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Abstract:

A (k,n)-arc is a set of k points of PG(2,q) for some n, but not n + 1 of them, are

collinear.

A (k,n)-arc is complete if it is not contained in a (k + 1,n)-arc.
In this paper we construct complete (ky,n)-arcs in PG(2,5), n = 2,3,4,5, by
geometric method, with the related blocking sets and projective codes.
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1- Introduction:

Let PG(2,q) be the projective
plane over Galois field GF(q). The
points of PG(2,q) are the non-zero
vectors of the vector space V(3,q) with
the rule that  X(x;,x2,Xx3) and
Y (Ax1,AX2,AX3) are the same point,
where A € GF(q)\{0}.

Similarly, X[X1,X2,X3] and
YI(Ax1,AX2,Ax3] are the same line, where
A € GF(q){0}.

The point X(X1,X2,X3) is on the line
Y[y1,Y2,ys] if and only if X3 y1 + X2 yo +
X3y3=0.

In PG(2,q), there are g° + q + 1
points and g° + g + 1 lines, every line
contains exactly g + 1 points and
every point is on exactly g + 1 lines.

Definition 1.1:[1]

A (k,n)-arc K is in PG(2,q) is a set
of k points such that some lines of the
plane meet K in n points but no line
meets K in more than n points, where
n>2.

Definition 1.2:[2]

A (k,n)-arc is complete if it is not
contained in a (k+l,n)-arc. The
maximum number of points that can a

(k,2)-arc can have is m(2,q) and this arc
is an oval.

Theorem 1.3:[3]
In PG(2,9),

g+1 for q odd
m(2,q) =
g+2 for q even

Definition 1.4:[1]
A line £ in PG(2,q) is an i-secant
of a (k,n)-arc K if | ¢nK| = 1.

Definition 1.5:[1]
A variety V(F) of PG(2,g) is a
subset of PG(2,q) such that

V(F) ={P(A) € PG(2,q) | F(A) = 0}.

Definition 1.6:[1]

Let Q(2,g) be the set quadrics in
PG(2,q), that is the varieties V(F),
where:

2 2 2
F=a11X1 +a22XZ +a33x3 +a12X1X2 +a13X1X3 +a23X2X3

(D)

If V(F) is non singular, then the quadric
IS a conic, that is, if
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Theorem 1.8:[3]
In PG(2,q9), with g odd, every oval
IS a conic.

Definition 1.9:[3]

A point N which is not on a
(k,n)-arc has index i if there exactly
i(n-secants) of the arc through N, the
number of the points N of index i is
denoted by N;.

Remark 1.10:[3]

The (k,n)-arc is complete if and
only if No =0. Thus the arc is complete
if and only if every point of PG(2,q) not
on the arc lies on some n-secant of the
arc.

Definition 1.11:[4]

An (b,t)-blocking set B in PG(2,q)
is a set of b points such that every line
of PG(2,q) intersects B in at least t
points, and there is a line intersecting
B inexactly t points.

If B contains a line, it is called
trivial, thus B is a subset of PG(2,9)
which meets every line but contains no
line completely; thatis t< |B n €]<q
for every line ¢ in PG(2,q). We may
note that a blocking set is merely a
(k,n)-arc with n < g and no 0-secants.
A blocking set B is minimal if B\{p} is
not blocking set for every p € B.

1.12 The Relation Between the
Blocking (b,t)-set and the (k,n)-arc:
[4]

The (k,n)-arcs and the (b,t)-
blocking sets are each complement to
the other in the projective plane
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PG(2,g), thatis,n+t=q+landk +b
= g° + q + 1. Thus the complement of
the (b,t)-blocking set is the set of points
that intersects every line in at most n
points which represents the (k,n)-arc.
Also finding minimal (b,t)-blocking set
is equivalent to finding maximal (k,n)-
arc in PG(2,9).

Definition 1.13:[3]

In PG(2,9), let B contains a line €
minus a point P plus a set of q points
one on each of the q lines through P
other than € but not all collinear; then B
is  minimal (2q,1)-blocking  set.
Blocking sets of this kind are called
rédéi-type studied by [Bruen, A.A. and
Thas, J.A. (1977)] and in [Blockhuis,
A.A. and Brouwer, E. and S.Z. “onyi,
T. (1995)].

Definition 1.14:[5,6]

Let V(n,q) denote the vector space
of all ordered n-tuples over GF(q). A
linear code C over GF(q) of length n
and dimension k is a k-dimensional
subspace of V(n,q). The vectors of C
are called codewords. The Hamming
distance between two codewords is
defined to be the number of coordinate
places in which they differ. The
minimum distance of a code is the
smallest distances between distinct
codewords. Such a code is called an
[n,k,d]q code if its minimum hamming
distance is d.

There exists a relationship
between complete (n,r)-arcs in PG(2,q)
and [n,3,d]y codes, given by the next
theorem.

Theorem 1.15:[5]

There exists a projective [n,3,d]q
code if and only if there exists an (n,n —
d)-arc in PG(2,q).

2- The Projective Plane PG(2,5)

In this paper we consider the case
g = 5 and the elements of GF(5) are
denoted by 0,1,2,3,4.
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A projective plane © = PG(2,5)
over GF(5) consists of 31 points, 31
lines, each line contains 6 points and
through each point there are 6 lines.

Let P; and L; be the points and
lines of PG(2,5), respectively. Let i
stands for the point P;, i = 1,2,..., 31.
The points and the lines of PG(2,5) are
given in the table ().

Table (1)Points and Lines of PG(2,5)

i Pi L

1110012 7]12]17]|22] 27
210/1]0]17]8]9)10/11
311 1]0]6] 7|16]20) 24|28
4120 1[0]4] 7[14]21|23|30
513/ 1]0]5] 7]15]18) 26|29
614 1]0]3] 7[13]19| 25|31
710011 2]3]4]5]|6

811/ 0]1]2]11]16]21) 26|31
9120112 9]14[19) 24|29
101 3] 0] 1] 2] 10| 15] 20| 25| 30
1114/ 01| 2] 8] 13] 18] 23| 28
1210 1| 1]1]27]28] 29| 30|31
13|/ 1] 1| 1]6]11]15] 19| 23| 27
14121 1]1]4] 9]16] 18| 25| 27
1513 1| 1]5] 10| 13] 21| 24| 27
1614 1| 1] 3] 8] 14] 20| 26| 27
1710/ 2| 1] 1]17[ 18] 19| 20|21
18| 1] 2| 1| 5] 11| 14]) 17| 25|28
19121 2]1]6] 9[13]17]26|30
2013/ 2|1]3[10)16|17] 23] 29
21141 2|1]14] 8|15]/17] 24|31
2210 3|1]1]22) 23| 24| 25| 26
2311 3|1]4]11)13]20] 22| 29
24120 3|1]13] 9|15]21]22| 28
2513/ 3|1|6]/10)14|18] 22|31
2614 3|1]5] 8)16/19]22|30
2710 4)1]1]12)13|14] 15|16
2811 411]3[11)12]18] 24|30
2912 411]15] 9]12]20] 23|31
3003 4|1]4]10)12|19] 26| 28
3114, 4|1]6] 8|12|21] 25|29

2- The Constructions of (k,n)-
arcs in PG(2,5) :[1]

Let A ={1,2,7,13} be the set of
reference and unit points in © =
PG(2,5), where 1 (1,0,0), 2 (0,1,0), 7
(0,0,1), 13 (1,1,2).

A is a (4,2)-arc since no three
points of A are collinear, the points of
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A are the vertices of a quadrangle
whose sides are the lines:
[1,11={1,2,3,4,5,6}
[1,7]1=41,7,8,9,10,11}
[1,13] = {1,12,13,14,15,16}
[2,7]1 ={2,7,12,17,22,27}
[2,13] = {2,8,13,18,23,28}
[7,13] ={3,7,13,19,25,31}
The diagonal points of A are the points
{3,8,12} where [1,2] n [7,13] = 3, [1,7]
M [2,13] = 8, [1,13] n [2,7] = 12 which
are the intersections of the pairs of the
opposite sides. Then there are 25 points
on the sides of the quadrangle four of
them are the points of the arc A and
three of them are the diagonal points of
A. So there are six points not on the
sides of the quadrangle which are the
points of index zero for A, these points
are:

20,21,24,26,29,30
Hence A is incomplete (6,2)-arc.

2.1 The Conics in PG(2,5) through
the Reference and Unit Points

The general equation of the conic
is:

2 2 2
allxl +a22x2 +a33x3 +a12X1X2 +a13xlx3 +%3X2X3 :0

(D
By substituting the points of A in (1),
we get;

aptaizst+ax=0 and ai; = axp = ass
=0, so (1) becomes:

a12X1X2+a13X1X3+a23X2X3:0 (2)
If a, = 0, then the conic is
degenerated, therefore ap, # 0,

similarly, a;3# 0 and ay # 0.
Dividing equation (2) by aj,, we get:
XX, +aXX,+Bx,x,=0 ...(3)

where o =2 ,[s:%, then p=—-(1+
a, a,
o) since 1 + o+ =0 (mod 5).
Then (3) can be written as:

X1X2+(X)C1X3_(1 +(X)XZX3:0 (4)
where a=0and o = 4, forifa =0 or
o = 4 we get a degenerated conic, that

is, o =1,2,3.
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2.2 The Equations and the Points of
the Conics in PG(2,5) through the
Reference and Unit Points [1]

For any value of a, there is a unique
conic contains 6 points, 4 of them are
the reference and unit points

1. If o =1, then the equation of the
conic Cy is
XX, +X X, +3x,X,=0
The points of C, are : 1,2,7,13,20,26.
2. If o = 2, then the equation of the
conic Cy is
XX, +2XX,+2x,x,=0
The points of C, are : 1,2,7,13,21,29.
3. If o = 3, then the equation of the
conic Cz is

XX, +3X.X, +X X, =0
The points of Cs are : 1,2,7,13,24,30.
Thus we found five conics two of them
are degenerated and the remaining three
conics C;, Cs, C3 are non-degenerated,
which are complete (k,2)-arcs.

2.3 The Construction of Complete
(kn,n)-arcs in  PG(2,5) and the
Related Blocking Sets

and Projective Codes

The complete (k,n)-arcs in PG(2,5)
can be constructed by eliminating the
conics given above from PG(2,5) as
follows:

2.3.1 The Construction of Complete
(ks,5)-arc

Let © = PG(2,5), we take a conic,
say Cq, where C; = {1,2,7,13,20,26}.
Let K = T — C, =
{3,4,5,6,8,9,10,11,12,14,15,16,17,18,19
,21,22,23,24,25,27,28,29,30,31}

The construction of complete (ks,5)-arc
must satisfies the following:

(1) Any line of © must intersects the arc
in at most 5 points.

(2) Every point not in the arc is on at
least one 5-secant of the arc.
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We eliminate five points from K which
are: 6,12,17,22,25 to satisfy (1). The
point 20 is of index zero we add it to
K to satisfy (2), then

K=K v  {20}\{6,12,17,22,25}=
{3,4,5,8,9,10,11,14,15,16,18,19,20,21,2
3,24,27,28,29,30,31}. Then Ks is a
complete (21,5)-arc as shown in table

().
Let B]_ = T — Ks =
£1.26,7,12,1317,22,2526}. B is

(10,1)-blocking set of size (2g) which is
of Rédei-type(figure-1-) contains the
line L,\{27} = {2,7,12,17,22} and one
point on each line through the point 27
other than L;, which are non-collinear
points: 1,6,13,25,26. Note that each line
in 7 intersects P in at least one point as
shown in table (2). By theorem 1.15,
there exists a projective [21,3,16] code
which is equivalent to the complete
(21,5)-arc K.
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Table (2)

IKs | IB:
i Ks N L Bin L N N

Ll | ul
1 {27} {2,7121722}| 1 | 5
2 {8,9,10,11} {1,7} 4 | 2
3| {16,24,28,20} 16,7} 4 | 2
4 | {4,14,21,23,30} {7} 5 | 1
5| {5/15,1829} {7,26} 4 | 2
6 {3,19,31} {7.13,25} 3 | 3
7 {3,4,5} {1,2,6} 3 | 3
8| {11,16,2131} {2,26} 4 | 2
9 | {9,14,19,24,29} {2} 5 | 1
10| {10,15,20,30} {2,25} 4 | 2
11| {8,18,2328} {2,13} 4 | 2
12| {27,28,29,30,31} {1} 5 | 1
13| {11,15,19,23,27} {6} 5 | 1
14| {4,9,16,18,27} {25} 5 | 1
15| {5,10,21,2427} {13} 5 | 1
16| {3,8,14,20,27} {26} 5 | 1
17| {18,19,20,21} {117} 4 | 2
18] {511,14,28} {17,25} 4| 2
19 {9,30} {6,131726} | 2 | 4
20| {3,10,16,23,29} {17} 5 | 1
21| {48,152431} {17} 5 | 1
22 123,24} [1,22,2526} | 2 | 4
23| {4,11,20,29} {13,22} 4| 2
24| {3,9,15,21,28} {22} 5 | 1
25| {10,14,1831} {6,223 4 | 2
26| {5,8,16,19,30} {22} 5 | 1
27| {14,516} {1,12,13} 3| 3
28| {3,11,18,24,30} {12} 5 | 1
29| {5,9,23,20,31} {12} 5 | 1
30| {4,10,19,28} {12,26} 4 | 2
31 {8,21,29} {6,12,25} 3| 3

2.3.2 The Construction of Complete

(k4,4)-arc

We take the union of two conics,
say C; and C, where C; =
{1,2,7,13,20,26} and Cy =

{1,2,7,13,21,29}.
LetK=n—-(CiuC))

{3,4,5,6,8,9,10,11,12,14,15,16,17,18,19
,22,23,24,25,27,28, 30,31}

The construction must satisfies the
following:

(1) Any line of &t intersects K in at most
4 points.

(2) Any point not in K is on at least one
4-secant.

We eliminate seven points of K which
are: 11,12,15,16,17,18,22 to satisfy (1).
There are no points of index zero for K
then
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K=K  \{11,12,15,16,17,18,22} =
{3,4,5,6,8,9,10,14,19,23,24,25,27,28,30
,31}. Then K, is a complete (16,4)-arc
as shown in table (3).

By theorem 1.15, there exists a
projective [16,3,12] code which is
equivalent to the complete (16,4)-arc.
Let Bz = T — K4
={1,2,7,11,12,13,15,16,17,18,20,21,22,
26,29} is a (15,2)-blocking set of size
(3q), note that each line in = intersects
B2 in at least two points of & as shown
in table (3).

Table (3)

K, | B2

i KsN L BN L N N
Ll | 4

1 {27} {27121722 | 1 | 5
2| {8,9,10} {1,711} 3| 3
3| {6,24,28} {7,16,20} 3| 3
4 | {4,14,23,30} {7,213 4 | 2
5 {5} {7,15182629Y | 1 | &
6 | {3,19,2531} {7.13} 4| 2
7| {3456} {12} 4 | 2
8 {31} {211,162126} | 1 | 5
9 | {9,14,19,.24} {2,29} 4 | 2
10| {10,25,30} {2,15,20} 3 3
11| {82328} {2,13,18} 3 | 3
12| {27,28,30,31} {1,29} 4 | 2
13| {6,19,23.27} {11,15} 4 | 2
14| {49,2527} {16,18} 4 | 2
15| {5,10,24,27} {13,21} 4 2
16| {3,8,14.27} {20,26} 4 | 2
17 {19} {117182021} | 1 | 5
18| {5,14,2528} {1117} 4 | 2
19|  {6,9,30} {13,17,26} 3 | 3
20| {3,10,23} {16,17,29} 3 | 3
21| {4,82431} {1517} 4 | 2
22| {23,24.25} [1,22,26} 3 | 3
23 {4} {11,1320,2229} | 2 | 4
24| {3,928} {15,21,22} 3 | 3
25| {6,10,14,31} {18,22} 4 2
26| {5,8,19,30} {16,22} 4 | 2
27 {14} {112131516} | 1 | 5
28| {3,24,30} {11,12,18} 3 | 3
29| {509,2331} {12,20} 4| 2
30| {4,10,19,28} {12,26} 4 | 2
31| {6,825} {12,21,29} 3 | 3

2.3.3 The Construction of Complete

(ks,3)-arc

We take the union of three conics,
say C; C, and Cz where C; =
{1,2,7,13,20,26}, C, =
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{1,2,7,13,21,29}
{1,2,7,13,24,30}
LetK:TlZ—(C1UC2UC3)

and Cs =

{3,4,5,6,8,9,10,11,12,14,15,16,17,18,19
,22,23,25,27,28,31}

The construction must satisfies the
following:

(1) Any line of & intersects K in at most
three points.

(2) Any point not in K is on at least one
3-secant of K.

We eliminate 10 points of K which are:
4,6,11,16,22,23,25,27,28,31 to satisfy
(1). There are no points of index zero
for K then

Ks = K\ {4,6,11,16,22,23,25,27,28,31}
={3,5,8,9,10,12,14,15,17,18,19} is a
complete (11,3)-arc as shown
in table (4).

By theorem 1.15, there exists a
projective [11,3,8] code which is
equivalent to the complete (11,3)-arc
Ks.

Let B3 = s — Ks =
{1,2,4,6,7,11,13,16,20,21,22,23,24,25,2
6,27,28,29,30,31}, then B3 is a (20,3)-
blocking set of size (4qg)which is a
trivial since B3 contains some lines of «
completely as shown in table (4), note
that each line intersects B3 in at least
three points of «.
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Table (4)

IKs | IBs
i KsN L Bz L N N

Ll | Ll
1| {1217} {2,7,22,27} 2 | 4
2 | {8,910} {1,711} 3 | 3
3 [0 {6,7,16,20,24,28} 0 6
4 {14} {4,721,23,30} 1| 5
5| {5,518} {7,26,29} 3 | 3
6| {319} {7,13,2531} 2 | 4
7 {3,5} {1,2,4,6} 2 | 4
8 [0 {2,11,16,21,26,31} 0 6
9 | {9,14,19} 12,2429} 3 | 3
10| {10,15} {2,20,25,30} 2 | 4
11| {818} {2,13,23,28} 2 | 4
12 ) {1,27,2829.3031Y| 0 | 6
13| {1519} {6,11,23 27} 2 | 4
14| {918} {4,16,2527} 2 | 4
15| {510} {13,21,24,27} 2 | 4
16| {3,814} {20,26,27} 3 | 3
17| {17,1819} {1,20,21} 3 | 3
18] {51417} {11,25,28} 3 | 3
19| {917} {6,13,26,30} 2 | 6
20| {3,10,17} {16,23,29} 3 | 3
21| {8,1517} {4,24,31} 3 | 3
22 ) [1,22,23,242526} | 0 | 6
23 ) {4,11,13,20,22,29}| 0 | 6
24| {3915} {21,22,28} 3 | 3
25| {10,14,18} {6,22,31} 3 | 3
26| {5819} {16,22,30} 3 | 3
27| {12,14,15} {1,13,16} 3 | 3
28| {31218} {11,24,30} 3 | 3
29| {5912} {20,23,31} 3 | 3
30| {10,12,19} {4,26,28} 3 | 3
31| {812} {6,21,25,29} 2 | 4

2.3.4 The Construction of Complete
(k2,2)-arc

The construction must satisfies the
following:
(1) The complete arc intersects every
line in w in at most 2 points.
(2) every point not in the arc is on at
least one 2-secant of the arc.
We eliminate 5 points from Kj; to
satisfy (1), which are: 8,9,10,14,18.
There are no points of index zero for K3
then K=K\ {8,9,10,14,18}=
{3,5,12,15,17,19} K, is a complete
(6,2)-arc as shown in table (5).
By theorem 1.15, there exists a

projective [6,3,4] code which is
equivalent to the complete (6,2)-arc.
Let B4 = 0 — K, =

{1,2,4,6,7,8,9,10,11,13,14,16,18,20,21,
...,31} Bg is a (25,4)-blocking set of
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size (5g) which is a trivial since Pq4
contains some lines completely as
shown in table (5), note that each line
intersects P4 in at least four points.

Table (5)
i Kz N Li BA, N Li | Iﬁzlm |EA; |h
1| {1217} {2,7,22,27} 2 4
2 ) {17,89,10,11} 0 6
3 [0 {6,7,16,20,24,28} 0 6
4 [0 {4,7,14,21,23,30} 0 6
5| {515} {7,18,26,29} 2 4
6| {319} {7,13,25,31} 2 4
7 {3,5} {1,2,4.,6} 2 4
8 [0 {2,11,16,21,26,31} 0 6
9 {19} {2,9,14,24,29} 1 5
0] {15} {2,10,20,25,30} 1 5
11 ) {2,8,13,18,23,28} 0 6
12 ) {1,27,28,29,30,31} 0 6
13| {1519} {6,11,23,27} 2 4
14 ) {4.9,16,18,25,27} 0 6
15 {5} {10,13,21,24,27} 1 5
16 {3} {8,14,20,26,27} 1 5
17| {17,19} {1,18,20,21%} 2 4
18] {517} {11,14,25,28} 2 4
9] {17} {6,9,13,26,30} 1 5
20| {317} {10,16,23,29} 2 4
21| {1517} {482431} 2 4
22 ) [1,22,23,24,25,26} 0 6
23 ) {4,11,13,20,22,29} 0 6
24| {315} {9,21,22,28} 2 4
25 ) {6,10,14,18,22,31} 0 6
26| {519} {8,16,22,30} 2 4
27| {1215} {1,13,14,16} 2 4
28| {312} {11,18,24,30} 2 4
29| {512} {9,20,23,31} 2 4
30| {12,19} {4,10,26,28} 2 4
31| {12} {6,8,21,25,29} 1 5
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