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Abstract: 
    The concept of fully pseudo stable Banach Algebra-module (Banach 𝐴 −module) which is the 

generalization of fully stable Banach 𝐴 −module has been introduced. In this paper we study some 

properties of fully stable Banach 𝐴 −module and another characterization of fully pseudo stable 

Banach 𝐴 −module has been given. 
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Introduction: 

          The theory of Banach algebras (BA) is an 

abstract mathematical theory. BA are started in the 

early twentieth century, when abstract concepts and 

structures were introduced, transforming both the 

mathematical language and practice. We give a 

historical account to develop the theory of BA. 

1918: Riesz provides for the first time the axioms 

for a space with a norm 1920: Banach’s thesis, first 

abstract study of normed spaces.  

1929: von Neumann studies additional structure on 

a normed space. 1932: several issues occurred: 

Stone’s “Linear transformations in Hilbert space 

and their applications to Analysis” is a major 

contribution to operator theory, Banach’s book 

“Th'eorie des op'erationslin'eaires" and Wiener 

introduced the inequality  ‖𝑥𝑦‖ ≤ ‖𝑥‖‖𝑦‖ 
without studying further consequences of it. 1936: 

The notion of abstract Banach algebra arises 

through Nagumo’s “linear metric ring” and 

Yosida’s “metrical complete ring”.  

1938: Mazur’s theorem: every complex division 

algebra with a norm is isomorphic toℂ and every 

real one is isomorphic to ℝ, ℂ, or the quaternions. 

1939: Gelfand’s thesis: foundations of the theory of 

commutative BA. End of 30’s: The term normed 

ring is established in the Soviet school. 1941: 

publication of the results of Gelfand’s thesis and 

proof of Wiener’s 1943: Gelfand-Naimark 

representation theorems. 
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1945: Ambrose introduces the term Banach algebra.  

1947: Segal proves the real analogue to the 

commutative Gelfand-Naimark representation 

theorem.  

1956: Naimark’s book “Normed Rings” is the first 

presentation of the whole new theory of BA, which 

was important to its development.  

1960: Rickart’s book “General theory of Banach 

algebras” is the reference book of all later studies of 

BA. 1970: C∗ −algebras were revitalized by the 

introduction of topological methods by Brown, 

Douglas and Fillmore on extensions of 

C∗ −algebras, Elliott’s use of K-theory to classify 

approximately finite dimensional  C∗ − algebras and 

Kasparov’s melding of the two in KK-theory. For 

these developments see [Davidson 1996]. For some 

recent interactions of the theory of BA with topics 

ranged from K-theory, over abstract harmonic 

analysis, to operator theory see [Lau, Runde 2004]" 

(1). 

"Let 𝐴 be an algebra which is a vector space 𝐴 

together with a multiplication, 𝐴 × 𝐴 ⟶
𝐴 ; (𝑎, 𝑏) → 𝑎𝑏, it is associative and respects the 

vector space  

    (𝑎𝑏)𝑐 = 𝑎(𝑏𝑐) , 𝑎(𝑏 + 𝑐) = 𝑎𝑏 + 𝑎𝑐, (𝑏 +
𝑐)𝑎 = 𝑏𝑎 + 𝑐𝑎   ( 𝑎, 𝑏, 𝑐 ∈ 𝐴) 

    (𝛼𝑎)𝑏 = 𝑎(𝛼𝑏) = 𝛼(𝑎𝑏)(𝛼 ∈ ℂ, 𝑎, 𝑏 ∈ 𝐴) "(2). 

"A maps from a left Banach 𝐴 −module 𝑋 into a 

left Banach 𝐴 −module 𝑌 (𝐴 is not necessarily 

commutative), is a bounded linear operator called a 

multiplier if it satisfies: 𝑇(𝑎. 𝑥) = 𝑎. 𝑇𝑥 for all   

𝑎 ∈ 𝐴, 𝑥 ∈ 𝑋" (3) 
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"Banach algebra module 𝑋 is called fully stable 

Banach 𝐴-module if for every submodule 𝑁 of 𝑋 

and for each multiplier 𝜃: 𝑁 ⟶ 𝑋  such that 

𝜃(𝑁) ⊆ 𝑁"(4). 

Banach algebra module 𝑋 is called fully pseudo 

stable ,if 𝑓(𝑁) ⊆ 𝑁 for each submodule 𝑁 of 𝑋 

and 𝐴 −isometric multiplier 𝑓 from  𝑁  in to 𝑋. 
 

The Endomorphism Algebra of Fully Stable 

Banach Algebra Modules: 
 

Definition 2.1 :- (4)  

"For a nonempty subset 𝑀 in a left Banach 

𝐴 −module 𝑋, the annihilater  𝑎𝑛𝑛𝐴(𝑀) of 𝑀 is 

𝑎𝑛𝑛𝐴(𝑀) = {𝑎 ∈ 𝐴 ; 𝑎. 𝑥 = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑀} ". 

 

Definition 2.2 :- (5) 

"A left Banach 𝐴 −module 𝑋 is called 𝑛 −generated 

for 𝑛 ∈ 𝑁  if there exists  𝑥1, … , 𝑥𝑛 ∈ 𝑋  such that 

each 𝑥 ∈ 𝑋  can represented as𝑥 = ∑ 𝑎𝑘 . 𝑥𝑘𝑘=1   for 

some     𝑎1, … , 𝑎𝑛 ∈ 𝐴   .A cyclic module is just a 1-

generated one". 

 

Notations:- 

"Let 𝑋 a Banach 𝐴 −module  

1) 𝑁𝑥 =  {𝑛𝑥|  𝑛 ∈ 𝑁,   𝑥 ∈ 𝑋} 

              𝐾𝑦  = {𝑘𝑦| 𝑘 ∈ 𝐾,    𝑦 ∈ 𝑋}  

2)  𝑎𝑛𝑛𝐴𝑁𝑥  = {𝑎 ∈ 𝐴 , 𝑎. 𝑛𝑥 = 0,   ∀  𝑛𝑥 ∈
𝑁𝑥} 

   𝑎𝑛𝑛𝐴𝐾𝑦  = {𝑎 ∈ 𝐴,   𝑎. 𝑘𝑦 = 0,   ∀ 𝑘𝑦 ∈ 𝐾𝑦} " [4] 

𝐸𝑛𝑑𝐴(𝑋):  the set of all  𝐴 − multiplier of 𝑋 " [5] 

 

Proposition 2.3 :- (4) 

"𝑋 is fully stable Banach 𝐴 −module if and only if 

for each 𝑥, 𝑦 ∈ 𝑋 and 𝑁𝑥 , 𝐾𝑦 subsets of 𝑋, 𝑦 ∉  𝑁𝑥 

implies 𝑎𝑛𝑛𝐴(𝑁𝑥) ⊈ 𝑎𝑛𝑛𝐴(𝐾𝑦)" . 

 

Colloraly 2.4:- (4) 

"Let 𝑋 be a fully stable Banach 𝐴 −module .Then 

for each 𝑥, 𝑦  in 𝑋, 𝑎𝑛𝑛𝐴(𝐾𝑦) = 𝑎𝑛𝑛𝐴(𝑁𝑥)    

implies 𝑁𝑥 = 𝐾𝑦" 

 

Proposition 2.5:- 

If 𝑋 is a fully stable Banach 𝐴 −module, then 

𝐸𝑛𝑑𝐴(𝑋) is a commutative algebra. 

 

Proof:- 

For each two elements 𝑇, 𝑆 in 𝐸𝑛𝑑𝐴(𝑋)and each 

𝑥 ∈ 𝑋. Hence(𝑁𝑥) is a stable submodule of 𝑋, 

hence there is two elements 𝑎, 𝑏 in 𝐴  such that  

T(𝑛𝑥) = 𝑎. 𝑛𝑥  and S(𝑛𝑥) = 𝑏. 𝑛𝑥 

(ToS)(𝑛𝑥) = T(S(𝑛𝑥)) = T(b𝑛𝑥) = a(b. 𝑛𝑥)   =

(ab)𝑛𝑥 = (ba)𝑛𝑥 = b(a𝑛𝑥)   = b(T(𝑛𝑥)) =

S(T(𝑛𝑥)) = (SoT)(𝑛𝑥). Therefor  𝐸𝑛𝑑𝐴(𝑋) is a 

commutative. 

The converse of proposition 2.5 have been studied 

in the following proposition. 

 
Proposition 2.6:- 

Let 𝑋 be Banach 𝐴 −module in which every cyclic 

submodule is direct summand of   𝑋, if 𝐸𝑛𝑑𝐴(𝑋) is 

a commutative, then 𝑋 is a fully stable Banach 

𝐴 −module. 

 

Proof:- 

Let 𝑁 =< 𝑁𝑥 > be any cyclic submodule of 𝑋  and 

𝑇: < 𝑁𝑥 >⟶ 𝑋 any 𝐴 − multiplier. 

There exists a submodule (𝐾𝑦) of 𝑋 such that 

𝑋 = 𝑁𝑥⨁𝐾𝑦, 𝑇 can be extended to a multiplier 

𝑆: 𝑋 ⟶ 𝑋 by putting 𝑆(𝑘𝑦) = 0 for each 𝑘𝑦 ∈ 𝐾𝑦. 

Define 𝑅: 𝑋 ⟶ 𝑋 by 𝑅(𝑛𝑥 , 𝑘𝑦) = 𝑛𝑥 for each 

  𝑛𝑥 ∈ 𝑁𝑥 and 𝑘𝑦 ∈ 𝐾𝑦. Let 𝑇(𝑁𝑥) =   𝑧𝑥 +   𝐼𝑝 for 

some  𝑧𝑥 ∈ 𝑁𝑥 and  𝐼𝑝 ∈ 𝐾𝑦 , now RoS(𝑤) =

RoS( 𝑛𝑥 + 𝑘𝑦) = R(T(𝑛𝑥)) = R(  𝑧𝑥 +   𝐼𝑝)   =

𝑍𝑥,  𝑤 ∈ 𝑋  

SoR(𝑤) = SoR( 𝑛𝑥 + 𝑘𝑦) = S(𝑛𝑥) = T( 𝑛𝑥)   =

  𝑧𝑥 +   𝐼𝑝  since  RoS =  SoR ,then 𝐼𝑝 = 0 thus 

𝑇(𝑛𝑥) ∈ 𝑁𝑥 therefore  𝑋 is a fully stable Banach 

𝐴 −module.  

 

Fully pseudo stable  𝐁𝐚𝐧𝐚𝐜𝐡 𝑨 −module:  

"Let 𝑀 be an 𝑅-module. A submodule 𝑁 of 𝑀 is 

called pseudo stable if 𝛼(𝑁) ⊆ 𝑁 for each 𝑅-

monomorphism 𝛼from 𝑁 into 𝑀. If each submodule 

of 𝑀 is pseudo stable, then 𝑀 is called fully pseudo 

stable. A ring 𝑅 is called fully pseudo stable if it is 

fully pseudo stable 𝑅-module.It is clear that every 

stable submodule is pseudo-stable and hence every 

fully stable 𝑅-module is fully pseudo-stable"(6). 

 

Definition 3.1:- 

Banach 𝐴 − module,  𝑋 is called fully pseudo stable 

Banach 𝐴 −module if for each submodule 𝑁 of 𝑋 

and for each isometric multiplier (𝐴  −module 

isomorphism is an isometry 𝐴  −multiplier)   

𝑓: 𝑁 ⟶ 𝑋  such that 𝑓(𝑁)  ⊆   𝑁. 
It is clear that every fully stable Banach 𝐴 −module 

is fully pseudo stable Banach 𝐴 −module 

Recall that" an 𝑅 − module 𝑀 is uniform if any non 

–zero submodules of 𝑀 has non-zero intersection" 

(7). 

 

Proposition 3.2:- 

Every uniform fully pseudo stable Banach 

𝐴 −module is fully stable Banach 𝐴 −module. 
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Proof:- 

Suppose that 𝑋 is a fully pseudo stable Banach 𝐴 −module 

, 𝑁 be a submodule of  𝑋   and  𝐴 − multiplier 𝑓: 𝑁 ⟶ 𝑋. 
If  𝑘𝑒𝑟𝑓 = 0 , nothing to prove . Otherwise 𝑘𝑒𝑟𝑓 is non –

zero. 

But ker (𝑓) ∩ ker (  𝐼𝑁 + 𝑓) = 0 

Hence uniform property of 𝑋 implies that   𝐼𝑁 + 𝑓(𝑁)  ⊆
𝑁 and hence(𝑁)  ⊆ 𝑁 . 

 

Proposition 3.3:- 

Let 𝑋 be a fully pseudo stable Banach 𝐴 −module 

.Then for each 𝑥, 𝑦  in 𝑋, 
𝑎𝑛𝑛𝐴(𝑁𝑥) = 𝑎𝑛𝑛𝐴(𝐾𝑦)      implies that 𝑁𝑥 = 𝐾𝑦 

 

Proof:- 

Assume that 𝑋is fully pseudo stable 

Banach𝐴 −module. 𝑓: < 𝑁𝑥 >⟶ 𝑋 is well defined 

by 𝑓(𝑎. 𝑛𝑥) = 𝑎. 𝑘𝑦  ,for all 𝑎 ∈ 𝐴.Then 𝑓(𝑎. 𝑛𝑥) ⊆

𝑁𝑥 and hence ( 𝑎. 𝑘𝑦) ⊆ 𝑁𝑥 

By symmetry 𝑁𝑥 ⊆ 𝐾𝑦 then 𝑁𝑥 = 𝐾𝑦 

Recall that "a left Banach 𝐴 −module 𝑋 is 

𝑛 −generated for 𝑛 ∈ 𝑁  if there exists 𝑥1, … , 𝑥𝑛 ∈
𝑋 such that each 𝑥 ∈ 𝑋  can represented as 𝑥 =

∑ 𝑎𝑘 . 𝑥𝑘𝑘=1 for some     𝑎1, … , 𝑎𝑛 ∈ 𝐴. A cyclic 

module is just a 1-generated" (8). 

 

Proposition 3.4:- 

Let 𝑋 be a Banach 𝐴 −module .Then the following 

statement are equivalent. 

1-𝑋 is fully pseudo stable Banach𝐴 −module. 

2- distinct 1- generated submodules of  𝑋 are not 

isomorphic. 
 

Proof :- 

Assume  that 𝑋 is fully pseudo stable  

Banach𝐴 −module and 𝑋 has two distinct 1- 

generated submodules𝑁𝑥   and  𝐾𝑦 .Without loss of 

generality if it is assumed that 𝑁𝑥 ⊈ 𝐾𝑦 .There 

exists𝑛𝑥 ∈ 𝑁𝑥and 𝑛𝑥 ∉ 𝐾𝑦. Let. 𝑓: < 𝑁𝑥 >⟶<

𝐾𝑦 > be an isometric , consider the following two 

𝐴 − isometric  

Assume distinct 1- generated submodules of  𝑋 are 

not isomorphic, and there exists submodules𝑁𝑥   of 

𝑋 and 𝐴 − isometric multiplier 𝑓: < 𝑁𝑥 >⟶ 𝑋  

such that 𝑓(𝑁𝑥) ⊈ 𝑁𝑥then  𝑁𝑥 and 𝑓(𝑁𝑥) are 

distinct 1- generated submodules of  𝑋 .. By 

assumption, then  

 𝑓(𝑁𝑥) is not isomorphic to 𝑁𝑥 which is an absurd. 

Proposition 3.5:- 

Let 𝑋 be fully stable Banach𝐴 −module, for each 

𝑥, 𝑦  in 𝑋𝑎𝑛𝑛𝐴(𝑁𝑥) = 𝑎𝑛𝑛𝐴(𝐾𝑦). implies 𝑁𝑥 = 𝐾𝑦. 

Then distinct 1- generated submodules of  𝑋 are not 

isomorphic. 

 

 

 

Proof:- 

Assume 𝑎𝑛𝑛𝐴(𝑁𝑥) = 𝑎𝑛𝑛𝐴(𝐾𝑦)and there are two 

distinct 1- generated submodules 𝑁𝑥 

and 𝐾𝑦 such that 𝑁𝑥 ≅ 𝐾𝑦 .No loss of generality , 

there is an element 𝑧𝑥  in 𝑁𝑥  not in 𝐾𝑦 . Let  

𝜃: < 𝑁𝑥 >⟶< 𝐾𝑦 > be an isomorphism, 𝑧𝑥 ≠

 𝜃(𝑧𝑥), then 𝑎𝑛𝑛𝐴(𝑍𝑥) = 𝑎𝑛𝑛𝐴( 𝜃(𝑧𝑥))  ,but 

,𝑧𝑥 ≠  𝜃(𝑧𝑥) which is a contradiction . 

"Let A be a unital Banach algebra and let α > 1. 

 𝐴 −module X is called quasi α-injective if, φ : N 

⟶ X  is 𝐴 −module homomorphisms such that || φ || 

≤ 1, there exists 𝐴 −module homomorphism θ: X 

⟶ X, such that θ o i = φ and || θ || ≤ α where i is an 

isometry from submodule N of X. We shall say that 

X is quasi injective if it is quasi α - injective for 

some α " [9]. 

The concept of pseudo α-injective has been 

introduced in the following definition. 

 

Definition 3.6: Let A be a unital Banach algebra 

and let α > 1.  𝐴 −module X is called  principally 

pseudo α-injective if, φ : N ⟶ X  is 𝐴 −module 

monmorphisms such that || φ || ≤ 1, there exists 

𝐴 −module homomorphism θ: X ⟶ X, such that θ o 

i = φ and || θ || ≤ α where i is an isometry from 1-

generated submodule N of X. We shall say that X is 

principally pseudo injective if it is principally 

pseudo α - injective for some α. 

Recall that" a Banach 𝐴 −module X is 

multiplication 𝐴 −module if each 1-generated 

submodule of X is of the form KX for some ideal K 

of A" (9). 

 

Proposition 3.7: Let 𝑋 be a multiplication 𝐴-

module. Then 𝑋 is fully pseudo stable Banach 

𝐴 −module if and only if 𝑋 is principally pseudo-

injective Banach 𝐴 −module. 

Proof: Let 𝛼 ∶ 𝑁𝑥  → 𝑋 be an isometry where 𝑥 in 

𝑋. Then principal pseudo injectivity of  𝑋 implies 

that 𝛼 is extendable to 𝛽 ∶ 𝑋 → 𝑋. There is an ideal 

𝐾of 𝐴 such that 𝑁𝑥 = 𝑋𝐾. Hence 𝛼(𝑁𝑥) =
 𝛽(𝑁𝑥) =  𝛽(𝑋𝐾) =  𝛽(𝑋)𝐾 ⊆ 𝑋𝐾 = 𝑁𝑥. The 

conversely is clear. 
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