة، الحل العذدٌ للسُطزة بُزنشخاَن وهنحنُاث بُزَه، عولُت عزأساس  الكلمات المفتاحية:

 وخغاَز الوفزد بأسخخذام الوصفىفاث الخنفُذَت.للىقج ااالوثلً 


