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Abstract:

In this paper, we introduce and study a new concept (up to our knowledge) named
CL-duo modules, which is bigger than that of duo modules, and smaller than weak
duo module which is given by Ozcan and Harmanci. Several properties are
investigated. Also we consider some characterizations of CL-duo modules. Moreover,
many relationships are given for this class of modules with other related classes of
modules such as weak duo modules, P-duo modules.
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Introduction:

Throughout this paper all rings are
commutative with identity and all
modules are unitary left R-modules. A
submodule A of U is said to be fully
invariant, if f(A) < A for every
endomorphism f of U [1]. An R-module
U is called duo, if every submodule of U
is a fully invariant [2]. A ring R is called
duo, if it is duo R-module. It is clear that
every commutative ring is a duo ring.
Ozcan and Harmanci in [2] introduced
and studied weak duo modules, where a
module U is called weak duo module if
every direct summand of U is fully
invariant. Inaam in [3] introduced purely
duo modules (briefly P-duo module),
which is a module in which every pure
submodule is fully invariant. A
submodule A of U is called essential
(briefly A<, U), if the intersection
between A and any nonzero submodule
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of U is not equal to zero [4]. A
submodule A of U is called closed
(briefly A<cU), if N has no proper
essential extension in U, i.e if A<, L< U,
then A=L [1].

In this paper, we introduce a new class
of modules (up to our knowledge)
named CL-duo module, where a module
U is said to be CL-duo, if each closed
submodule in U is fully invariant. This
class of modules lies between duo
modules and weak duo. In fact it is well-
known that every direct summand of
any module U is closed; hence, every
CL-duo module is weak duo module. In
section two, the main properties of CL-
duo modules are investigated. In section
three, we find other characterizations of
CL-duo and in section four we study the
direct sum of this class of modules. In
section five, we give the hereditary
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property between any ring R and CL-
duo R-modules. The last section of this
paper is devoted to study the
relationships of CL-modules with some
other related modules such as weak duo
and P-duo modules. So we give some
conditions  under  which  CL-duo
modules is equivalent to weak duo and
P-duo modules.
1. CL-duo modules

This section is devoted to study the
main properties of CL-duo modules.
Definition (1.1): An R-module U is said
to be CL-duo module, if each closed
submodule in U is fully invariant. A ring
R is called CL-duo, if R is CL-duo R-
module.
Examples and Remarks (1.2):

1. It is clear that every duo module is
CL-duo, but the converse is not true
in general. For example, the Z-
module Q is CL-duo module, in fact
Q has only two closed submodules, 0
and Q itself which are both fully
invariant. On the other hand, Q is not
duo module since the submodule Z is
not fully invariant submodule of Q,
in fact there exists a homomorphism
f: Q— Q which is defined by f(x)
%x VxeZ, and clearly f(Z) € Z.

. Since there is no direct implication
between closed and pure submodule,
so we think that CL-duo module and
P-duo module are independent, but
we don’t have examples about that
belief.

. Any commutative ring is CL-duo
ring.

. Every uniform module is CL-duo
module, where a non-zero module U
is called uniform if every two non-
zero submodule of U have non-zero
intersection [1]. In fact, in a uniform
module U, the only closed
submodules are (0) and U, and both
of them are fully invariant.

. Since every direct summand of any
module U is closed in U, then every
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CL-duo modules weak duo module.
We think that weak duo module is
not necessary CL-duo module, but
we don’t have examples for that
thing.

U=2,® Z, as Z-module is not CL-
duo, since there exists a
homomorphism f: Zs® Zy — Z4® Z4
defined by f(x,y) = (y,x) for each
(x,¥)e Z4® Z4. The submodule N=
(0)® Z4 of U is closed but it is not
fully invariant, since f(N)= Z,® (0) ¢
N.

It is clear that every multiplication R-
module is a CL-duo module. In
particular, every cyclic module over
commutative ring is a CL-duo
module.

A module U is a CL-duo R-module if
and only if U is a CL-duo R-module,

=~ R
where R= -

an

The converse of remark (1.2)(1) is true
if U is a semisimple module, as in the
following.
9. A semisimple CL-duo module is a

duo module.
Proof (9): Let A be any submodule of
U. By assumption A is a direct
summand of U; hence, it is a closed
submodule. But U is a CL-duo module,
then A is fully invariant, and we
obtained the result.

Proposition (1.3): A direct summand of
CL-duo module is CL-duo.

Proof: Assume that U is a CL-duo R-
modules, and let K be a direct summand
of U. Let N be a closed submodule in K
and consider the projection
homomorphism p: U— K, and the
injection homomorphism J: K— U. Let
f: K— K, then h = jfp € End(U), where
End(U) is the endomorphism of U.
Since K is direct summand of U, then K
<c U. So by the transitivity of the closed
submodules, N <. U [1]. But U is a CL-
duo module, thus h(N) < N, that is
(fp)(N)=f(N) < N. Hence K is a CL-
duo module.
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It is known that a submodule of duo
module is not duo module, in the
following example we see that also for
the class of CL-duo modules.

Example (1.4): Consider the ring R=Q
® Q2 where Q is the set of all rational
numbers. Define (.) on R as follows:

(a, b).(c, d)=(ac, ad+cb) for each a, ce Q
and b,de Q% where Q*=QxQ.

R is commutative, so R is a CL-duo
ring; hence it is CL-duo R-module.
While the submodule N = Q @ Q is not
CL-duo module, since the submodule
K={(9,0) | qeQ} is a closed submodule
in N, but it is not fully invariant, since
there exists a homomorphism f: N—>N
defined by f(x,y)=f(y,x) Vvx,yeN, and
f(K) ={(0.0) |qeQ} £ K.

Let V be any R-module. An R-
module U is called V-c-injective,
provided that for every closed
submodule K of U and for every
homomorphism ¢: K — V can be lifted
to a homomorphism 6: U — V [5]. A
module U is called self c-injective
module if U is U-c-injective module. U
is called V-projective in case for each
submodule K of U, every

homomorphism f: V—% can be lifted to

a homomorphism g: U—> V,
furthermore, U is self projective if U is
U-projective [5].

We saw in example (1.4) that a
submodule of a CL-duo module was not
necessary CL-duo module. Also we
think that a quotient of CL-duo module
may not be CL-duo module, but we
don’t find an example about that thing.
However, these are true under some
conditions as the following two
propositions show.

Proposition (1.5): Let U be a CL-duo
module. If U is a c-injective module,
then every closed submodule of U is a
CL-duo module.

Proof: Let N be a closed submodule in
U, and assume that L is a closed
submodule in N. Let fe End(N).
Consider the following diagram:
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U

Where i is the inclusion homomorphism,
since N<,U and U is self c-injective,
then there exists a homomorphism h:
U— U such that hi = if, Now, ( hi)(L) =
h(L). Since L is a closed submodule in
N and N is a closed submodule in U,
then L is a closed submodule in U [1].
But U is a CL-duo module; therefore,
h(L) < L. On the other hand, (hi)(L)
=(if)(L) = f(L), thus h(L) = f(L) < L.
That is N is CL-duo module.

Proposition (1.6): Let U be a CL-duo
module. If U is a self projective module,

then g is a CL-duo module for each
closed submodule K in U.

Proof: Let — <, - and let feEnd( ).
Letm: U—> — be the natural
epimorphism. Consider the following

diagram:
Tn
U
K

»
»

f

U
K

U

Where IS the natural
. . . U .
epiomomorphism. Since < Isa self

projective module, so there exists h: U—
U such that mh=fm. Now, (mh)(u) =

/A



Baghdad Science Journal

\Vol.14(3)2017

H
h(u)+K = f(u+K) YueU. But X is a closed

submodule in X and K is closed
submodule in U; thus, H is closed
submodule in U [6, Prop.6.28, P.218].

Since U is CL-duo module, then h(H) < H,
H H U
hence f(—)= h(H)+K < —. That is — is a
K K K
CL-duo module.

It is well-known that the
intersection of any two closed
submodules is not necessary closed
submodule. The following proposition
deals with this fact. Before that, we need
the following lemma which appeared in
[2].

Lemma (1.7): let U be an R-module
such that U:_EBI Ui. If N is a fully
1€
invariant submodule of U, then N
g (NNU,).
Proposition (1.8): The intersection of
any closed submodule in a CL-duo
module U with any direct summand of
U is closed in U.
Proof: Let N1 be a closed submodule in
U, and N, be a direct summand of U. So
there exists a submodule L of U such
that U = N,@® L. On the other hand, N;
is a closed submodule in U, and U is
CL-duo module; thus, N; is fully
invariant. By lemma (1.5), N; = (N;N
N2) @ (N1N L). That is (N;N Np) is a
direct summand of N;. This implies that
(N1N Ny) is closed in N;. But Nj is
closed in U; thus, (N1N N,) is a closed
submodule in U.
Proposition (1.9): The sum of any
closed submodule in a CL-duo module
U with any direct summand of U is fully
invariant.
Proof: Let N; be a closed submodule in
U, and Ny be a direct summand of U. So
U = N,® L for some submodule L of U.
Since N; is a closed submodule in U,
then by assumption Nj is fully invariant,
and by lemma (1.5), N; = (NN N;) @
(LN Nl). Now, N;+N, = (Nzﬂ Nl) @
(LNN3) +N,. But (LN Nj) is a direct
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summand of Ny, and since N; is a closed
submodule in U, so LN N is a closed
submodule in U. It follows that LN Ny is
fully invariant in U. As N, is a direct
summand of U, hence N, is fully
invariant in U. Thus (LN Nj) + N is a
fully invariant submodule of U, i.e,
N;+Ns, is fully invariant in U.

2. Characterizations of CL-duo

modules

In this section we give some
characterizations of CL-duo modules
and other characterizations in certain
types of modules. We start by the
following proposition.
Proposition (2.1): An R-module U is
CL-duo module if and only if for each
fe End(U) and for each cyclic closed
submodule (u) of U there exists reR
such that f(u) = ru.
Proof: =) Let fe End(U). Let (u) be a
cyclic closed submodule in U. Since U
is a CL-duo module, so (u) is fully
invariant that is fu) < (u) = Ru. Hence,
there exists teR such that f(u) = tu.

<) Let N<cU, and let feEnd(U).

For each element neN, f(n)eU. By
assumption, there exists teR such that
f(n) =tn eN. Hence f(N) c N, i.eUisa
CL-duo module.

Recall that a ring R is called

Bezout; if every finitely generated ideal
of R is cyclic [6].
Corollary (2.2 ): Let R be a Bezout
ring, then R is a CL-duo ring if and only
if for each feEnd(R), and for each
finitely generated closed ideal A of R,
dreR such that f(A)=rA.

We can modify proposition (2.1)
with extra conditions to characterize
CL-duo module U such that the
existence of the element r in R for all
each cyclic closed submodule of U, as
the following theorem shows. Before
that an R-module U is said to be torsion
free, if for each non zero element xe U
and Vre R, 0 #1, 0 #r X [4].
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Theorem (2.3): Let U be a torsion free
module over an integral domain R. Then
U is a CL-duo module if and only if for
each feEnd(U) 3deR such that f(k)= dk
for every cyclic closed submodule (k) of
u.
Proof: =) Assume that U is a CL-duo
module, and let feEnd(U). Now,
suppose that (x) and (y) be cyclic closed
submodules of U with x#y. By
proposition (2.1), there 3 r,seR such
that f(x)= rx and f(y)=sy. We have two
cases: either (x)N(y)=(0), then f(x+y)=
e(x+y), where ecR. On the other hand,
f(x+y)= f(X)+f(y) = rx+sy. Thus (e-r)x =
(s-e)e(x)N(y)=(0). Thus (e-r)x = 0. But
U is a torsion free module; therefore,
e=r, and for the same reason s=e, this
implies that r=s. The other case is
(x)N(y)#(0). Let 0#we(x)N(y), and let
f(w)=tw, teR, then w=ex=vx for some
eveR. On the other hand,
f(w)=tw=f(ex)=ef(x)=erx. This implies
that tex=erx, hence (te-er)x=0. But U is
torsion free; therefore, te-er=0. Since R
is a commutative ring, then e(t-r)=0. But
R is an integral domain; therefore, t=r.
That is in both cases we get the desired
which is there exists one element d in R
with f(k)=dk cyclic closed submodule
(k) of U.

<) It follows by the proposition
(2.2).

As a consequence of corollary
(2.3), one can obtain the following
corollary.
Corollary (2.4): Let U be a torsion free
module over an integral domain R. Then
U is a CL-duo module if and only if
End(U) = R.

We can rewrite the corollaries
(2.3) and (2.4) as follows.
Theorem (2.5): Let U be a torsion free
module over an integral domain R, then
the following statements are equivalent.
1. Uisa CL-duo module.
2. for each feEnd(U) 3JteR such that

f(u)= tu for each cyclic closed
submodule (u) of U.
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3. End(U) =R.

In example (1.4), we see that a
submodule of CL-duo is not necessary
CL-duo module. However, this property
IS true under certain condition. Before
that it is well-known that any module U
is called countably generated, if U can
be generated by a countable set.
Proposition (2.6): If every countably
generated submodule of a module U is
CL-duo, then U is CL-duo.

Proof: Assume that (u) is any cyclic

closed submodule in U, and let
feEnd(U). Consider the sum of
submodules of U:
Ru + R(f(u)) + R(F(w)) +......

This sum of submodules is a

countably generated submodule of U. If
we denote to that sum by K, and restrict
f to K, then we have fx € End(K). By
[6, P.215, Prop (6.24)], the cyclic
submodule (u) is closed in N, and since
K is a CL-duo module, so by
Proposition (2.1), 3teR such that fu)=tu.
Again Applying proposition (2.1) to
obtain the result which is U is a CL-duo
module.

3. The direct sum of CL-duo

modules

The direct sum of CL-duo module is
not necessary CL-duo module, for
example, Z is CL-duo Z-module, but we
will see later on, that the Z-module Z®Z
is not CL-duo. This section is devoted to
study the cases in which the direct sum
of CL-modules is CL-module.
Proposition (3.1): Assume that U is a
CL-duo module. If U is a direct sum of
U; and U,, then Hom(U4, U;) = 0.
Proof: Since U, is a direct summand of
U, then Uy is closed in U. but U is a CL-
duo module, so U; is fully invariant.
This implies that Hom(U;,U,) = 0 [2,
Lemmal.9].
Example (3.2): The Z-module Z&Z is
not CL-duo module. In fact, if Z& Z is
CL-duo, then Hom(Z, Z) must be equal
to (0) which is not true.
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Proposition (3.3): Let U=U;®U, be a
direct sum of submodules U; and U,
such that ann U;+annU,=R. Then U is a
CL-duo module if and only if U; and U,
are CL-duo modules with Hom(U;, U;) =
0 V i,j=1,2, with i#.
Proof: =) It follows from proposition
(1.3) and proposition (3.1).

<) Assume that N is a closed
submodule in U. Since ann U3+ annU, =
R, so by [7], N=A;®A, for some A;<
U; and A; < U,. It can easily show that
A is a closed submodule in U; and Az is
closed in U,. Now, let feEnd(U), then
pif ije End(U;), where j=1,2 and p;j is the
projection homomorphism and i is the
inclusion homomorphism. Since U; a
CL-duo module Vj=1,2, then (p;if ij) (A;)
< Aj. So we obtain f(A)+ f(A2) < (paf
i1)( A1) + (pof i2)(A2) = Z?=1(ijij)(Aj)-
But f(A)+ f(A) =f(ADAL)=f(N),
therefore  f(N) < Y7, (pjfij) (A)
< ¥%_1(A;) =N. Thus f(N) = N, and the
result is obtained.
Theorem (3.4): Let U= U; with U;

iel

submodule of U V i€l, then U isa CL-
duo module if and only if:
1. U;isaCL-duo moduleviel.
2. Hom(U;, Uj)=0 V i,jel, with i#.
3. N= @I (NNU;) for each closed
1€
submodule N of U.
Proof:=>) It follows from propositions
(1.3), (3.1) and lemma (1.5).
<) Let N be a closed submodule in
U. By (3), N = 691 (NNU;j). Since NNU;
JE

is a direct summand in N, then NNUj is
a closed in N. But N is a closed in U,
therefore NNUj is a closed in U [6],
hence NNUj is closed in U; [2]. Let
feEnd(U). Consider the following
sequence:
J

f Oj

Uy —>U—» U—» U
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Where ij is the inclusion homomorphism
and p;j is the projection homomorphism.
So pjf ije End(Uj), Since NﬂUj IS a
closed in Uj, (pjf ij)( NNUj) = NNU; V
jed. By (2), Hom(U;,Uj)=0 V i,jel, with
i#j, this implies that (p,f i;)( NNU;)=0 V
rj such that r#j. Hence f(N) =
f(@ONNUY) = B( (o NU)

@ ((NNU;) = N. So f(N) < N, that is U
jel

is a CL-duo module.

Recall that a module U satisfies the
closed intersection property (briefly
CIP), if for each direct summand L and
N, LNN is closed submodule in U [8].
In fact, there is no direct implication
between CL-duo module and CIP, but
we can prove the following.

Proposition (3.5): Let U= @ U;, where

iel
U; is a submodule of U V iel. If the
conditions hold:

1. _G?(Ui is a CL-duo module for
1€
every finite subset K of I.
2. U satisfies CIP.
Then U is a CL-duo module.
Proof: We will satisfy the conditions of
theorem (3.4), so let N be a closed
submodule in U, and let x be any

element in N, then xe @ U; = L. Put
ie K

@ U; = L, where K is a finite subset of

ieK

I, so xe NNL. Since @ U; is closed
ie K

submodule in U, then by condition (2),

NNL is closed submodule in U. But

NNLc L; therefore, NNL is closed

submodule in L. Since L is a CL-duo

module, then NNL is a fully invariant

submodule of U. By lemma (1.5), NNL

@ [(NNL)NU)]= & (NNU;). This

ieK ieK

implies that xe @ (NNU)),
xe @ (NNU;). Onlirlfe other hand, it is
cIe;ErIthat @D ((NNU;) < N, thus N=
(7] (NﬂUi).lle\/IIoreover, by condition (1,)
ﬁil is a CL-duo module V ieK. Also
Ui@U; is a CL-duo module V i,jeK, i#.

and so
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By proposition (3.1), Hom(U;,U;)=0,
and by theorem (3.4), U is a CL-duo
module.

We can rewrite proposition (1.1.40)
in [8] as follows:
Proposition (3.6): If U= EBI Ui be aCL-

1€

duo module, then U satisfies CIP if and
only if U; satisfies CIP Viel.

4. The hereditary of CL-duo

property

This section is devoted to study the
hereditary of CL-duo property between
the ring R and R-modules. We start by
the following proposition. Before that,
an R-module U is called multiplication,
if for every submodule N of U, there
exists an ideal 1 of R such that N=1U [9].
Proposition (4.1): If U is a finitely
generated, faithful and multiplication
module, then the localization Up is a
CL-duo module for each prime ideal P
of R.
Proof: Since U is a finitely generated
multiplication module, then Up is a
multiplication Rp-module [9]. But by
remark (1.2)(7), every multiplication
module is CL-duo module, thus Up is a
CL-duo module.
Proposition _(4.2): If there exists a
finitely generated and multiplication
module over a ring R, then Rp is a CL-

duo ring.
Proof: Assume that there exists a
finitely  generated, faithful  and

multiplication module U over a ring R.
By proposition (4.1), Up is a CL-duo
module. Moreover, Up is cyclic [9], thus

Up = —2_ [10, P.35]. Clearly Up is

annUp
faithful, so Up = Rp. Thus Rp is a CL-
duo Rp-module.
Proposition (4.3): Every projective R-
module is CL-duo module if and only if
@R is CL-duo ring for every index
set.
Proof: =) Assume that @R is a CL-

iel
duo module, and let U be projective
over the ring R. So there exists a free R-

~
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module T and an epimorphism ¢: T—U.

Since T is free, thus T = @R for some
iel

an index set | [4, lemma (4.4.1), P.88].

Consider the following sequence:

i ¢
0_>ker(p_>69R_> U _>0
iel
where i is the inclusion homomorphism.
But U is a projective module; therefore,
the sequence splits [4, Th.(4.4.1), P.90].
This implies that @R = ker ¢ © U. On

iel
the other hand, @R is a CL-duo
iel
module, so by proposition (1.1), U is a
CL-duo module.

<) It is clear that R is an R-
projective module, and by [9], DR is a
=3

projective R-module. By assumption,
EBI R is a CL-duo module.
1€
5. CL-duo modules and related
concepts

This section includes the study of
the relationship of CL-duo modules with
other related concepts. We start by the
following remark. Firstly, an R-module
U is called fully stable module, if every
submodule of U is stable, where a
submodule A of U is said to be stable, if
¢(A) < A for each homomorphism ¢ of
Alinto U [11].
Theorem (5.1): For a semisimple R-
module, the following implications hold:
CL-duo module & Duo module &
Weak duo module & P-duo module
< Fully stable module
Proof: It is clear.

An R-module U is called extending, if
each submodule of U is an essential in a
direct summand [12]. In the following
theorem, we put condition under which
weak duo module be CL-duo module.
Theorem (5.2): In the class of
extending modules, CL-duo module is
equivalent to a weak duo module.

Proof: Assume that U is a CL-duo
module, and let A be a direct summand
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of U. So A is a closed submodule in U
[1, P.18]. Since U is a CL-duo module,
then A is fully invariant, that is U is
weak duo. Conversely, let A be a closed
submodule in U. Since U is an
extending module, then A is a direct
summand. But U is a weak module,
therefore A is a fully invariant
submodule, and we are done.

It is well-known that the direct sum of
extending module is not necessary
extending module. However, under the
class of CL-duo module that is true. In
fact this result is obtained from [12,
Prop. (3.7), P.27], and we can rewrite it
as follows.

Theorem (5.3): Let U= @ U;, where U;
iel

be a submodules of U V iel. If U is an
extending module, then U; is extending
V iel. The converse is true whenever U
is a CL-duo module.

It is known that a ring R is called
principal ideal ring (briefly PIR), if R is
commutative with identity and every
ideal of R is principal. It is worth
mentioning that we can't find a direct
implication between CL-duo and P-duo
module.  However under certain
conditions, we obtain the following
propositions, before that recall that an
R-module U is called purely extending
module, if every submodule of U is
essential in pure submodule of U [12].

Proposition (5.4): Every CL-duo
module over PIR is a P-duo module.
Proof: Let U be CL-duo module, and A
be a pure submodule of U. Since R is a
PIR, then A is closed in U [6, exc.15,
P.242]. But U is CL-duo, so A is fully
invariant. That is U is a P-duo module
Proposition (5.5): Every P-duo module
which is purely extending module is
CL-duo.

Proof: Assume that U is a P-duo
module, and Let A be a closed
submodule of U. Since U is a purely
extending module, then A is a pure
submodule of U [12, Th.2.2, P.39]. But
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U is a P-duo module; therefore, A is
fully invariant. That is U is a CL-duo
module.
From proposition (5.4) and proposition
(5.5) we obtain the following theorem.
Theorem (5.6): Let U be purely
extending module over PIR. Then U is a
CL-duo module if and only if U is P-
duo.
A module U is called F-regular, if every
submodule of U is pure [13]. In the
following proposition we use this class
of modules.
Proposition (5.7): Suppose that U is an
F-regular module over PIR. If U is CL-
duo, then U is a duo module.
Proof: Let A be a submodule of U.
Since U is an F-regular module, then A
is a pure submodule of U. By [6, exc.15,
P.242], A is closed. But U is CL-duo;
therefore, A is fully invariant. That is U
is a duo module.
From proposition (5.7) and proposition
19 in [3], we obtain the following
theorem.
Theorem (5.8): Let U be an F-regular
module over PIR. Consider the
following statements:

1. Uisa CL-duo module.

2. UisaP-duo module.

3. Uisaduo module.

4. U is weak duo.
Then: (1) & (2) ©(3) © (4), and if U
is an extending module, then (4) = ().
Proof: (1) = (2) proposition (5.7).

(2) = (3) = (4): Proposition

(16) in [3].
(4) = (1): Let A be a closed submodule
in U. Since U is extending, then A is
direct summand. But U is a weak duo
module, then A is fully invariant, and
we are done.
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