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Abstract:

The main purpose of this work is to introduce the concept of higher N-derivation
and study this concept into 2-torsion free prime ring we proved that:

Let R be a prime ring of char.# 2, U be a Jordan ideal of R and D =(d,)

N-derivation of R, then

be a higher

ien

d,(ur)= > d;(u)d(r), forallueU,reR, neN.

i+j=n
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1. Introduction:

Throughout this paper, R  will

denote an associative ring with center
Z(R), not necessarily with an identity
element. A ring R is said to be prime
(resp. semiprime) if xRy =0((resp.
XRx =0) implies either x=0 or y=0
(resp. x=0), [1]. A ring R is 2-
torsion free if 2x=0, for all xeR
implies x=0, [2]. A Lie ideal (rsp.
Jordan ideal) of R is any additive
subgroup U of R with
[u,r]=ur—rueU (resp. ur+rueU
), forall ueU,r e R, [2]. A derivation
(resp. Jordan derivation) of R is an
additive mapping d:R — R such that
d(ab) =d(a)b+ad(b) (resp.
d(@@)=d(@a+ad(a)), for all
a,beR, [3]. Forafixed aeR, define
d:R—>R by d,(x)=[a,x], for all
xeR, is called an inner derivation,
[4].
Every derivation is obviously a Jordan
derivation, but the converse is not true
in general. Herstein proved that if R is
a prime ring of char. #2, then every
Jordan derivation of R is a derivation
[5].

R . Awtar extended the Herstein's
theorem to Lie ideal, [6]. He proved

that if U is a Lie ideal of a prime ring

of char. #2 such that u®eU, for
every UeU,and d:R—R is an
additive mapping such that d, is a

Jordan derivation of U into R, then dIU

Is a derivation of U into R.

On the other hand, N. M. Shammu in
[7] extended the Herstein's theorem to
Jordan ideals. He proved that if R is a
prime ring of char. #2, U is a Jordan

ideal of R and d:R—R is an
additive mapping satisfying  the
condition

d(ur+ru)=du)r+ud(r)+d(r)u+rd(u)

,forallueU, reR, then
d(ur)=d(u)r+ud(r), for all ueU,
reR.

Let D=(d,),., be a family of additive
mappings of Rsuch that d, =id;. Dis
said to be a higher derivation (resp.

Jordan higher derivation) if
d, (ab)= Zdi (a)d; (b) (resp.
i+j=n
d,(@*) = > d;(a)d;(a) ), for all
i+]j=n

a,beR,neN, [8]. M, Ferrero and C.
Haetinger in [9], extended Hersetine's
result to higher derivations, they
proved that every Jordan higher
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derivation of 2-torsion free semiprime
ring is a higher derivation.

C.Haetinger in [10] extended Awtar's
result to higher derivation. Also, A. K.
Faraj, C. Haetinger and A. H. Majeed
in [2], extended this result to (U,R)-

higher derivation.

The main purpose of this work is to
introduce the concept of higher N-
derivation and study this concept into
2-torsion free prime ring. we extend
Nazar's result into higher N-derivation.
Throughout this paper N will denote
the set of natural numbers including 0
and as usual [x,y] will denote the
commutator xy — yx.

2. Preliminaries:

Now we will introduce the definition
of higher N- derivations and some
basic results which extensively to
prove our main results.

Definition (2.1):

Let U be a Jordan ideal of a ring R
and D= (d)i., be a family of additive
mappings of R such that do = idg D is
said to be higher N-derivation (HN-D,
for short) if for every ne N , we have

d,(ur+ru) = Zdi (u)d;(r) +d;(r)d; (u)

i+j=n
,forallueU, reR.
Example (2.2):
Let R be a ring of 2X 2 matrices over
commutative ring S of char. # 2.

Xy .
Let U :{[ j:x,yes}. It is clear
y X

that U is a Jordan ideal of R let
D =(d,),_, be a family of mappings of
R into R defined by

0-b
ab n=12
d, =:tnc O , for all
cd

0 n>3
ab .
[ jeR.ThenDls HN-D.
cd

Throughout this work R is a prime ring
of char.# 2 ring, U is a Jordan ideal,
D=(d;),., a HN-D of R and we
denote by @, (u,r) the element of R
defined by
@, (u,r)=d,(ur)- > d,(u)d;(r) for
i+j=n
alueU, reR,neN.
Lemma (2.3):
ForallueU, reR,neN
d,(uru)=" > d;(u)d;(r)d, (u)
i+ j+k=n
Proof:
Since D=(d),., is a HN-D, then
replace r by (2u)r+r(2u) in the
definition (2.1),

d,u(u)r+ru))+((2u)r +r(2u))u) =2 Zdi (u)d; (ur +ru)+d;(ur +ru)d; (u)

=23d,(u) d, (u)d, (1) +4, ()d, ()

i+j=n +t=J

+ 3 > d, u)d, () +d, (r)d, (u)d; (u)

i+j=n p+g=i

i+j=n

+ 3d, (u)d, (nd; @) +d, (r)d, u)d, (u)

P+g+j=n

(1)
On the other hand,

d,(u(u)r +r2u))+ (2u)r +r(2u))u)
=d, (u’r+ru®)+4d, (uru)

=2 > d;(u)d,; (u)d,(r)+d;(u)d,(r)d, (u)

i+(+t=n

= > d;(2u*)d;(r)+d;(r)d, (2u*)+4d, (uru)

i+j=n
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=23 > d, (ud, (Wd, (Wd, (1) +

> d.(r) D.d, (u)d, (u)+4d, (uru)
=2( >.d,(u)d,(u)d,(r)+

l+t+ j=n

Zdi (r)d,(u)d,(u))+4d_ (uru)

i+p+gq=n

Compare (1) and (2) and since R is 2-

torsion free we get the required
result. ¢
A Linearization of

d,(uru)= > d,(u)d,(r)d,(u) gives

i+j+k=n
Corollary (2.4):
Forall uveU,reR,neN

d,(urv+vru) = Zdi (ud; (r)d, (u)+d;(v)d;(r)d, (u)

i+j+k=n

Lemma (2.5):
For all ueU, if u e Z(R), then d(u)
eZ(R) foralln € N.

Proof:

We prove the lemma by indication
on neN. Since the lemma is true for
n=1 ([7], lemma 2.2), we can assume
that dm(u) € Z(R) for all m<n ,m,n  N.
Since uez(R)and D=(d,),_ is HN-
D, then
2d, (ur) = Zdi(u)dj(r)+di(r)dj(u)

i+j=n

i<n j<n

=d,(u)r+ > d;ud,;(r)+rd, (u)+ > d;(r)d;(u)

i+j=n i+j=n

=d, (Wr+ rdn(u)+2_i§:di(u)dj(r).

Replace r by vr+rv in equation (1),
then

2d, (U(vr+rv)) =d, (U)(Vr+rv) +(vr+rvd, (u) +2 f:d d; (vr+rv) -(2)

On the other hand, since u e Z(R),
2d, (u(vr+rv)) =2d, (urv+vru)

= >.d,(ud;(nd, (v) +d,(d, (Nd, (u)

i+j+k=n

i<n

=2(d,(u)rv+ Zdi (u)d; (r)d, (v) +vrd, (u)

i+j+k=n
k<n

+ 2. di(wd;(nNd, (u)

i+j+k=n
Since d_(u) e Z(R), for all m<n then
the last equation becomes
2d, (urv+vru) =2(d,(u)rv+vrd, (u) +

i<n

> d,(wd, (nd, (v))

i+j+k=n
k<n

+ > d, (u)d; (v)d;(r)

i+ j+k=n

Comparing (2) and (3), we have

213

i+j=n

dn(u) [v,r]=[v,r]dn(u) Ji.e
[dn(u),[v,r]]=0 for all veU , reR,
neN.

In particular , [dn(u),[v,w]]=0 for all
vweU , reR ,neN, and this means
[dn(u),[U,U]]=0, so we get [dn(u),U]=0,
and hence U contains a non zero ideal |
of R and so

0=[dn(u),U]=[dn(u),I R]=[dn(u),l]R +I
[dn(u).R].

Hence | [dn(u),R]=0 . since R is prime
and I =0 , then [dn(u),R]=0 and this
means

d, (u) eZ(R) forallueU,neN.+

Lemma (2.6):
Forsomeu e UandreR , ifur=ru
then d,(ur)= > d,(u)d(r), for all
i+j=n

neN.
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proof:

We prove the lemma by induction on
ne N.
By ([7], lemma 2.3), the lemma is true
for n=1, then we can assume that

d,,(ur)= > d;(u)d,;(r) forall m <n,

i+j=m
m,neN.
SinceD=(d,),,, is HN-D, for any
veU
d,(v(ur)+(ur)v) = Zdi(v)dj(ur)+di(ur)dj(v)

i+]j=n
=vd, (ur) + _jf:di ()d; (ur)+d, (urv+ »iidi (ur)d, (v)

j<n

=vd, (ur)+ > d,(v) > d,(u)d,(r) +d,ur)v

i+j=n p+q=j

j<n
+ 30 Y, Wd, (Nd;v)
i+j=n /+t=
=vd, (ur) + ind (\d, (u)d,(r)+d, (ur)v

i+p+q=]

(+t<n

+ >d, (u)d,(r)d, (v)

(+t+j=n

On the other hand , since ur=ru and by
using corollary (2.4) then

d,(v(ur)+(ur)v) =d, (vru+urv)

= >d,(v)d, (r)d, (u) +d; (u)d; (rd, (v)

=V Zd (rd, (u)+ fnd (v)d; (r)d, (u)

t+j<n

i+j<n

+ 2.4y (Wd; (W + > d;(u)d;(Nd, (v)

i+j=n i+j+k=n

.(2)

Compare (1) .énd (2) and since
d,(ur)= > d,(u)d,(r), forall m<n,

i+j=m
m,n eN then
D, (ur)v+vad, (r,u)=0.
..(3)

Since @, (u,r)=-®, (ru) forallueU,
reR, neN, then equation (3) becomes
[©,(ur),v]=0forallve U,ne N.

Since every Jordan ideal contains a non
zero ideal | of R and since R is prime,

then ®, (ur) eZ(R).
.4

Since ur= ru , then (2 ud)r =r (2u?)

.Thus,

d)n(2u2,r)=dn(2u2r)—‘Zdi(2u2)d.(r)eZ(R)
....... (5) Also, u(ur)
= (ur)u replace r by ur in equation (4) ,
then
@, (u,ur)=d, (uur)— > d;(u)d, (ur) e Z(R)
i+j=n

, SO

2(d, (uur)— > d,(u)d; (ur) e Z(R)

i+]j=n

Subtract equation (6) from equation (5)
and since R is prime , then

2( D di(u*)d; ()~ > d;(u)d;(ur)

=2( Zﬁdz(u)dt(u)dj(r)—_Zdi(U)dj(Uf))

j<n

=2(u D d (u)d;(N+ >.d,u)d (u)d;(r)-ud,(ur)- > d;(u)d,(ur)

t+j=n l+t+j=n
t+j<n

i+j=n

p+g<n

=2(u Y d, (u)d;(r)+ Zd (u)d, (u)d; (r)—ud, (ur)- Zd (u)d, (u)d, (r))

t+j=n (+t+j=n

214

i+p+g=n



Baghdad Science Journal

Vol.11(2)2014

=2ud, (u,r)eZ(R) and o)
ud, (u,r)eZ(R).

If ® (ur=0 and @, (ur)eZR) ,
then by (lemma (1.2, [7])) we get
ueZ(R) and by lemma (2.6) we have
dn(u)eZ(R) forall n € N.

Hence

2d, (ur)=d, (ur+ru)= Y d,(u)d,(r)+d,(r)d; (u)

i+]j=n

=2d,(u)d,(r)

Since R is 2-torsion free,

d,(ur)= > d;(u)d;(r).

i+j=n

i, j+k<n

Lemma (2.7):

For all uveU, r € R, m,neN, if
@, (u,v) =0, m<n, m e N then
[ur]®, (UV'r) =0 and @ (ur) [
u?,r]=0.

proof:

Let UuVeU such that uveU and
w=d, ((uv)uv +vu(uv)) so
w= Y d;(uv)d;(u)d, (v) +d; (v)d; (u)d, (uv)

i+j+k=n

=uv Y d;(u)d, (v)+d, (uuv+ D d(uv)d;u)d,(v)+vud, uv) > d;(v)d; ()

j+k=n i+j+k=n

i,j+k<n

+ 2 di(v)d; u)d, (u)

i+j+k=n

On the other hand,
w=d_ ((uv)? +vu?v)

= Yodi()d; )+ >d,(v)d, u*)d, (v)

i+j=n i+j+k=n

i,j<n

i+j=n

= 2 di(w)d; )+ > d;(v)d, (u)d, u)d, (v)

i+j=n i+/+t+k=n

=d, (uw)uv+uvd, (uv)+ D d, (uv)d, uv)+vu D d (u)d, (v)

i+]j=n

i+/ t+k<n

+ 2.4 (Wd, (uuv+ > d;(v)d, (u)d, u)d, (V)
i+/=n i+/+t+k=n

Compare thr right hand sides of w and
since @ (u,v)=0, for all uveU, men,
then
[uv]®, (uv)=0foralluveU,neN.
For any reR and ueU,the element v=
ur+ru satisfies the criterion uveR,
hence by above [u®,r] @, (u?n)=0.
In the same way we can prove that
@ (ur) [u’,r] =0. e
If we linearize the result of lemma
(2.7) on r we have the following:

215

t+k=n

Corollary (2.8):

Forallu, veU,reR, m,neN,if ®_
(u,v) =0 m<n, then
(1) [Ur] @, (U2s) +[u?s] @, (U?r)=0,
forallueU, rseR, neN.
2) @, (U%r) [u?s] +®, (u%s)[u?r]=0,
forallueU, rseR, neN.

Lemma (2.9):
If @ (u,v)=0 for all uveU , m<n
mneN , then @, (u%r) =0 , for all

ueU, reR,
ne N.
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Proof:
Multiply equation (2) of corollary
(2.8) from the left by [u%z] ,zeR and
by using equation (1) and (2) of
corollary (2.8) we get
[u%r] @ (U?s)[u?,z]+[u?z]
@ (u?s)[u?,r]=0. D)
Replace z by zt in (1) and using Jacobi
identities , then
[UPr] @, (UPs) z[u?t] +[u?r] @, (U?s)
[u?z] t+
z[V* 1] @, (U,s)
@, (u%s)[u?,r]=0.
By using (1) and corollary (2. 8) ,the
last equation becomes
[[u*r] @, (u*,8),Z][u’ A1+ [ 2]
@, (U3 N[U%s],t]=0. .....(2)
Replace z by z[u?z] in equation (2)
,then
0= [[u%r] @ (u?s),z[u?,Z]]
[u?t]+u? Z[u?Z]][ @, (U?,r)[u?s]t]
=Z[[u*1] @, (u*s),[u* Z]][u”E+[[u1]
@ (u?s),z][u?z][u? 1]+
z[u,[u?,2]]

[@, (U2 N[u?s]+u* Z][u ][

@ (Ui nN[u%s]tl.
Substitute equation (2) in the last
equation ,
[[[u5r] @, (u?s),z],[u*2]][u%t]=0, for
allueU,rs,zeR,ne N. ..... (3)

Replace t by ct in equation (3) and use
Jacobi identities, then

[[u.r] @, (u*s),2],[u*7]]
(c[u? ]+[u? c]t)=0. .....(4)

In view of equation (3),the second term
of equation (4) is zero, then

[[[u%r] ®, (u%s),z],[u?,.z]]R[u? t]=0.
The primeness of R give us either
[u%t]=0, forallue U, teR or

[[[V’r] @, (u%s),z],[u%z]]=0, for all
ueu,rsz eR,neN.

If [u?,t]=0 ,then u’c Z(R) and by using
lemma (2.6) we get @, (u?,r)=0 for all
ueU, reR, neN.

[u?,r][u? 2]t

216

Now ,if [[[u,r] ®, (u%s),z],[u?2]]=0,
then
[Wir] @, (%s)2][u? Z]=[u? Z][[u’ 1]
@ (U2s),z].
put t=z in equation (2), then
[u* ][ @, (¥ n[u’s],z]+[[u*r]
@ (u?s),z][u?,z]=0.
In view of equation (5), the last
equation reduce to
0= [u%zZ][ @ (U2 n[u’s],z]+
[V Z][[u*.F] @, (us).Z]

=[u*,z][ @, (u*,n)[u?s].[u%r] @
(u”s),2]

= WPzl @, (UAN[U%s]-[uis] @,
u2n),z]

=[u* Z][[ @, (u*r),[u*s]].2].
A linearization of the last equation
with respect to z gives
0= [u?,z+][[ @, (U2r),[u?s]],z+]

=2 @, (u?n),[u* ST+ U I
@ (U2 n),[u?s]].2]. .....(6)
Replace t by u’t in equation (6), then
[V ZW[[ @,  (u?r),[u?sTLA1+u[u? A0
@ (U?r),[u?s]],2]=0.
In view of equation (6),
[[u* 2] uI[[ @, (u*,r),[u?s]].1]=0
Put t=ct in equation (7),
O=[[u?, 2] W[ @, (u?r).[u*s]].ct]
=[[u?, 2] WIc[[ @, (%), [u s] 4] +
[[u* 2] u’I[[ @, (u?.r).[u?s]clt
=[[W?, 2] W°Ie[[ @, (U?,r),[u?s].t], for all
ueU, rstzeR.
That
[[®, (U%r),[u%s],t]=0.
Since R is prime ,then either
[[U%z],u’]=0 for all ueU, zeR, or
[[®, (U%n),[u’s],t]=0 , for all ueU,
rsteR,neN.

Notice that, if [[u%z],u?]=0 then by
(theorem 1.4, [7]) we get u*c Z(R) and
by lemma (2.6), @, (u*,r)=0 for all u e
U,reR,neN.

Now, if [[®, (u?r),[u?s]],t]=0, then

n

..... )

is,[[u?,z],u’]R
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[@, (U%n),[u%s]]= @, (U r)[u?s]-[u?s]
@, (Wi eZ(R).

Put o=@ _(u’n[u’s] and B=[u’s]
@, (U%r).

Now we must show that oc-$=0.
Trivially we have «?=0 and B=0.So

(cc-B)*=pBocp- ocPec.

Since [®@, (U?,r),[u?s]]€ Z(R), then
[u®s][ @, (u?n),[us]]=]
@ (u%r),[u*s][u?s].

By expanding and using the corollary
(2.8) and lemma (2.7) we get

-[u?,s][u? 5] @ (U=
@ (u?n[u®s][us]. .(8)
Also,from [®, (u%n),[u%s]] €Z(R) we
have

@, (u%,N] @, (U%r),[u%s]]=
@ (U2 n),[u?s] @, (U%n).

Then by expanding and using corollary
(2.8) and lemma (2.7) ,we get

(TR @ (u?,N[u?s]=-[u?s]
@ (Ui @, (Uir). .(9)
Now, cB=D, (U r)[u?,s][u?s]

D, (u%,r) and by equation (8) we get
ocp=-[UZs][U%s] @, (UAF) @, (Ur).

By applying equation (9) on the last
equation,

B=[u?s] @, UAr) @, (u*r)[u’s]=Pec
. S0 ,( «—P)* =0.

Since R is prime and «—f e Z(R), then
oc—f3=0.

That is [ @, (u?n),[u’s]]=0, for all
ueU,rs eR,n e N.
Replace s by st in equation (10) and by
Jacobi identities and by using equation
(10) itself we have

[u?s][ @, (U N4+
@, (u?n),s][u’t]=0, for all ueU, rst
eR,n eN.

Put s=[u?,s] in the last equation ,then
[u?, [ s]IL @, (U N4+
@, (u?,),[u%s]][u?,1]=0.

217

Again by equation ,then
[W?,[W%SII[ @, (u?n),t]=0.

So, [u?[us]IR[®, (u%r),t]=0. Since
R is prime either u?e Z(R) which gives
us

@ (u4n=0 for all ueU, r eR, neN,
or [@, (U%n,t]=0, for all ueU, reR,
ne N and this means @ (U3 eZ(R).
By lemma (2.7), @, (u%n[u%r]=0 for
allueU, reR,neN.

So, if for some u and r, @, (u%r) =0,
since R is prime then [u?r]=0, so by
lemma (2.6), @ (u?r) =0 for all ueU,
reR,neN.e¢

(10)

Lemma (2.10), [7]:

For any teR ,if tv* + v?=0 for all
veU, then t=0.
Now,we reach to the main theorem

Theorem (2.11):
Let R be a prime ring of char.# 2, U

be a Jordan ideal of R and D =(d,);_,
be a HN-D of R ,such that @ (u,v)=0
for all u,ve U, m<n, m,ne N, then

d,(u,r)= > d;(u)d;(r), for all ueU,
i+j=n
reR,neN.
proof:
We prove by induction on neN. By
[7], the theorem is true for n=1, then

we can assume that
d,(ur)= Y d;(u)d;(r), for all ueU,
i+j=m

reR, m<n,m,neN.
Since D=(d;),_, IS HN-D, then

d, (u(ur)+(uryu) = Zdi(u)dj(ur)+di(ur)dj(u)

i+j=n
=ud, (ur) Jrvjidi (u)d; (ur)+d, (urju +Vi§:di (ur)d; (u)

Since ®_(u,r)=0, for all ueU, reR,
m<n, then
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l+t<n

d,(u(ur)+ (ur)u) =ud, (ur) + Zdi(u)d,(u)dt(r)+dn(ur)u+ de(u)dq(r)dj(u)

i+l+t=n

On the other hand, by using lemma
(2.9) and lemma (2.3) we have

d,(u(ur)+(@urju) = dn(uzr) +d, (uru)

= 2.4,d, u)d;(r)+ Y d;(u)d;(r)d, ()

I+t+j=n i+j+k=n

t+j<n

=u > d,()d;(N+ >.d,(u)d, (u)d;(r)

t+j=n (+t+j=n

i+j<n

+ 2. di(ud; (Nu+ > d;(u)d;(Nd, (u)

i+j=n i+j+k=n

...... @)

ud, (ur) + @ (uru=0 [for all ueU,

reR, neN.
A linearization of the last equation
with respect to u gives

vod, (ur) +ud, (v,n+
@, (u,nv+d  (v,ru=0, for all
uveUreR, ne N. eeen(3)

Replace v by 2v? in equation (3) and
by lemma (2.9) then

2(v2 @ (u,r)+ @, (u,r)vA)=0.

Since R is 2-torsion free and by using
lemma (2.10),

we have @, (u,r)=0 for all ueU, reR,

neN.ie, d,(ur)= > d(u)d,(r).

i+j=n
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neNweU,reR & d (ur)= > d;(u)d;(r) o4R 4alall

i+]j=n
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