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Abstract:

In this paper we find the exact solution of Burger's equation after reducing it to
Bernoulli equation. We compare this solution with that given by Kaya where he used
Adomian decomposition method, the solution given by chakrone where he used the
Variation iteration method (VIM)and the solution given by Eq(5)in the paper of M.
Javidi. We notice that our solution is better than their solutions.
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1. Introduction:
We consider the following
Burger's equation

u, +uu, — Au,, =0

Where A is positive parameter

This equation arises in various areas of
science. Equation (1.1) has been used
in the study of the propagation through
liquid-filled elastic tube[1].and
description for shallow water waves on
a viscous fluid [2].Equation(1.1)is used
as a model for traffic flow [3].Many
Researchers had proposed various
kinds of exact and numerical solution
[4,5,6,7,8,9,10] where they used
Adomian  decomposition  method,
variation iteration method, Galerkin
method.

2. Derivation __of Burger's
equation.[9]

We recall the differential form of the
nonlinear conservation equation

dp  dq

ot Tax

To investigate the nature of the
discontinuous solution or shock waves,
we assume a function relation

q=Q(pJand allow a jump
discontinuity for p and g.

In many physical problems of interest
it would be a better approxinhatibh to
assume that g is a function of the
density gradient p,. as well as p.A
simple model is to take

q = Q(p) —vp,

Where v is a positive constant

.Substituting (2.2) into (2.1), we obtain
the nonlinear diffusion equation

p. + c(p)p, = VDo

Where,
c(p) =Q'(p)
We multiply (2.3) by ¢’ (pJto obtain

c¢'(p)p, + e(plc’(plp, = ve'(P)Pu

Hence:
c; +cc, = v’ (P)Pay

And therefore:
¢, +ec, =ve'(p)p,, = ve, - ¢ (p)pl (24)

If Q(p) is a quadratic(zf%ction in
p.then c(plis linear in P,
andc” (p) = 0.

Consequently (2.4) becomes
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c, +cc, = Vi,

As a simple model of turbulence,c is

replaced by the fluid velocity field
u(x,t) to obtain the well-known

Burgers equation as
u, +uu, =vu,

Where v is the kinematic

viscosity.Thus,the Burgers equation is
a balance between time evaluation,
nonlinearity and diffusion.

3. Solution __of  Burger's
eguation.

To solve Burger's equation (1.1), we
can assume the
solution u(xt) = v(z)

Where

z=x—At

-v is called the travelling wave

solution-Substituting (3.1) into (1.1)
becomes

Vg, = G— 1)'1.13

Rewrite (3.2) as a system of first order
O.D.E’s

Let
ry=v
r, =V,

Where r,, ;, represent the velocity and

a acceleration respectively.
Then
r',=v = r,
r
raﬂ = Va T (Il - 1}1"2
This system has an infinite number
of equilibrium points which is
r, — axis
To solve (3.4)
equations to get

divide the two

203

(2.5)
dr, _r L
dr;, A
i.e.
dr, = [I_ 1)dr,
r, = —f— r,+c (2.6)
2 2}L 1 -

Where c is an arbitrary constant.
Hence, from (3.3) we get

[In order to eliminate ¢ from equation
(3.5)] substituting (3.6) into (3.5)
becomes

(w—k)?
w,+w—k=—F7—+c¢
2h
le. (3.1)
+(1+k) LA A
W WY T T c

Let E‘—;+k—|—c=ﬂtoget

(3.2)
I
k=—L+VAi — 2hc
Then (3.7) becomes
k w
wz+(1—:)w= -
A 2h
(3.3)

Notice that equation (3.9) represents
Bernoulli equation. To solve it

Suppose
1

n=wo z

=1, = —wrw
Substituting (3.10) intg%39)
1
wlw_ + (1 +:)w‘1 =
A 24
We get
—1

(1+7)n=
M VALY
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This equation is first-order linear
differential equation, its integrating
factor is

I(z) = e_':1+%)2

And its solution is gives by
1 —I:E+1}z

BT

Nl

Where @
S0,

is an arbitrary constant

1

l:1+t—_L_)z
2011 %

n=

From (3.10), we get the solution of
Bernoulli equation (3.9)

By using (3.6) and (3.11)
Now, from (3.6) v=w—k so the

traveling  wave  solution  (3.1)
becomes
u(x,t) =v(z) = wlz) — k
1
u(x,t) = ——k
1 n ﬂeli1+:}|\x—f.t}

011

Where k is given in (3.8) and « is
an arbitrary constant where

Y
le=—h+ 0" —2kc

And o, C
are arbitrary constants.
4. The solution of Burger's
equation with Dirichlet
conditions.
From (3.12) the solution of Burger's
equation is
1
t) = -k
u(x,t) 1 (1+)x-)

0.+ TUe
Dirichlet conditions are

204

BC1l:u(0,t) = g(t)

0=t =t
BC2:u(1,t) = h(t)
Clearly u (0, 0) =0 (stationary
case)
BCl—
1
u(x,t) = ——k =g(t)
- + ﬂe—[1+z_.-'.t
20+ %)
BC2—
1
u(x,t) = — —k =h(t)
n ue[ 1+5)(1-40)
2(h+x)
u(0,0)=0—=
(0.0) (3.11)
! k=20
T —k=
AT
Therefore,
1 1 2+ k
L

Tk 20+k) 2(h+ Kk

Remember that from (3.8)

o (312
k=—-L+ VL —ic

And from (4.2)

1
h(0) = ——k
L + ue[HI}
2(h+x)
From which we get
1 1 —(itk)

=T 2030 ¢

From(4.3) and (4.4)we
determine @ and ¢

After determining these constants we
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find the solution of Burger's equation
with Dirichlet conditions.

As a special case let
A= 2andc=0.75 then from
(3.8) we get
k=—3or—1
And from (4.3) we get

1
a=—ifk=-3

6
Or

-3
a=—ifk=—-1

2
Case
LA=2c=075k=-3,a=:

1
u(xt) = 41 +3
T—I_ EE—D.E(x—Zt}

Case2:

A=2c=075k=—-l,a=—

=

1

ulx,t) = +1

_ 0.5(x—2t)

e

B

1
2

The graphs of (4.5),(4.6) are in
figures (1)and(2) respectively.

The two shapes have the same
qualitative behavior but
quantitavely different.

5.Comparison.
e The solution of this equation
obtained by Kaya

_(a+ B+ (B-a)e'?)
(1+ @)

u(x,t)

Where = i—‘ (x—PBt—mn) where is

not easier than our solution.

e The solution obtained by
Omar is approximated
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solution, while our solution
is exact solution.
e The solution obtained by
Javidi
[l].le_‘q‘ +0.5e B4 e_c:]
u(x,t) = = = =
(e +e B4+ e7C)
Where,
0.05
A= (x — 0.5+ 4.95¢t),

T

B= 25
I

C=2% (x— 0.5+ 0.375¢)
I

(x— 0.5+ 0.75¢t) and

Clearly our solution is easier
than his solution.

when
o=-1.72, A=0.1
k=0.2,¢c=0 (45)
in the solution function
1
ul(xt) = = -k
(=) 1 n ue[ 145 )(x—11)

FIET)

(4.6

where t:[0:0.1:0.4f,x:[-10:5:10]

This figure classifies the wave at
the beginning of the earth quake.




Baghdad Science Journal Vol.11(2)2014

Case 1:'A=2,¢=075k=—-3,a=- 3. Md Abdur Rab, 2012.Some
® Travelling Wave Solutions of KdV-

Burgers Equation.Int. Journal of Math.

Analysis, Vol. 6(22): 1053 - 1060

4. Dogan Kaya, 2004.An application of

the decomposition method for the

KdVB Equation .Applied Mathematics

and Computation 15(2)279-288.

5. Omar Chakrone, Okacha Diyer,

Driss Shibih 2010.Improved numerical

solution of

Burger's equation.Bol.Soc.Paran .Mat.

(3s)v.28 (2):9-14

6. J.Biazar and H.H.Ghazvini,

2009.Exact and numerical for non -

linear Burger's Equation by VIM.

Mathematical and Computer

Modelling, 1394-1400.

7. J.H.He, 2007.Variational iteration

method - Some recent results and new

inter-Pretations. Mathematical
Computer.

8. X.H.Zhang, J.Ouyang, L.Zhang,
2009.Element - free characteristic

Galerkin method for Buger's equation.
Engineering Analysis with Boundary
Elements, 356-362.

9. Jawad Kadhim, 2007.Non-Classical
Variation Formulation Approach for

Fig.-2- solving one-Dimensional Non linear
References: Partial Differential Burger's
1. R.SJonson, 1970.A Non Linear Problem.M.S.C  thesis, Baghdad
Equation Incorporating Damping and University
Disper sion.J.Phys.Mech .(42)49-60. 10. M. Javidi, 2006.A numerical
2. R.S.Jonson, 1972.Shallow Water solution of Burgers equation based on
Wave in Viscous Fluid-the Undular modied extended BDF scheme.
Bore.phys- Fluids (15) 1693-1699. International Mathematical Forum, 1(

32)1565 - 1570
S Aalaa Jad 3 i g Adlaa aladiin)

trla o * gl Al ew
355 Tl ¢l o bl B ¢ il it

JdaDAl
A lee iy g5 Aalaa ) b gad any Sy Aalaad (EXACE) D seaal) Jal) e 138 Wisg o0 llas

) 48y 4l eqs.hi @il "Chakrone" dajs (el 4323 iay,h padiul GAI"Kaya" da & Jdadl 13
Lapall alaloall agl gla (e Juzadl 1aa Ul ) (5 5(5) A83ally ol "Javidi" ds 5 Sl

206



