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Abstract:

el [ his work is  licensed under a Creative  Commons _Attribution-NonCommercial-

Let R be a I'-ring, and o, T be two automorphisms of R. An additive mapping d from
a I'-ring R into itself is called a (o,t)-derivation on R if d(aab) = d(a)a o(b) +
t(a)ad(b), holds for all a,b €R and a€l'. d is called strong commutativity preserving
(SCP) on R if [d(a), d(0)]. = [a,b]™® holds for all a,beR and a€T. In this paper, we
investigate the commutativity of R by the strong commutativity preserving (o,t)-
derivation d satisfied some properties, when R is prime and semi prime I"-ring.

Key words: Prime I'-ring, Semi prime I'-ring, (c,t)-derivation, Strong commutativity
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Introduction

Let R and I" be two additive abelian
groups. If for any a, b, ¢ €R and o,p
€l’, the following conditions are
satisfied,
(i)aab€eR
(i) (atb)ac = aoc + bac, a(a +B)b
=aob + afb, ao(b + ¢) = aab + aac
(i11) (aab)Bc = aa(bPc), then R is called
a I'-ring (see [4]).
The set Z(R) = {a €R| aob = baa, Vb
€R, anda€l'} is called the center of
R.A I'-ring R is called prime if al RI'b
=0witha, b eRimpliesa=0o0rb=0,
and R is called semi prime if al'RT'a =
0 with a €R implies a = 0. The notion
of a (resp. semi-) prime I'-ring is an
extension for the notion of a (resp.
semi-) prime ring. In [1] F.JJing
defined a derivation on TI'-ring as
follows, an additive map d from a I'-
ring R into itself is called a derivation
on R if d(aab) = d(a)ab +aad(b) , holds
for all a,peR and o€l and in [2] S.
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Ali and M.Salahudin Khan defined
(o,7)-derivation on R ,for two
endomorphism ¢ and t as follows: an
additive map d from R into R is called
a (o,r)-derivation on R if d(aab) =
d(a)ac(b) + t(a)ad(b) , holds for all a,b
€R and a €.

A mapping f from R into itself is
commuting if [f(a), a], =0, and
centralizing if [f(a), a],€Z(R) for all
a€R, a€l. And a map f from a I" -ring
R into itself is called strong
commutativity preserving (SCP) on R
if [f(a), f(b)]. = [a, b], holds for all a, b
€R and o€l’. The notion of a strong
commutativity preserving map was
first introduced by Bell and Mason [3],
and in [4] X. Jing Ma, and Y. Zhou
proved that a semi prime I'-ring with a
strong  commutativity ~ preserving
derivation on itself must Dbe
commutative. In this paper, we obtain
that a I-ring R with a strong
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commutativity ~ preserving  (c,7)-
derivation d on itself must be
commutative, when R is prime and
semi prime I'-ring. We write [a, b], =
aab —baa. Throughout this paper R will
denote a TI'-ring satisfying an
assumption (*).... aobPc = afbac, for
all a,b,c eER and 0,Be T .

We will often use the identities:

M [a, b]g‘”) = aao(b) — t(b)aa.
(ii) [aBb, c]¥"”= ap[b, c] ¢+

[2, T (¢)]o Bb=aB [b, o(c)], +
[a.c]y ™ pb.

(iii) [a, bBc] Y= 1 (b)B[a, c] 77+
[a, b]B o(c).

Main Results
First we prove the following lemmas.

Lemma 1:

Let R be a prime I'-ring, and d be a
non zero (o,t)-derivation of R. For any
aEeR, if
d(R)['a= {0} then a= 0,and if al'd(R)=
{0} then a=0.

Proof:

Assume that d(R)['a= {0}, for aeR.

Let reR and o€TI’, then we have

(1) d(r)oa = 0.

Replacing r by rfb, beR in (1) , we
get,

(2)d(r)Bo(b)aa + t(r)Bd(b)aa = 0. for
all a,r,beR and o,B€eT.

By using (1) in (2), and since G is
automorphism, we get

dr)p b ca = 0. for all a,b,;reR and
a,B€El’. Since R is a prime and d= O,
then we have a=0.

A similar argument works if al'd(R)=

{0}.

Lemma 2:

Let R be 2-torsion free prime and d be
a(o,t)-derivation, and d can be
commuted with ¢ and 7. If d°= 0 then d
=0.
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Proof:
Let, for all a, beER, a€l’. From the
hypothesis we have
(1) 0 = d?(aob)
= d(d(a)ac(b) + t (a)ad(b))
=d?(a)ac?(b)+t(d(a))ad(c(b))

+d(z(a)) ao(d(b))+ t°(a) ad? (b)
Then, we get
0 = 7(d(a))ad(s(b)) + d(z(a))ac(d(b))

= 21(d(a))as(d(b))
(2) = (d(a))ac(d(b))
Taking bpc, ceR instead of b in (2) ,we
get 0 = 7 (d(a))ao(d(bpc))
=1 (d(a))ac(d(b)Bo(c) + T (b)Bd(c))
=1 (d(@)as(d(b)Bo(c)) + (d(@))ac(t(b)
Bd(c)), by equation (2), we get
0 = 7 (d(a))as(t(b)Bo(d(c))
=1 (d(a))I'RI'c(d(c))
Since ¢ and T are automorphisms, and
R is prime then d(a) = 0 or d(c) = 0 and
as aresult we getd = 0.

Theorem 3:

Let R be a prime I'-ring with a non
zero (o,t)-derivation d. If d is a strong
commutativity preserving then R is
commutative ring.

Proof:

For all a,b€R and a€l’, we have
(2) [d(@).d(b)].= [a, b]&™ .

Replacing a by afic in (1) ,we get
[d(aPe).d(b)].= [aBc, ] then,

(2) d(a) Blo(c),d(b)]u+[d(a),d(D)]uBo(c)
+1(a)Bd(c),d(b)]a * [t(a),d(b)]fd(c)=
ap[c,b].ta,7(b)]upc, for all a,b,cER
and o,BEl

Replacing t©(b) by b and o(c) by c in
(2) and using (1),we get
(3)d(a)Blc.d(b)]ut[(a),d(b)]aBd(c)=0,
Replacing t(a) by ain (3) ,we get

(4) d(a)Ble,d(b)]o*[a,d(b)]Bd(c)= 0
for all a,b,ceR and a,B€T.

Multiplying (4) by Ar on the right, we
get

(5) d(2)B[c,d(b)]eAr +[a,d(b)]ofd(c)Ar =
0 ,for all a,b,c,reR and a,B,A€T.

Again replacing c by cAr in (4), we get
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(6) d(a)Bei[r,d(b)]. +d(a)B[c,d(b)]ehr +
[adol(b)]oJSd(C)7»<5(r)+ [a,d(b)].pr(c)Ad(r)
Replacing o(r) by rin (6) ,we get

(7) d(a)BeA[r,d(b)]otd(a)B[c,d(b)]orr +
[a,d(b)]ufd(c)Ar+{a,d(b)]ap(c)rd(r)=0,
for all a,b,c,reR and ao,B,1€T.
Comparing (5) and (7),we get

(%) d(a)Bc[r,d(b)]o*[a,d(b)].pr(c)Ad(r)
Replacing a by d(b) in (8) ,we get

9) d*@p ¢ A [r,d(b)],=0 , for all
a,b,c,reR and o,B,A€T.

Since R is a prime, we have

d?(a)=0 or [r,d(b)],=0. If d’(@a) = 0 for
all aeR. Then from lemma 2, d =0 is
obtained. But this is a contradiction.
That is

(10) [r,d(b)].=0 , for all b,r R and
a€l’.

Replacing d(b) by tBd(b), teR in (10),
and using (10) again, we get

(11) [r, t], pd(b) =0 , for all r,t,b €R
and o,p €I’

By using lemma 1 in (11), we get

[r, ], =0, for all r ;t €ER and a €TI.
Hence R is commutative ring.

Theorem 4:

Let R be a prime I'-ring, and d is a
strong commutativity preserving (o,t)-
derivation. If ¢ = t then either R is
commutative ring or d =0.

Proof:

By hypothesis, we have
(1) [d(@),d(b)]s= [a,b]™ for all
a,beR and o€l
Replacing b by bBc in (1) ,we get
[d(a).d(be)]= [a, bBc]™™ then,
(2) d(b)B[d(a),o(c)].+ [d(@),d(b)]upo(c)
+o(b)Bld(a),d(c)]«+[d(a), o(b)].pd(c)=
s(b)Bla, ¢+ [a, b] 7B o(c), for all
a,b,ceR and a,peT
By using (1) in (2) ,we get
(3) d(b)B [d(a),o(c)]a +
[d(a), 5(b)]a Bd(c) =0.
Replacing o(b) by d(a) in (3) ,we get
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(4)d(b)B [d(a),o(c)], = O,for all a,b,ceR
and a,B€ET.

Replacing o(c) by o(c)dr in (4) ,we get

(5) d(b)p o(c)d [d(a), r]a + d(b)p
[d(a),o(c)].0r = 0, for all a,b,c,reR and
a,PB,0€l.

Using (4) in (5), and replacing r by
d(b) in (5) ,we get

(6) d(b)p o(c)d [d(a), d(b)]o=0.

By using (1) in (6), and since ¢ is
automorphism, we have

d(b) B ¢ 6 [a, b],=0 , for all a,b,ceR
and a,f3,0€Tl.

Since R is a prime, we have d(b) =0 or
[a, b],=0, for all a,b€ER and a€l

That’s mean d=o or R is commutative.

Theorem 5:

Let R be a prime I'-ring with a
(o,7)-derivation d such that
[d(2),d(b)]e= [a2,b?]® , then d= 0 or
d is commuting.

Proof:

For all a,b €R and a €I" ,we have
(1) [d(2).d(b)].= [a2, b21™.
Replacing a by a+b in (1) ,we have
[d(a),d(0)]+  [d(b).d(b)]e= [(a*+
aBb + bBa + b2),b2] 7 .
By using (1),we have
(2) [aBb, b|™+ [bBa,b2] 7= 0,
for all a,beR and a,BeT .
Replacing aby d(b)ob in (2) ,we have
[d(b)5bBb, b21T ™+
[bBd(b)b, b2]®P= 0, then
[d(b)5bBb + bBd(b)&b, b2] = 0.
This implies
[d(b?)Bb, b2 =0, then
d(b?)B[b, b?] +[d(b?), T(b?)]« fb=0
,then we have
(3) [d(b?), t(b?)], Bb =0, for all beR
and o€l
Replacing bby c in (3) ,we have
(4) [d(c),t(c)]«Bb=0 , for all ceR
and a€l’
Replacing t(c) by ¢ and b by bAd(c) in
(4) and using (1),we have
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[d(c), c]qBb Ad(c)=0, for all c,beR
and a,p,AEl
Since R is a prime, we have d(c) =0 or

[d(c), c],,forall c €R and a€l.
Thus d=o0 or d is commuting.

Theorem 6:

Let R be a semi prime I'-ring. If d
is a strong commutativity preserving
(o,7)-derivation, then d is commuting.
Proof:

If d=0, then [a, b]°"P=0, for all a,beR
and o€l .

Replacing b by d(a) in (1) we get
[a,d(@)]P=0, for all aeR and
a€l".Thus d is commuting.

Now, If d#0, then by hypothesis, we
get

(1) d(a),d(b)].= [a,b]™® for all a,beR
and a€l’

Replacing a by ac in (1) ,we get
[d(aBe),d(b)],= [aBe, bIC™ then,
(2)d(a)Blo(c),d(b)]o*[d(a),d(b)]upo(c)
+1(a)B[d(c),d(b)]at[(a),d(b)]«pd(c)=
aBlc, o)t b)Y PBe, for all
a,b,ceR and a,peT

Replacing o(c) by ¢ in (2) and using
(1),we get

(3) d(2)B[o(c),d(b)]a+t(a)Bld(c),d(b)]u
+ [1(a),d(b)]oBd(c) = aP[c, o(b)]. .
Replacing 1(a) by a and o(b) by b in
(3) and using (1),we get

(4) d(2)B[o(c),d(b)]a+ [a ,d(b)]pd(c)
=0, for all a,b,ceR and a,BeT.
Replacing o(c) by d(b) in (4) ,we get
(5) [a,d(b)]«Bd(c)= 0, for all a,b,cER
and o,B€EI.

Replacing a by bAa in (5),and using(5),
we get

(6)[b,d(b)];A a B d(c)= 0, for all
a,b,ceR and a,B,A €I.

Multiply (6) from left by d(c),and from
right by [b ,d(b)]. ,then we get

d(c)d[b ,d(b)]uA a B d(c)3[b ,d(b)].= O,
for all a,b,ceR and a,B,1,0€T.

Since R is a semi prime, then:

d(c)é [b ,d(b)],= 0O, for all b,ceR and
o,0 €I.
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By using lemma 1 ,we get
[b,d(b)],= O, for all b €R and a€rl.
That’s complete the proof.

Theorem 7:

Let R be a semi prime I'-ring with
a non zero (o,t)-derivation d. If d is a
strong commutativity preserving such
that [d(a), 1(a)],= 0, then dSZ(R).
Proof:
For all a,beR and a€l’, we have
(1) [d@),d(b)].= [a,b]™ .
Replacing b by afb in (1) ,we get
[d(a),d(aBb)]s= [a, aBb] ™ then:
(2) d(a)B [d(a),5(b)]a+ [d(a),d(a)]« o(b)
+1(a)Bld(a), d(b)]o+ [d(a), T(a)]Bd(b)
= 1(a)Bla, b] "+ [a, a] B o(b), for
all a,beR and a,peT
By using (1) in (2) ,we get
(30) d(a)p [d(a),o(b)]atH{d(a), (a)]upd(b)
Replacing o(b) by r,and using the
hypothesis in (3) ,we get
(4) d(a)p [d(a), r], = O,for all a,b,reR
and a,B€ET.
Replacing rby rob in (4) ,and using (4),
we get
(5) d(a)p r 3 [d(a), b], = 0, for all
a,b,c,reR and o,p,0€T.
Multiply (5) from left by [d(a) ,b]..and
from right by d(a),then we get
[d(a), b].Ad(a) B r 8 [d(a), blAd(a) =0,
for all a,beR and o,p,5,1€T.
Since R is a semi prime, we have
[d(a), b]sAd(a) =0 ,for all a,beR and
oL AET.
By using lemma 1, we get
[d(a), b], = 0O, for all a,beR and a€rl.
That’s mean dSZ(R).

Theorem 8:
Let R be a semi prime I"-ring with
a (o,7)-derivation d such that

[, 0)]=[a b |77 thenRis
a commutative.

Proof:
For all a,beR and o€l ,we have :

V) F@FOl=[a b |
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Replacing [d%(a),d?(b)]. by

[[d°(a),0%(b)]., c]s in (1) ,CER, we get

[[°@) Oacls = [a b |77 then

we have

(2) [d (a)adz(b),c]g - [d*(b)ad®(a),clp =

[a ,b ] ’ then we have

(3) dz(a)a d(b), C]B +[d*(a), C]gadz(b) -

d*(b)afd’ (a) C]B -[d(b).clp ad?(a) =

[a ,b ]a  for all a,b,ceR and

o,BEL.

Replacing ¢ by d?(b)3d?(a) in (3), we
et:

g (a)a[dz(b) dz(b)6d2(a)]5+£d (a), dz(b)é‘)

d? (a)]ﬁad (b) - (b)a[d (a) d*(b)dd*(a)]p
- [d°(b), d (b)6d (@)]p ad(2)=

[a ,b ] ’ then we have

(4) o (a)adz(b)a[dz(b) d*(a)]p +

[d (a).d° gb)]sézd (a)adz(b)

d*(b)a[d’(a).d ()] (@) -

d (b)a[dz(m d*(@)]p ad*(a) =

[a ,b ]a ) for all a,beR and oB,5€T

Using (1) in (4), and since ¢ and 1 are
automorphism, we get

(5) d(a)ad*(b)3 [b,a] ™ +
[a,b]§"8d*(@)ad’(b) =[a ,b
all a, bER and a,fB,0€l.
Replacing c by [a, b](cr Y in (2),we get
[d*(a)ad’(b), [a, b]g”)] :
[d°(b)ad*(a) [a, b]F™1p

=[a b 77

then

6)  d¥@ad’(b)p [a.b]{"-

[a, b] " Bd*(a)ad’(b) - d*(b)ad’(a)p
[a, b](‘”)+[a b] ™ pd*(b)ad?(a) =

]((:'T),for

for all a,beR and a,BeT,

[a ,b ]a ) for all a,beR and o,BeT.
Putting f=0 , and comparing (6) with
(5), we get

(1) d(a)ad*(b)3[ab] ™ -
[a, b]{"5d°(a)ad’(b) - d*(b)ad’(a)
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[a, b] "+ [a.b] "5 (b)ad*(a) -
dz(a)adz(b)éi b, ](" 28

[a, b]§” T)adz(a)adz(b) =0, for all a,beR
and o,B,0€Tl.

Now, from (1) we have
(8) d*(@)ad*(b) - [a ,b ]
d*(b)ad?(a) ,for all a,beR and a€T.

Substitute (8) in (7), and since ¢ and 1
are automorphism, we get

(9) d*(a)ad’(b)3 [a, b]™ +

[b, a]{"”5d’(a)ad’(b) = 0,for all abeR
and o,B,0€Tl.

Replacing d*(a)ad?(b) by r in (9), we
have

(10) 18 [a, b]S™ +[b, a] 78 r =0,
for all a,b,reR and B,o€T".

Replacing a by aAb in (10), we get

(11) r3[a, 7(b)]g Ab +[b, a] "X 6(b)d
r = 0,for all a,b,reR and B,5, €T

Since ¢ and t are automorphism, and
by using (10) in (11), we get

(12) [b, a] ™A [b, r]= 0, for all
a,b,reR and B,A,0 €T

Replacing r by rya in (12), and using
(12), we get

(13) [b, a]§"™rx(r) y[b, a] "= 0, for
all a,b,r eR and B,1,0,y €T.

Putting =0 in (13). Since 7t is
automorphism and R is semi prime,
then we get:

[b, a] "™ = 0, for all abeR and BeT.
Hence R is a commutative.

(o, t)
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