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Abstract:
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In this paper we investigated some new properties of m-Armendariz rings and
studied the relationships between m-Armendariz rings and central Armendariz rings,
nil-Armendariz rings, semicommutative rings, skew Armendariz rings, a-compatible
rings and others. We proved that if R is a central Armendariz, then R is m-Armendariz
ring. Also we explained how skew Armendariz rings can be m-Armendariz, for that
we proved that if R is a skew Armendariza-compatible ring, then R is m-Armendariz.
Examples are given to illustrate the relations between concepts.
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Introduction:

Throughout this paper R is an
associative ring with identity, unless
otherwise stated.The polynomial ring
with an indeterminate x over R is
denoted by R[x] in which elements are
polynomials in x with coefficients in R.
For a ring R, P(R) is the prime radical
(i.e., the intersection of all prime ideals
of R), and N(R) is the set of all
nilpotent elements of R. Following Rege
et. al. [1] a ring R is said to be
Armendariz if whenever two

polynomials  f(x) = s+ s;x+ -+
spx™ and  g(x) =to+ x4+ e+
tmx™ € R[x] satisfy f(x)g(x) =0,

then s;t; = 0 for all i, j. There are many
relationships between the concept of
Armendariz rings and many kinds of
other rings or some generalizations of
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Armendariz rings. Due to Agayev et. al.
[2] a ring R is central Armendariz if
whenever f(x) =sg+ s1x + -+ s,x"
and gx)=to+tyx+ -+t xmeE
R[x], f(x)g(x) =0 implies s;t; €
C(R) for each i and j. All commutative
rings, reduced rings (aring R is called
areduced ringif it has no non-
zero nilpotent elements), ~ Armendariz
rings and subrings of  central
Armendariz rings are central
Armendariz. In [2] proved that central
Armendariz rings are abelian rings (The
ring R is called abelian if every
idempotent is central, that is, ae ea
for any e2 = e, a € R ) and there
exists an abelian ring but not central
Armendariz. Therefore the class of
central Armendariz rings lies strictly
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between classes of Armendariz rings
and abelian rings. Mohammadi et. al. in
[3] introduced the concept of nil-
semicommutative rings such that nil-
semicommutative rings are 2-primal
(nil-Armendariz, weak Armendariz
respectively). Recall that a ring R is nil-
semicommutative if a,b € N(R) satisfy
ab = 0 then arb =0 for any r €R, a
ring R is 2-primal if P(R) = N(R), also
R is nil-Armendariz if whenever two
polynomials  f(x) =so+ s1x + -+
spx™  and g(x) =ty +Htyx + o+
tnx™ € R[x]such that f(x)g(x) €
N(R)[x] implies s;t; € N(R) for each
i,j, and finally a ring R is weak
Armendariz  f(x)g(x) =0 implies
s;it; € N(R) for every two polynomials
f(x) =sg+s1x+ -+ 5,x" and
gx) =ty +tyx + -+ tpx™ € R[x].
Abduldaim and Chen in [4] studied and
investigated some  properties and
relationships between different
generalizations of Armendariz rings and
the concept of m-McCoy rings. The
concept of m-McCoy rings introduced as
a generalization of McCoy rings [5]. A
ring R is called m-McCoy if
f(x)g(x) € N(R[x]) implies rf(x) €
N(R[x]) for some nonzero r € R,
where f(x) and g(x) are nonzero
polynomials in R[x]. Huh et. al. [6]
introduced the notion of m-Armendariz
rings. A ring R is called m-Armendariz
if whenever f(x)=sy+sx+ -+
spx™  and g(x) =ty +Htyx 4+ +
tmx™ € R[x],  f(x)g(x) € N(R[x])
implies that s;t; € N(R) for each i and
j. It is clear that every Armendariz ring
is m-Armendariz, but the converse may
not be true in general. It was proved that
2-primal rings are m-Armendariz. But
the converse need not be true. Also
many properties of m-Armendariz rings
were studied.

Motivated by all the above in this paper
we have been studied and investigated
many relationships  between  7-
Armendariz rings and other kinds of
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rings like central Armendariz rings, nil-
Armendariz  rings, semicommutative
rings, skew Armendariz rings, a-
compatible rings (Moussavi [1], aring R
is a-compatible if for each a,b € R we
have that ab = 0 if and only if
aa(b) = 0. Moreover, R is said to be
o-compatible if for each a,b € R we
have that ab = 0 implies that aé(b) =
0. If R is both a-compatible and &-
compatible, we say that R is (a,6)-
compatible), 2-primal, p.p.-rings (a
ring R is called a left p.p.-ring if each
principal left ideal of R is projective, or
equivalently, if the left annihilator of
each element of R is generated by an
idempotent) and others. We proved that
(1) For an endomorphism a of a ring R.
If R is a skew Armendariz a-compatible
ring, then R is m-Armendariz, (2) If R is
a central Armendariz p. p-ring, then R is
m-Armendariz ring, (3) If R is a 2-
primal ring, then R is nil-Armendariz,
(4) Every semicommutative ring is -
Armendariz.

Finally, we mentioned that skew
polynomial rings play an important role
and have applications in several
domains like coding theory, Galois
representations  theory in positive
characteristic, cryptography, control
theory, and solving ordinary differential
equations.

1. Main Results

In this section we study some new
properties of m-Armendariz rings and
investigate the relationships between
these rings and several known concepts
like central Armendariz rings, nil-
Armendariz rings, skew Armendariz
rings, 2-primal rings and others.
Proposition 1.1: If R is a central
Armendariz p.p-ring, then R is m-
Armendariz ring.

Proof: Assume that R is a central
Armendariz p. p-ring. To prove that R is
m —Armendariz, suppose
that f(x)g(x) € N(R[x]) wheref(x) =
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So+S1x + -+ spx™and g(x) =ty +
tix + -+ t,x™ € R[x]. We claim that
s;t; € N(R) for each i and j. Since R is
a central Armendariz ring then

0= f(x)g(x)

O s)(X,

= (Sg+s1x + -+ 5, x™)(to + t1x
4o tx™)
= 5oty + tyx + -+ t,x™)
+ 53x(ty + tyx + -
+ t,x™) +
+5x™(ty + tix + - + tx™)
= Soto + Sot1X + -+ + St x™ + 51Xt
+ Sxt X + oo
+ sixt,x™ +
+ sy x™t,
+Spx™tix + o 4 Syt X"
= Soto + (Sot; + S1tg)x
+ (soty + S1tq + Sptg)x?

)
tjx

+ ...... + Smtnxm+n
which implies that
Soto =0 (1)
SOtl + SltO = 0 (2)

Soty + S1t1 + 55t =0 (3)
Since R is central Armendariz, then R is
an abelian ring [2, Proposition 2.1] and
R is p.pring, hence there exist
idempotent elements e; € R such that
ann(s;) = e;R for each i. Therefore
to = ety and sgey = 0. By multiplying
equation (2) by e, we get
0 = sgtieg + s1tgey = Spegtys + S1tpeo
= s;tg
Consequently, equation (2) gives
Sot; = 0 which implies that t; = eyt;.
In the same way we multiply equation
(3) by e, we have
0 = sgtyeq + sitieg + Sytpeg
= 51t + Syt
multiply the last equation by e;, we
have 0 = s t;e; + sytpe; = Saty. Keep
on doing the same multiplication
process for all equations, we get
sit; =0 € N(R) for all i and j which
means that Ris m-Armrndariz.
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Next we show that the converse of
Proposition 1.1 is not true in general.
The following example illustrates that
m-Armendariz rings may not be central
Armendariz rings.

Example 1.2: Let S be a reduced ring
and let

R4_ -
a ag;; Qi3 Qg
0 a Qaz3 Qap
0 0 a as, a, al-j € S,.
0 0 0 a

R, is m-Armendariz ring by [6, Theorem
2.4], but R, is not central Armendariz
ring for if f(x), g(x) € R,[x] such that

01 0 0
{0 0o 0 o0
fO={g 0 0 o
00 0 0
01 -1 0
00 0 0
+<00 0 0 |*
00 0 0
And
00 0 0
{0 0o 0 o0
9(")‘0001>
00 0 0
00 0 0
00 0 1
+<0001>x
00 0 0
then
f(x)g(x)
O 1 0 0,0 00 O
_{o 0 0 o)fo 0 0 o0
000 o0flo oo 1
0000\ 00 0
010 ON/0 0 0 0
000 o0)foo o0 1
+0000>0001>x
0000\ 00 o0
01 =1 0y /0 0
00 0 o\ .{o 0
+ <oooo>x<oo
00 0 O 0 0
01 -1 0N 00 0 0
00 0 o\ .{fo o0 0 1
tlo o 00"0001)
00 0 0 00 0 0

S OO O

oS RO O
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000 0 00 0 1
000 0 000 0
=lo 0o 0 0o/Tlo 0o 0 0)*
000 0 00 0 0
00 0 -1
000 0
+<00 0 0 |
00 0 0
0 0 0 0
000 0.
+<0000>x
00 0 0
000 0 00 0 0
000 0 00 0 0
‘0000>+0000x
000 0 00 0 0
000 0
000 0.2
+<0000x
00 0 0
—0
but
aogb;
010 0,00 0 0
:0000>0001
o000 oJloo o1
0000\ 000
0 0 0 1
=0000)
000 0
000 0
byagy
000 0N/ 100
:0001>0000
o000 1)]{o 0 0 0
0000\ 000
000 0
{0 00 0
000 0
000 0

agb; # biaywhich means that neither
agb; € C(R) nor bia, & C(R).
Therefore R, is not central Armendariz.
Since reduced rings need not be p.p.-
rings [7], so that we have examples of
Armendariz rings but not p. p.-rings.
Remark 1.3: Let R be a ring and M be
an (R, R)-bimodule. Recall that the
trivial extension of R by M is defined to
be the set T =T(R,M) of all pairs
(r,m) where r € Rand m € M, that is:
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T =T(R,M) = R®M = {(r,m)|r
€ R,m € M}

with addition defined componentwise as

(r, my) + (13, my)

= (r + 1, my +my)
and multiplication defined according to
the rule
(r1, my) (ry, my) = (175, 1ymy + my1y)
for all r,»€R and m;,m, € M.
Clearly T = T(R, M) forms a ring and it
is commutative if and only if R is
commutative.
Now we show that the condition “p.p.-
rings” in Proposition 1.1 is not
unnecessary.
Example 1.4: The ring R = T(Zg, Zg)
IS commutative, so that R is central
Armendariz. But R is not p. p.-rings [2].
Next we give another condition such
that central Armendariz rings implies -
Armendariz rings.
Proposition 2.5: If R is a central
Armendariz ring without zero divisor,
then R is m-Armendariz ring.
Proof: Suppose that R is a central
Armendariz ring without zero divisor.
To prove that R is m-Armendariz,
let f(x)g(x) € N(R[x]) where
f(x) =s¢+s1x+ -+ 5,x™ and
gx) =ty +tyx + -+ t,x™ € R[x].
We claim that s;t; € N(R)for each i and
j. Since R is a central Armendariz ring
0=F()gx)

then
(Z ot i) <Z o j)
i=0 j=0

=(sg+s1x+ -+ 5,x™)(to + ty1x
+ ot tyx™)
- Soto + (Sotl + Slto)x
+ (Sotp + S1tq + Syty)x?

+ eee
+ (Sotn + Sitp_q + ==
+ Spto)x™
thus
Soto = 0 i (1)
Sot1 + 51t0 =0 (2)
Sotz + Sltl + Szto = O ot (3)

Sotz + S1ty + Syt + S3t)

=0 - (4)
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Soty + S1t3 + Sty + S3t1 + S48
=0 -~ (5)
Sots + S1tg + Syt3 + S3t, + sS4t + S5ty
=0 -+ (6)
Sotg + S1tg + Syt + S3tz + Suty + S5ty
+ Seto
=0 (7
Sot7 + S1tg + Spts + S3ty + Saty + Sst3
+ Sety + S7t,
=0 - (8)
Sotg + S1t7 + Sytg + S3ts + Suty + S5ta
+ Sety + S;t1 + Sgty
=0 -~ (9)
Sotg + S1tg + Syt; + S3tg + Suts + S5ty
+ Sgt3 + S;t, + Sgty
+ Soby =0 ---(10)

Since the ring R without zero devisor,
then equation (1) gives s, =0 or t, =
0. Take s, = 0, hence equation (2) gives
Soty + S1to = s1tp = 0. Again if s; =0
or t, = 0, choose s; = 0 and equation
(3) gives spty + s1tg + Sty = Syty =
0. By continuing apply the same steps
we get s;t; =0 € N(R) for all i and j
and therefore R is m-Armrndariz.
Corollary 1.6: Every  central
Armendariz domain is m-Armendariz
ring. It is known that every 2-primal
ring is nil-Armendariz [3], next we
prove the same result using the
relationship  between  m-Armrndariz
rings and nil-Armendariz rings. First, we
recall that every 2-primal ring is m-
Armendariz [6], depending on this result
we have the following:

Proposition 1.7: If R is a 2-primal ring,
then R is nil-Armendariz.

Proof: Assume that R is a 2-primal ring.
To prove that R is nil-Armendariz,

suppose that  f(x)g(x) € N(R)[x]
where  f(x) =sg+sx+ -+ 5 x™
and gx)=to+tix+ - +t,x" €

R[x]. We claim that s;t; € N(R)for
each i and j. Since Ris 2-primal, then
N(R[x]) = N(R)[x] [8, Lemma 3.8]
and R is m-Armendariz [6, Proposition
1.3]. Hencef (x)g(x) € N(R[x]) =
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N(R)[x] implies s;t; € N(R). Therefore
R is a nil-Armendariz ring.

Corollary 1.8: Let R be a is mn-
Armendariz ring such that N(R[x]) =
N(R)[x], then R is nil-Armendariz.
Now we investigate the relationship of
m-Armendariz rings with the concept
semicommutative rings and some of its
kinds. Recall that (1) a ring R is
semicommutative if for any a,b € R,
ab = 0 implies that aRb = 0. (2) a
ring R is central semicommutative if
st = 0 implies that srt € C(R) for any
s,t,r € R [6].,(3) a ring R is nil-
semicommutative if for every a,b €
N(R), ab = 0 implies aRb = 0. Now
since (1) every central semicommutative
ring IS 2-primal, @) Nil-
semicommutative rings are 2-primal, (3)
every semicommutative ring is central
semicommutative [12], then we have the
following:

Corollary 1.9: Every  central
semicommutative ring is m-Armendariz.
Proof: Is immediate by [12, Proposition
1.3].

Corollary 1.10: Every Nil-
semicommutative ring is m-Armendariz.
Proof: Is immediate by [12, Proposition
1.3].

Corollary 1.9: Every semicommutative
ring is m-Armendariz.

Theorem 1.10: Let R be a ring with an

endomorphism a. If R is a skew
Armendariz a-compatible ring, then
Rism-Armendariz.

Proof: Suppose that R is a skew

Armendariz  a-compatible ring. To
prove that R is a m-Armendariz ring. Let
f(x) =Y",s;xt and g(x) = Y=o tix)
in R[x] such that f(x)g(x) € N(R[x]).
Then there exists a positive integer k
such that (f(x)g(x))* =0. Now we
need to prove that if
fl(x)’fZ(x)' ’fn(x) € R[X} a, 0] such
that  f1()f2(x) - fu(x) =0, then
518, -+ S, = 0 where s4,5,,+**,5, € R.
By using the induction on n, we get the
following:
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Case 1: Suppose the result is true when
n=1.

Case 2: We show the result is true when
n = 2. Assume that f;(x) = X%, s;x"

and f(x) = X7, tix) € R[x; a, 0]
satisfy fi(x)f>(x) =0, we have to
0=fi()f2(x)

m . n
(z six‘) <z tjx’

i=0
=(sog+s1x+ -+ spx™)(ty + t1x
+ bt x™t

prove that s;t; = 0 for each i, j.
)

+ t,x™)
Since R is skew Armendariz, then
Sotj =0 for 0<j<mn, and so

soff(tj) =0 for every 0 <j <n and
0 < s < t. Therefore
= (51 + Sox? 4 -+ spx™)(ty + tyx
+ e tpx™)
= (514 Spx + 4 spx™ Dx(t,
+ x4 o+ ™)
= (51 + Spx + -+ 5, x™) (x (L)
+x(t)x + -
+x(t)x™)
= (51 + Spx + -+ + 5 x™)
2
(alte)x + 8(to)) + (igt(lt)l’;x) +w
(a(ty)x® + 6(ty)x?) + -+
(a(t)x™ + 8(t)x™) /
= (51 +S,x + -+ s5x™ 1)
§(to) + (alty) + 8(t))x +
(a(ty) +8(t))x% + -+
(a(tn-1) +8(t))x" /
+a(t,)x™t?
Since R is skew Armendariz we can
apply the same steps as above to get
sia(ty) =0, sy(a(t-1) +6(t)) =0
for 1 <k <n, and s;8(ty) = 0. Since
R is (a, 6)-compatible, then s;a(t,) =
0 [9, Lemma 2.3(3)], hence s;t, = 0.
By using s;(a(t,_1) +6(t,)) = 0 and
s,0(t,) =0, we attain s;t,_; = 0. By
repeating this procedurewe achieve that
st =0 for every 0<j<n. Now
suppose i > 2 and
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0 = (s;x! + s34+ -+ 5x™) (&g
+tyx + o+ tx™)
= (5; + Sip1X + - + 5 x™ ) (¢
+tyx + o+t x™)
= (i + Sip1x + -+ 5 x™ ) (x (to)
+ xt(t)x + -
+ x'(t)x™)

= (51 + Sppax + o+ 5 ™) (foi(to)xO
LD/ (GO

g+h=1
£y g (th>xn+f)

gth=n+i

Where 0 <s<iand 0<t<n

Because that Ris skew Armendariz,

hence:

si(Tgenzi fi(tn)) =0,k =

0,12, ,n+1i

In case that g+ h=n+1i, then g =i

and h = n which implies that

5i(Tginensi fL(t)) = sifi(ty) =

s;at(t,) = 0.

But R is (a, &)-compatible, thus

sit, = 0 and so s;f;*(t,) = 0 for each

0<g<h.

Now in case that g+ h=n+i-1,

theng =i —1and h = n so that

% <Zg+h=n+i—1 fgl (th)>

= Sifif—l(tn)

+ Sial(tn—l)

= Siai(tn—l) =0
therefore we get s;t,,_; = 0.
Next let p be a positive integer such that
for all j <p, s;t,—; =0, we have to
prove that s;t,,_,, = 0.
Let g+ h=n=i+p itis also true if
we take p = i, so.

0= Si <Zg+h=n+i—p fgh (th)>

=S (fii(tn—p) + fii—l(tn—(p—l)) + -
+ foi(tn—(p—i)))
= Sial(tn—p) + Siﬁl—l(tn—(pfl))
+ sifo (tn-p-1))
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By assumption we have s;t,_; = 0 for
each 0 <j<p. Then s;f(t,-;) =0
for each 0<j<p and 0<g<h.
Therefore s;t; = 0 foreach 0 < j < n.
By applying induction on i, we get
sit;=0 for each 0<i<m and
0<j<n

Case 3: Assume that n> 2 and by
considering z(x) = f2(x)f3(x) -+ fr(x).
Thus f;(x)z(x) = 0. Since R is a skew
Armendariz ring then s;s, = 0 where

s, € coef(f(xl)) and s, €
coef(z(x)). This implies that for all
NS Coef(f(xﬂ), S1f2(x) - fu(x) =
0, and by induction, since the
coefficients of s;f,(x) are of the form
1S, Where s, € coef(f,(x)). Finally
we get  s;8, - s, =0  where
$1,S2,**,Sn € R.
At last we have to prove that R is a -
Armendariz  ring. We have that
fGg(x) € N(RIx])  wheref (x) =
izoSixt and g(x) = Yo tjx’in R[x].
Therefore there exists a positive integer
k such that (f(x)g(x))* = 0. But since
5183 =+ s, = 0, hence s;t; € N(R) for
every 0<i<m and 0<j<n.
Therefore R is a m-Armendariz ring.
In the following we give an example
about a m-Armendariz ring but not skew
Armendariz.
Example 1.11: Let R be a reduced ring
and let

R4_ =
a a;; Qi3 Q14
0 a az3 Qap
0 0 a as, a, aij €ER;.
0 0 0 a

By [6, Theorem 2.4] and [6, Lemmal.1
(3)] R4is am-Armendariz ring, but R, is
not skew Armendariz by [10, Corollary
2.3] because R, is not Armendariz by
[11, Example 3].

Theorem 2.12: Let R be a ring with an
endomorphisma. If R is an a-
Armendariz a-compatible ring, then R is
m-Armendariz.
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Proof: Let R be an a-Armendariz ring,
then for any two polynomials f(x) =

Rosixt  and  g(x) =¥ tix) €
R[x; a] satisfies f(x)g(x) = 0 implies
that s;t; = 0 for each i, j. Suppose that
f(x)g(x) € N(R[x]), we should prove
that s;t; € N(R). Since R is a-
Armendariz, then:-

0= f(x)g(x)
m n
ORI
i=0 j=0
= (So + S1X + 53x% + - + 5, x™) (¢
+ tyx + tyx® + -
+ t,x™)
= So(to + t1x + tx? + -+ + t,x™)
+ 51x(ty + t1x + tyx?
+ e tx™)
+ 5,x2(ty + t1x + tyx?
+ .+ tnx”) + ...
+ Spx™(ty + tyx + tyx?
+ e x™)
= (soto + Sot1x + Sptx% + -+
+ 5ot x™)
+ (s1xty + syxtyx
+ syxt,x% + -
+ s1xt,x™)
+ (s,x%ty + syx2%tx
+ s,x%t,x?
+ - Syx %t x™) + e
+ (Spx™ty + Spx™ti1x
+ Spx ™ty x?% + -
+ Sy x™t,x™)
= (soty + Sot1x + -+ + Sptpx™)
+ (s1a(to)x
+ sya(t)x? + -
+ Sla(tn)xn)
+ (spa%(t)x?
+ s,a?(t)x3 + -
+ sya?(ty)x™) + -+
+ (sma™ (o)x™
+ Spa™(t)x™ + -
+ spma™(t)x™™)
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= Soto + (sot1 + sla(to))x
+ (sotz + sya(by)
+ s,a?(ty) )x?
+ (sot3 + s, a(ty)
+ spa%(t)
+ 5303 (tg) )% + -+
+ Spa™(by)x™t
Soto =0 (0)
Sot1 + s;a(t;) =0 (1)
Soty + sya(ty) + s,a?(ty)
=0 (2)
Sots + s;a(ty) + s,a?(ty) + s3a3(ty)
=0 (3)

sma™ (tn) =0 (n)
From equation (0) we get sot, =0, in
the equation(1); sot; + sqa(ty) =0
and so from definition of a-Armendariz
we get s; a(t,) = 0 and by the condition
of a-compatible, s;a(t,) =0 if and
only if s;t, =0 [9, Lemma 2.3 (1)].
Hence s;a'(t;) =0 if and only if
sit; =0 € N(R), therefore R is m-
Armendariz.

In the next example we show that R is a
m-Armendariz ring, but it is not a-
compatible.

Example 1.13: Let S be areduced ring
and let S, = UTM,(S) be the ring of all
2 by 2 upper triangular matrices over S.

5= (5 Dfsees)

S, is a m-Armendariz ring by [6,
Theorem 24], but S, is not a-
compatable ring, for if, suppose
a: S, —» S, be an endomorphism defined

BRGEEE
00 - 50 o)
but (8 ) i

(0 DG o)=(5 o)*0

Hence R is not (a, §)-compatible.

o o
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