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Abstract: 

 In this paper, An application of non-additive measures for re-evaluating the degree of importance of some 

student failure reasons has been discussed. We apply non-additive fuzzy integral model (Sugeno, Shilkret 

and Choquet) integrals for some expected factors which effect student examination performance for different 

students' cases. 

 

Keywords: Non-additive measures, Sugeno integral, Shilkret integral, Choquet integral. 

 

Introduction:
The fuzzy set theory was first of all 

introduced by Lotfi Zadeh in 1965 in his famous 

paper "Fuzzy Sets", [1]. In classical set theory, crisp 

sets are defined by characteristic functions whose 

values are either zero or one, while in the fuzzy set 

theory the requirement of sharp boundaries got 

replaced by membership grades which lie between 0 

and 1, [2]. The problem of measure additvity has 

been treated by proposing the non-additive (fuzzy) 

theory. The non-additive can represent interaction 

phenomena among elements to be measured. 

Integrals using Sugeno, Shilkret and Choquet 

applications and their non-additive measures 

(generalized ([3], [4]), capacities [5], [6]) is one of 

the most powerful and flexible functions in the field 

of aggregation operators and has many applications 

in different fields of applications such as science, 

engineering, economics, etc., [7]. These integrals 

depend on non-additive measure, which are 

important in mathematics.  

      Many researchers worked in the field of student 

performance, such as Biswas (1995) and Gokmen et 

al (2010) who applied the fuzzy logic to evaluate 

student achievements ([8],[9]). S.Patil (2012) and 

others used fuzzy logic for finding the best student 

based on feedback given by teachers [10]. Sh. 

Ingoley and J.W. Bakel (2012) proposed a new 

method for evaluating student performance 

considering the importance and complexity of 

examination questions into account using fuzzy 

inference system (FIS) and fuzzy logic, [11]. J. 

Azimjonov (2016) studied the parameters effecting 

the performance of distance learning, [12]. 
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Some definitions have been given concerning the 

non-additive measures and integrals. Section 3 

discusses the non-additive model for the 

performance of some students. In section 4, we give 

some case studies with results. In section 5 we 

finished with some conclusions. 

    

Basic Concepts 

        The definitions that are needed in this research 

of non-additive measures and integrals (Sugeno, 

Shilkret and Choquet) have been introduced. 

 

Non – Additive Measures: 

      The measure is an important tool in applied 

mathematics and so it is integral. All additive 

measures are monotonic, in which non-additive 

measures generalize their additivity replacing 

additivity by the monotonicity. 

 

Definition 1 [3] 

        Let E be a nonempty set and  2𝐸  be the power 

set of E. A set function 𝜇: 2𝐸 → [0,1] is a  non −
additive measure on (𝐸,), which satisfies:  
i-  𝜇() = 0, and 𝜇(𝐸) > 0. 
ii-  𝐴 ⊆ 𝐵 implies 𝜇(𝐴) ≤ 𝜇(𝐵)for 𝐴, 𝐵 ∈ 2𝐸 . 
  (monotonicity) 
       For our work, to calculate fuzzy integral, we 

used  λ- fuzzy measure. 

 

Definition 2 [13] 

        A normalized set function 𝑔𝜆 defined on 2
E
, 

for 𝜆 ∈ (−1, ∞) is called a λ-fuzzy measure on E if 

for every pair of disjoint subsets A and B of E.        

( ) = ( ) ( ) ( ) ( )g A B g A g B g A g B        

The value of λ can be calculated by: 

Open Access 

http://dx.doi.org/10.21123/bsj.2017.14.4.0816
https://creativecommons.org/licenses/by/4.0/


Baghdad Science Journal                      Vol.14(4)2017 

 

817 

 
1

1 1 ,     where  ( 1, ).
n

i
i

g  


     
  

… (1) 

 

Non- Additive Integrals 
        Many kinds of non-additive integrals have 

been used. In this section, we give the definitions 

that are concerned with our work, such as Sugeno, 

Shilkret and Choquet integrals with non-additive 

measures. 

       Sugeno integral is restricted to functions whose 

range is [0, 1], and normalized non-additive 

measure, its definition as follows 

 

Definition 3 [3]  

𝑆𝐼𝜇 (𝑓)

= ∫ 𝑓. 𝜇

= ⋁(𝑎𝑖⋀ 𝜇

𝑛

𝑖=1

({𝐸|𝑓(𝐸) ≥ 𝑎𝑖}))  … (2) 

      A special type of Sugeno integral is Shilkret 

integral which is defined as follows (see [11]).  

 

Definition 4 [14]  

𝑆ℎ𝜇(𝑓) = max𝑎𝜖[0,1]( 𝑎𝑖. 𝜇({𝐸| 𝑓 (𝐸)  ≥

𝑎𝑖})) … (3)       

    

 

where  : A → [0,1] is a non-additive  measure. 

This integral has characteristics of comonotone 

maxitivity and homogeneity.  

      Also, Choquet integral is one of the types of 

nonlinear fuzzy integral defined as follows: 

 

Definition 5 [3] 
Let 𝜇 be a non
− additive   measure on 𝐸 and 𝑓 a function on 𝐸 

 with range 

 {𝑎1, 𝑎2, … , 𝑎𝑛}, where  𝑎1 ≤ 𝑎2 ≤ ⋯ ≤ 𝑎𝑛. 
The Choquet integral is defined as 

 

(𝐶ℎ) ∫ 𝑓 𝑑𝜇 =
∑ (𝑎𝑖 − 𝑎𝑖−1). 𝜇({𝐸|𝑓(𝐸) ≥𝑛

𝑖=1 𝑎𝑖}) … (4)       

Some relations concerning Sugeno, Shilkret and 

Choquet integrals may be given. These relations are 

shown below: 

(i)Relation between Sugeno integral (SI) and 

Choquet integral (ChI) 

1
( ) ( ) .

4
SI f ChI f

 
        where  f:  

E→[0,1] ,(see[8]). 

(ii) Relation between Shilkret integral (ShI) and 

Choquet integral (ChI) is   

𝑆ℎ𝐼(𝑓) ≤ 𝐶ℎ𝐼(𝑓), (see [11]). 

 

A Mathematical Model for Studying of Student's 

Failure Reasons: 

        In this section, an aggregation problem is 

presented concerning student failure reasons. Non-

additive integrals (Sugeno, Shilkret, and Choquet) 

with respect to non-additive measures is a useful 

tool in multicritria decision making, which are used 

here as aggregation tools.  

  Case Study 

        The student failure is one of the important 

issues which have been studied by many academic 

institutes. There are many reasons by which 

students are failed in any examination systems. 

Some major reasons for failure have been taken 

from experts researches. 

        The most effective factors which have been 

selected by educational experts with their relative 

importance may be expressed as follows: 

 E1: Intelligence Quotient (IQ) or Learning Ability. 

 E2: Attendance or Regularity. 

 E3: Subject interesting. 

 E4: Preparation Ability (using references, internet, 

dissertation preparation, etc.). 

        Their standard relative importance degrees are 

shown in Table 1 

 

Table 1. Relative importance of effective factors 

on student's grades 
E1 E2 E3 E4 

0.5 0.7 0.65 0.5 

 

        A sample of seven students of first stage 

(2016-2017) in (Department of Applied Sciences-

University of Technology) has been chosen for this 

case. We study student's performance with respect 

to the previous standard factors; one can predict the 

realistic of these factors for the possibility of 

success (or failure).  Let {S1, S2, S3, S4, S5, S6, S7} be 

a set of 7 students for the previous four effective 

factors {E1, E2, E3, E4}. Their values for each 

student are given in Table 2. These values have 

been obtained by oral discussion and examination 

grades with this sample of students. 

 

Table 2. Effecting factors in student's grades 

Students E1 E2 E3 E4 
Examination 

Grade 

S1 0.9 0.9 0.8 0.65 0.85 

S2 0.15 0.35 0.55 0.25 0.35 

S3 0.6 0.85 0.65 0.55 0.6 

S4 0.55 0.83 0.6 0.45 0.6 

S5 0.75 0.98 0.75 0.35 0.75 

S6 0.25 0.42 0.3 0.35 0.25 

S7 0.3 0.35 0.5 0.4 0.3 
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         As shown in Table 2, student S1 has a very 

good learning ability E1 with continuous attendance 

to lectures E2, interesting in learning subjects E3 has 

a very good degree also preparation ability E4 is 

good. For S4 and S3 we can notice that these factors 

represent moderate levels, while for S2, S6 and S7 it 

represents in total a low level. The fifth column 

represents actual examination grades obtained by 

each student. 

 

Construction of  -fuzzy measure 

           We construct  -fuzzy measure as a set of 

effective factors of the universal set  

   E= {E1, E2, E3, E4} shown in table 1.  

   Then, we have  𝑔λ({𝐸1}) = 0.5, 𝑔λ({𝐸2}) =
0.7, 𝑔λ({𝐸3}) = 0.65,  𝑔λ({𝐸4}) = 0.5. 
       Using equation (1), we get   0.9682.     

       The values of mutual effect among all the 

factors {E1, E2, E3, E4} have been computed as 

shown in Table  

 

Table 3. The mutual effect among the factors
 

Between 

two 

factors 

Mutual effect 

between 

factors 

Among 

three 

factors 

Mutual 

effect among 

factors 

E 1, E 2 0.8611 
E 1, E 2, E 

3 
0.9591 

E 1, E 3 0.8353 
E 1, E 2, E 

4 
0.9442 

E 1, E 4 0.7579 
E 1, E 3, E 

4 
0.9309 

E 2, E 3 0.9094 
E 2, E 3, E 

4 
0.9691 

E 2, E 4 0.8611 
E 1, E 2, E 

3, E 4 
1 

E 3, E 4 0.8353   

                  

Calculation of fuzzy integrals 

       For student S1 

f (E1) = 0.9,  f (E2) = 0.9,  f (E3) = 0.8,  f (E4) = 0.65, 

4 3 2 1( ) ( ) ( ) ( )        (0.65 0.8 0.9 0.9).  f E f f E f EE       

Table 4. Effecting factors for S1 

Set E1 E2 E3 E4 

𝜇𝑓  0.5 0.8611 0.9591 1 

        To find f, we use the formula   f ({E i}) = 

({E | f(E) f(E i)}): 

f ({ E 4}) =({ E | f(E) f(E 4)})=1 

f ({E3}) =({E | f(E) f(E3)})= { 

E1,E2,E3}=0.9591 

f ({E2}) =({E| f(E) f(E2)})= { E1,E2}=0.8611 

f ({E1 }) =({E | f(E) f(E1)})= {E1 }=0.5 

        Now, we apply Sugeno integral (equation (2)) 

with ai = f(E i), for this case we obtained 

SIμ(f )=Max{min{0.9,0.5}, min{0.9,0.8611}, 

min{0.8,0.9591}, min{0.65,1}} 

        =Max {0.5, 0.8611, 0.8, 0.65}=0.8611 

       By using Shilkret integral (equation (3)), we 

obtain 

    𝑆ℎ𝜇(𝑓) = 𝑀𝑎𝑥 {
(0.9)(0.5), (0.8611)(0.9),
(0.9591)(0.8), (0.65)(1)

} 

                  =𝑀𝑎𝑥{0.45,0.775,0.7672,0.65} =
0.755 
            If we apply Choquet integral (equation (4)) 

with ai = f(Ei), we obtain 

    (𝐶ℎ) ∫ 𝑓𝑑𝜇 = ∑(

𝑛

𝑖=1

𝑎𝑖

− 𝑎𝑖−1). 𝜇({𝐸|𝑓(𝐸) ≥ 𝑎𝑖})           

(𝐶ℎ) ∫ 𝑓𝑑𝜇 = (0.65)(1) + (0.8 − 0.65)(0.9591)

+ (0.9 − 0.8)(0.8611) + 0 
                        =0.65+0.1438+0.08611 

                        =0.8 799       

             For student S2 

f (E1) = 0.15,  f(E2) = 0.35,  f(E3) = 0.55,  f(E4) = 

0.25, 

     
        (0.15 0.25 0.35 0.55).    

 
Then we obtained Table 5, using the same method 

as in S1
         

Table 5. Effecting factors for S2 
Set E1 E 2 E 3 E 4 

𝜇𝑓  1 0.9094 0.65 0.9691 

                         

If we apply Sugeno integral (equation (2)) with ai = 

f(E i), for this case we obtain 

 𝑆𝐼𝜇(𝑓) =Max{min {0.15, 1}, min {0.35, 0.9094}, 

min {0.55, 0.65}, min {0.25, 0.9691} } 

           =Max{0.15,0.35,0.55,0.25} = 0.55 

By using Shilkret integral (equation (3)), we obtain 

     𝑆ℎ𝜇(𝑓) = 𝑀𝑎𝑥{0.15,0.3182,0.3575,0.2422}

= 0.3575 

      Applying Choquet integral (equation (4)) with ai 

= f(E i), we obtain      
    (𝐶ℎ) ∫ 𝑓𝑑𝜇 = (0.15)(1) + (0.1)(0.9691) +
(0.1)(0.9094) + (0.2)(0.65) 

                        =0.15+0.09691+0.09094+0.13 

                        =0.4678  

The other results for students S3, S4, S5, S6 and S7 are 

shown in table 6 

 

Table 6. Case studies 

Students 
Sugeno 

integral 

Shilkret 

integral 

Choquet 

integral 

Examinatio

ns Grades 

(classical 

method) 

S1 0.8611 0.7750 0.8799 0.85 

S2 0.55 0.3575 0.4678 0.35 

S3 0.7 0.595 0.7833 0.6 

S4 0.7 0.581 0.7523 0.6 

S5 0.75 0.719 0.8946 0.75 

S6 0.42 0.3013 0.3764 0.25 

S7 0.5 0.4176 0.4644 0.3 
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 From the previous tables (Table1 to 6), in most 

cases E1 (mental activity, IQ, oral examination 

performance, class activity, etc.) and E2 (students 

attendance or regularity) have greatest effect on 

students grades. Also, we can notice that E1 or E2 

coincides with the examination student grade, the 

same thing can be said for E3 (subject interesting). 

While E4 has a small effect on the examination 

grades. From Table 6, we notice that the results 

coincides with the relations in section 2.2; therefore, 

the mathematical model is good expectation of 

student's grades, and Shilkret integral gives the best 

results.  

 

Conclusion: 
              Mathematical methods have been 

proposed for re-valuation of examination 

grades depending on several effective factors 

suggested by educationalists, these factors can 

be modified or changed into another factors 

according to the development of education 

system. In our work non-additive integrals 

(Sugeno, Shilkret and Choquet) have been 

applied for different student's cases. The 

results were found to be conforming to the real 

results on the realistic. Shilkret integral was 

found to be a good tool for evaluating the 

student performance. This model can be used 

to investigate new future plans by considering 

best effective factors, and the capability of 

non-additive integrals to deal with the 

efficiency of the education system by 

improving the most effective factors. 
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 اعادة تقييم اسباب رسوب الطلبة باستخدام الطرق غير القابلة للاضافة
 

 ايمان حسن عودة
 

 ، بغداد، العراق.قسم العلوم التطبيقية ،الجامعة التكنولوجية
 

 الخلاصة:
لبعض العوامل المتوقعة والمؤثرة في اداء الطلبة في هذا البحث تم تقييم الاسباب المحتملة لرسوب الطلبة بواسطة نموذج رياضي 

 .للامتحان و باستخدام التكاملات الضبابية غير القابلة للاضافة ) سوجينو، شيلكرت و جوكيت( معززا ذلك بالامثلة العملية

 

 غير القابلة للأضافة، تكامل سوجينو، تكامل شيلكرت، تكامل جوكيت . الكلمات المفتاحية:
 

 


