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Abstract:

In this paper, a new third kind Chebyshev wavelets operational matrix of
derivative is presented, then the operational matrix of derivative is applied for solving
optimal control problems using, third kind Chebyshev wavelets expansions. The
proposed method consists of reducing the linear system of optimal control problem
into a system of algebraic equations, by expanding the state variables, as a series in
terms of third kind Chebyshev wavelets with unknown coefficients. Example to
illustrate the effectiveness of the method has been presented.
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Introduction:

Wavelets are localized function which
are a useful tool in many different
applications: signal analysis data
compression, operator analysis, PDE
solving vibration analysis and solid
mechanics [1-4].

One of the popular families of
wavelets is Haar wavelets [5],
harmonic wavelets [6], Shannon

wavelets [7], Legendre wavelets [8],
and Chebyshev wavelets of the first
and second kinds [9,10].

The aim of the present paper is to
present wavelets named third kind
Chebyshev wavelets on the interval
[0,1]. The related operational matrix of
derivative is derived which is suitable
for approximate solution of optimal
control problems.

Review of Third kind

Chebyshev Wavelets:

It is well known that Chebyshev
polynomials of the third kind V,,(x) are
orthogonal with respect to the weight

. 1+x" .
function w(x) = :ﬁ, on the interval

[-1,1] and satisfy the following
formulae [13]

Vy(x) =1

Vi(x)=2x—-1

V(x) =4x*—2x—1

Va(x) =8x% —4x? —4x +1

IVn (Ij = Zan_i(x] - Vn—! (.’1’]

To obtain the recurrence relation, we
have V_ (cos28) = cos(Znt1)8
and

cosd

cos(2n + 1)8 cos 26 + sin(2n + 1)6 sin 26

V,:,(cos268) =

V,_,(cos28) =

cos®

cos(2n+ 1)8 cos 26 — sin(2n + 1)8 sin 26

cosd
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When the above relations are added
together, yields
Voo (x) =22V (x) -V, _y(x); n=12..

vy = F
1) L «"E ®t-7) .
) =1 (x)=2x—-1 . = Fo@e-ntr @-n - fres
Third kind Chebyshev wavelets v _ E st 2ty sy
are defined on the interval [0,1) by oA 4
[14] 1 ()
22 (f) = {2? V,.(2"'t — 2n + 1) 5 < t < JA function f(t) defined over [0,1)
’ 0 oterwise may be expanded as:
(2) F() = Ei=1 X5 =0 frum Frm (1)
_ ()
where ¥, =—V, where  fo..= (F(,¥2..(t))
Here = ¥ (kom,n,t) If the infinite series in equation(5)
have four arguments; is truncated , then it can be written as:
k=1,2,3,....n=1,2,.....2 m is the order 2¥ M-1
for third kind Chebyshev polynomials fle) = fpry = Z Z From o ()
and t is the normalized time. i
The eight basis functions when
M=3,k=1 are given by: = FT¥3(t)
. (6)
G where F and ¥#(t) are 2¥M x 1
v = "E (8:-3) oseet, matrices given by:
i, = \}‘g ((8t—3)*+  (8t—3) -1)
i = \E ((8t—3)"+ 2(8t—3)2— (8t—3) -1)
3)

F= [fl.[!l’fj,.l’ ---:fj,,.w—rfz,nr ""fﬂ.u'-':l'—l’ ’J]F'E;'r,[!l‘I ’fﬂk,}-’:l'—l]

E3(e) =

T
[P50(8) 51 (8), s Poaoa (), F50 (), s Fopgea (B), ooy P o (8, ooy Py, (D]
()

Constructing Third Kind control problem, we need to map the
Chebyshev Wavelets differential operators to the wavelets
Operational Matrix of Derivative basis .
In order to use Chebyshev wavelets First, consider the first derivative of
of the third kind for solving optimal third kind Chebyshev polynomials
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f/ 0 0 0 0 0 0 l:l\
2 0 0 0 0 0 0
2 4 0 0 0 0 0
4 2 6 0 0 0 0
_ 4 6 2 8 0 0 0
Dy = 6 4 8 2 10 0 0
6 8 4 10 2 12 .. 0
E E E E E : W0
2(m— 2) 2(m—4) 2(m-—1) 2 2m .. 0

\ 2m 2(m—2) 2(m—1) 2 2m lZI/

m, is the order of third Chebyshev
polynomials

if m odd D, becomes

e [ "h (mt s+ OV + 2 (m-s)V,

3 8VEN s odd

(8a)
if m even D, becomes
En =378 (m— 9V, +
mdm+s+ 1)V
g odd
(8b)
In matrix form, the relations (8) are
I'fm = DVV[:t:]
)

where Dy, isan  (m+1)x(m+1) matrix
and V(t) is the vector of Chebyshev
polynomial of the third kind given by

v =M v W7
(10)

The third kind Chebyshev wavelets
operational matrix of derivative will be
derived now  and introduced
throughout the following theorem.
Theorem (1): The first derivative of
third kind Chebyshev wavelets, is
given by the following relation

77 (£) = D e ¥ (1)

(12) where ¥ is the Chebyshev
wavelets vector defined in (7) and D .=
is the

2T M+ 1) x 28N (M + 1)
operational matrix of third kind
Chebyshev wavelets and is defined as
follows

231

Dy: = diag(RR ... ...R) in
which R is (M+1)x(M+1) matrix and
its (r, s) element is defined as:

if rodd R,.. becomes
R, =2¢% [[E’";éu. (r+s+ DPE+TE (r—5) 555]

5 gveEn s odd

if r even R,. becomes
R, =21 [Z’";ED (r—s)¥ +

2 BVEN

Hi(r+s+1) 5&3] (12)

5 odd
Proof:
From eq.(2), the vector
can be written as

A (1)

LA
wi(t) = {Zﬂ“ ﬁ V(251 — n)

n n—1
e [2?” 2*] (13)
oW
where =0,1,...,(2"M) + 1
m=0,1,2,....M

n=0,1,2,...,2% — 1
Differentiate eq. (12) with respect to t
, yields.

BT .
awie _ ) 2z [=2F1 (251t — n)
dt NT

0 otherwise.

(14)
Therefore; from equation (13) we can
conclude that:

dWE _ (n+1)(M) 3 _
? = Zz’=n(M}+1afin H 1,2, - [M:]

(15)
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where the coefficients a; ‘s, will be
obtained

dwE

dt
r=0,(M+1),..,2"(M+ 1).
Equation (14) is concluded because

—du;n;t} = 0, consequently the first row

of matrix R defined in (12) is zero.
Using relation (8) in (14) leads to
equation (12).

Which is the required result .
Application to Test Problem

The objective of this section is to
illustrate, through of example, the
wide range of applicability and the
effectiveness of the proposed method.

Example:
Consider the finite time quadratic
problem Minimize

1
f=j udt
0

The exact solution to this problem is
given by
() =t3 =37+t +1
u=6t—6.

and

d =[-5.67907968 0.29374550 0.058749100

with the aid of Spectral method to
equation (17), the following system of
equations are obtained,

8C, + 136C,, 272C, = —5.67907968
16C, +392C, = 0.29374550

24C, = 0.058749100

8C, +136C, + 272C; = —3.32911568

160, + 3920, = 0.76373830,

In order to apply the proposed
method , one first finds
The Hamiltonian equation [15]

H=u? + A%, + A,u
and the adjoint equations
8H _ = 8H _ 8H _ 0

T w1 w2 Fu
dx, R du

From the above equations , we obtain
the following

x+i%=3t2-5

(16)

Now Xx(t) is approximated by using
third kind Chebyshev wavelets with
M=4and k=1

Thatis == cT¢?
then equation (16) becomes

CT(Dg:)¥3(r) =d"¥3(t) (17)

where dTw3(t) =3t? -5
R i 0
here Dngsz e : .
o : R
where
0O 0 0 0
R = 8 0 0 0
5 16 0 0
16 8 24 0
and

—3.32011588 0.76373830 0.058749100 ]7
4C, = 0.058749100.

The additional two equations are
given by:

¥(0) = CcT¥*(0) = 1
y(1) = cT¥* (1) =0

where

T
wi(0) = [D.?9?88456— 2.39365365 3.9894228 — 558519192 00 0 l]]
wi(1)=[0 0 0 0 0.79788456 0.79788456 0.79788456 0.79788456]7
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Solving the above system to get the
valuesof C T

C = [1.22149171 — 0.08567577 — 0.0416139458 0.00244788 0.30108914 — 0.2912

0.01223939 0.00244788]7

Table (1) numerical results of the test problem

t . approximat | ;bsolute
exact solution solution Error
X(t) -
M=4
0 1 1 0.00000000
0.1 1.07100000 1.07100000 0.00000000
0.2 1.08800000 1.08800000 0.00000000
0.3 1.05700000 1.05700000 0.00000000
0.4 0.98400000 0.98400000 0.00000000
0.5 0.87500000 0.87500000 0.00000000
0.6 0.73600000 0.73600000 0.00000000
0.7 0.57300000 0.57300000 0.00000000
0.8 0.39200000 0.39200000 0.00000000
0.9 0.19900000 0.19900000 0.00000000
1 0.00000000 0.00000000 0.00000000
Conclusion: [2] Jie. W., Liu. M. 2003. Application
In this paper a general of Wavelet Transform to steady-stat
formulation for the third kind Approximation of power electronics
Chebyshev  wavelets  operational Waveforms, Department of Electronic,

matrix of derivative has been derived.
Then an approximated method based
on third kind Chebyshev wavelets
expansions  together  with  the
operational matrix of derivative was
proposed to obtain an approximate
solution of optimal control problems.
The numerical results show the
method is very efficient for the
numerical solution of optimal control
problems and only few number of ¥
expansion terms are needed to obtain a
good approximate solution for these
problems. The operational matrix of
derivative can be applied for the
numerical solution of other problems
such as nonlinear optimal control
problems and integral equations.
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