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Abstract:

The stress(Y) — strength(X) model reliability Bayesian estimation which defines life of a component with
strength X and stress Y (the component fails if and only if at any time the applied stress is greater than its
strength) has been studied, then the reliability; R=P(Y<X), can be considered as a measure of the component
performance. In this paper, a Bayesian analysis has been considered for R when the two variables X and Y
are independent Weibull random variables with common parameter a in order to study the effect of each of
the two different scale parameters  and A; respectively, using three different [weighted, quadratic and
entropy] loss functions under two different prior functions [Gamma and extension of Jeffery] and also an
empirical Bayes estimator Using Gamma Prior, for singly type Il censored sample. An empirical study has
been used to make a comparison between the three estimators of the reliability for stress — strength Weibull
model, by mean squared error MSE criteria, taking different sample sizes (small, moderate and large) for the
two random variables in eight experiments of different values of their parameters. It has been found that the
weighted loss function was the best for small sample size, and the entropy and Quadratic were the best for
moderate and large sample sizes under the two prior distributions and for empirical Bayes estimation.

Key words: Bayesian estimation, Reliability, Stress-strength model, Type Il censored data, Weibull
distribution.

Introduction:

Weibull models are used to describe parallel to the porosity. The compressive strength
various types of observed failures of components data were fitted using two different fitting
and phenomena. They are widely used in reliability ~ techniques, ordinary least squares and Bayesian
and survival analysis (1). A considerable attention Markov Chain Monte Carlo, to evaluate whether
for the problem of making inference about the  Weibull statistics are an adequate descriptor of the
stress- strength reliability (one component or  strength distribution. They assess the effect of
system) model has been received. If X be the different microstructural features (volume, size,
strength of a component and Y be the stress applied densification of the walls, and morphology) on
to the component, then reliability; R=P(Y<X), can  Weibull modulus and strength and found that the
be considered as a measure of the component key microstructural parameter controlling reliability

performance. Various different lifetime is wall thickness. In contrast, pore volume is the
distributions are considered to estimate R. (2-5). As main parameter controlling the strength.

an example; Seuba et al (6) analyzed the In this paper the reliability Bayesian
applicability of the Weibull analysis to  analysis when stress X and strength Y are two
unidirectional  microporous  yttrium-stabilized- independent Weibull random variables with

zirconia (YSZ) prepared by ice-tempting, performed  parameters(a,[3) and (o,A) respectively is done under
crush tests on samples with controlled  two prior functions with three loss distributions. A
microstructural features with the loading direction simulation study has been used to compare by
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(MSE) the performance of the six different obtained  5).
estimators. The results are recorded in Tables (1 to

Table 1. Conclusions Summary

Experiment Best Estimators Performance
1) E for all sample sizes.
2 W for n=15 with Jeffrey function, while E and Q are the best for n=30 and n=90
(3) and (4) Q for all sample sizes, except for Jeffrey with n=15
(5) E and Q for n=30and n=90, while W is the best for Jeffrey with n=15
(6) W for n=15 and for Jeffrey with n=30, for the other cases E and Q are the best
(7) and (8) by E and Q for all sample sizes, except W is the best for Exp.(8) for Jeffrey and gamma when
n=15

Table 2. The MSE values of reliability estimators for experiments 1 and 2

a=0.8 C=1, t=3, a=4, b1=0.4, b2=0.8
Exp. 1: 2=0.3, u=0.9, R=0.2500
n,r Criteria Weighted Quadratic Entropy Best
15,5 Jeffery Mean 0.2993 0.2193 0.2009
MSE 0.0189 0.0151 0.0151 QE
Gamma Mean 0.3272 0.2946 0.2926
MSE 0.0187 0.0145 0.0143 E
E Gamma Mean 0.3331 0.3016 0.2997
MSE 0.0251 0.0207 0.0204 E
30,8 Jeffery Mean 0.3162 0.2730 0.2694
MSE 0.0156 0.0113 0.0110 E
Gamma Mean 0.3277 0.3032 0.3022
MSE 0.0154 0.0121 0.0120 E
E Gamma Mean 0.3301 0.3060 0.3050
MSE 0.0181 0.0147 0.0146 E
90,25 Jeffery Mean 0.3344 0.3221 0.3219
MSE 0.0111 0.0092 0.0091 E
Gamma Mean 0.3356 0.3255 0.3253
MSE 0.0111 0.0094 0.0093 E
E Gamma Mean 0.3361 0.3259 0.3257
MSE 0.0114 0.0098 0.0097 E
Exp. 2: 2=2, un=3.7, R=0.3509
15,5 Jeffery Mean 0.3527 0.2691 0.2482
MSE 0.0189 0.0249 0.0275 W
Gamma Mean 0.3829 0.3508 0.3488
MSE 0.0185 0.0179 0.0179 QE
E Gamma Mean 0.3890 0.3575 0.3555
MSE 0.0217 0.0209 0.0209 QE
30,8 Jeffery Mean 0.3789 0.3352 0.3312
MSE 0.0139 0.0137 0.0137 QE
Gamma Mean 0.3904 0.3663 0.3652
MSE 0.0139 0.0129 0.0128 E
E Gamma Mean 0.3940 0.3700 0.3689
MSE 0.0153 0.0142 0.0141 E
90,25 Jeffery Mean 0.4003 0.3882 0.3880
MSE 0.0070 0.0061 0.0060 E
Gamma Mean 0.4011 0.3911 0.3910
MSE 0.0070 0.0062 0.0061 E
E Gamma Mean 0.4021 0.3922 0.3920
MSE 0.0072 0.0064 0.0064 Q,E
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Table 3. The MSE values of reliability estimators for experiments 3 and 4
a=0.8 C=2, t=2, a=4, b1=2.1, b2=15

Exp. 3: $=0.3, 2=0.9, R=0.2500

nr criteria Weighted Quadratic Entropy Best
15,9 Jeffery Mean 0.3097 0.2580 0.2826
MSE 0.0135 0.0094 0.0108 Q
Gamma Mean 0.2986 0.2761 0.2871
MSE 0.0093 0.0074 0.0082 Q
E Gamma Mean 0.3309 0.3086 0.3196
MSE 0.0172 0.0140 0.0154 Q
30,17 Jeffery Mean 0.3311 0.3098 0.3202
MSE 0.0124 0.0094 0.0108 Q
Gamma Mean 0.3184 0.3044 0.3113
MSE 0.0094 0.0076 0.0085 Q
E Gamma Mean 0.3366 0.3226 0.3295
MSE 0.0135 0.0112 0.0123 Q
90,57 Jeffery Mean 0.3380 0.3325 0.3353
MSE 0.0095 0.0086 0.0090 Q
Gamma Mean 0.3330 0.3281 0.3306
MSE 0.0085 0.0078 0.0082 Q
E Gamma Mean 0.3385 0.3336 0.3361
MSE 0.0096 0.0088 0.0092 Q
Exp. 4: B=2, 2=3.7, R=0.3509
15,9 Jeffery Mean 0.3706 0.3177 0.3430
MSE 0.0119 0.0128 0.0117 E
Gamma Mean 0.3750 0.3524 0.3635
MSE 0.0107 0.0103 0.0104 Q
E Gamma Mean 0.3935 0.3714 0.3822
MSE 0.0138 0.0127 0.0132 Q
30,17 Jeffery Mean 0.3954 0.3743 0.3847
MSE 0.0085 0.0072 0.0077 Q
Gamma Mean 0.3913 0.3774 0.3843
MSE 0.0076 0.0068 0.0071 Q
E Gamma Mean 0.4013 0.3876 0.3944
MSE 0.0091 0.0080 0.0085 Q
90,57 Jeffery Mean 0.4050 0.3997 0.4024
MSE 0.0049 0.0044 0.0047 Q
Gamma Mean 0.4026 0.3979 0.4002
MSE 0.0046 0.0042 0.0044 Q
E Gamma Mean 0.4056 0.4008 0.4032
MSE 0.0050 0.0045 0.0047 Q

Table 4. The MSE values of reliability estimators for experiments 5 and 6

a=0.8 C=1, t=3, a=4, b1=0.4, b2=0.8
Exp. 5: =0.3, 2=0.9, R=0.2500
n,r criteria Weighted Quadratic Entropy Best
15,5 Jeffery Mean 0.2592 0.1842 0.1682
MSE 0.0151 0.0163 0.0173 w
Gamma Mean 0.2906 0.2587 0.2569
MSE 0.0131 0.0110 0.0109 E
E Gamma Mean 0.2904 0.2598 0.2581
MSE 0.0185 0.0164 0.0163 E
30,8 Jeffery Mean 0.2763 0.2346 0.2313
MSE 0.0103 0.0090 0.0090 Q E
Gamma Mean 0.2909 0.2668 0.2659
MSE 0.0096 0.0080 0.0079 Q
E Gamma Mean 0.2893 0.2656 0.2647
MSE 0.0116 0.0100 0.0100 Q E
90,25 Jeffery Mean 0.2864 0.2742 0.2740
MSE 0.0045 0.0038 0.0037 E
Gamma Mean 0.2891 0.2791 0.2789
MSE 0.0045 0.0038 0.0038 Q E
E Gamma Mean 0.2879 0.2779 0.2777
MSE 0.0047 0.0040 0.0040 Q E
Exp. 6: B=2, 2=3.7, R=0.3509
15,5 Jeffery Mean 0.3306 0.2482 0.2283
MSE 0.0185 0.0271 0.0302 W
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Gamma Mean 0.3621

MSE 0.0175

E Gamma Mean 0.3660

MSE 0.0198

30,8 Jeffery Mean 0.3530
MSE 0.0126

Gamma Mean 0.3656

MSE 0.0123

E Gamma Mean 0.3676

MSE 0.0133

90,25 Jeffery Mean 0.3718
MSE 0.0048

Gamma Mean 0.3730

MSE 0.0048

E Gamma Mean 0.3735

MSE 0.0049

0.3301
0.0180
0.3344
0.0202
0.3093
0.0143
0.3413
0.0123
0.3435
0.0132
0.3595
0.0045
0.3629
0.0045
0.3634
0.0046

0.3281
0.0180
0.3324
0.0202
0.3054
0.0145
0.3402
0.0123
0.3424
0.0132
0.3593
0.0045
0.3627
0.0045
0.3633
0.0046

QE
QE
QE
QE

Table 5. The MSE values of reliability estimators for experiments 7 and 8

a=0.8 C=2,1=2, a=4, b1=2.1, b2=1.5

Exp. 7: p=0.3, 2=0.9, R=0.2500

n,r criteria Weighted Quadratic
15,9 Jeffery Mean 0.2680 0.2185
MSE 0.0087 0.0084
Gamma Mean 0.2604 0.2387
MSE 0.0057 0.0054
E Gamma Mean 0.2876 0.2657
MSE 0.0105 0.0091
30,17 Jeffery Mean 0.2831 0.2623
MSE 0.0059 0.0048
Gamma Mean 0.2736 0.2600
MSE 0.0044 0.0038
E Gamma Mean 0.2882 0.2744
MSE 0.0064 0.0054
90,57 Jeffery Mean 0.2915 0.2874
MSE 0.0029 0.0025
Gamma Mean 0.2884 0.2847
MSE 0.0026 0.0023
E Gamma Mean 0.2918 0.2881
MSE 0.0029 0.0026
Exp. 8: p=2, A=3.7, R=0.3509
15,9 Jeffery Mean 0.3441 0.2914
MSE 0.0108 0.0140
Gamma Mean 0.3528 0.3302
MSE 0.0098 0.0103
E Gamma Mean 0.3664 0.3441
MSE 0.0116 0.0115
30, 17 Jeffery Mean 0.3660 0.3447
MSE 0.0065 0.0063
Gamma Mean 0.3646 0.3506
MSE 0.0060 0.0059
E Gamma Mean 0.3718 0.3578
MSE 0.0067 0.0064
90,57 Jeffery Mean 0.3772 0.3732
MSE 0.0022 0.0019
Gamma Mean 0.3759 0.3722
MSE 0.0021 0.0020
E Gamma Mean 0.3775 0.3738
MSE 0.0023 0.0021

Entropy

0.2419
0.0080
0.2493
0.0054
0.2764
0.0096
0.2725

0.0052
0.2667
0.0040
0.2812
0.0058
0.2895
0.0027
0.2865
0.0024
0.2899
0.0027

0.3166
0.0118
0.3413
0.0099
0.3551
0.0114
0.3552
0.0063
0.3575
0.0059
0.3647
0.0065
0.3752
0.0021
0.3741
0.0021
0.3757
0.0022

Best

E

QE

o O O O O O ©O

=

=

QE
QE
Q

Q
Q
Q

Let X ~Wei(o,f)and Y ~ Wei (a,A ),
where Wei means Weibull distribution under
common shape parameter o and different scale
parameters Table 1 B and A (as a special case in our
research where the other cases can be done as a
future work), then the probability distribution
function for two independent Weibull r.v.'s are ©:
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= (1= FOM)fOdy =f," F.(f »)dy

= [y (e P Dary“te M dy

:J-Ooo a/lya_l e“(ﬂ"'/l)ya dy
Letu= (B + A)y" and du = a(p +M)y*“* dy, so by
transformation it will be:

e~Udy = 22—
du = B+A

fO ﬁ+/1
Singly Type Il Censored Sample
Let X1,Xp,...,Xp and y,Yo,....,ym be two random
samples, and r <nand r<m, such that : x,,...., X,

and VY,....,Ym. The likelihood function for this type
of data is(?) :

L - (Tl T)|[ - F(xr)]n " T 1f(‘xl' 9)

Where:

[1—FO)™ " =[1—1+e P
[1—F@)]™ " =[1—1+ e m-r
and
i fCGaa B) == afx; % te Px®
=a” BT [Tj=y %%t e P Zima
T f(ysa ) = [, ady;, % te= i€
=" AT [z, y;* teAZi= i
Then:
L(B, a\x) =

nla” BT
(n-r)!

T

—(n— a _pyr a-1
T X 1 p—(n-1)Bx;% o =B iy i

And
L(x a\y) =
TAT

( ¥ e _(m_r)lyrae -1 27{=1 Yia
m-r)!

R
The Posterior Distributions

Under Gamma Prior

The Gama distribution is used as a prior
distribution because of its wide importance in
Bayesian analysis. Let B, A be two independent
Gamma random variables with common parameter
(@), (one can consider the case of uncommon
parameter in other papers for recommendation), the
pdf is given by(8):

g(B) = %ﬁ“‘le‘blﬁ B>0; by,a>0
...... 3)

g = /1“ le=bz2 2>0; by,a >0
...... 4)

The posterior function as:
A 1) L(B.A|xy) 982
) X ) = [00) (o0}
L) T (6,2 15y )9 (B D dpd
Using (1), (2), (3) and (4), it will be:
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LB |
x,y)9(B,2) =
! I b %p,¢ _ _
n m ;ar(zl aZrﬁr+a 1H;":1xia 1

(n-r)!" (m-r)!"
r

| | yia_l e_blﬁ_(n—r)ﬁxra_ﬁ Z{:lxra
i=1
e—b2A—(m-1)Ayr*-AEi_, ¥i¥

And

o LB Al x, ¥)g(B, dpdA =
n! b, %b,*
(n-r)!" (m-r)!" Tala

fooo BT-Hl—le—ﬂ[b1+(n_r)xra+21{=1 xia]dﬁ

I
m 2r T

i= 1xl£X 1 r

=1 Y%

f0°° Arta—1g=A[by+(m-r)y“+¥i_; ¥i%l 4

Since [)" x™ e = % , then:

© -1 - — aLyr a ['(r+a)
fo 'Br+a 1, Blb1+(n—1)x,% 43X 1 Xi ]dﬁ — e
and
f°° Ar+a=1,=Aby+(Mm-1)yr*+T_1 ¥i%1 4 = I'r+a)

0 U, Tt

where Uy = b; + (n — r)x,.* + Zr 1 %% and

Uy =b, + (m =)y + Xi_1 y;* Then
the posterior distribution P(8, 1 |x,y) under
gamma prior, will be :

Pl(ﬁ11|£12) =
U te uy"te ﬁr+a—1/1r+a—1e—[3UXe—AUy
(r+a-1)!" (r+a-1)!

Under Extension of Jeffry Prior
Regarding the case of non-informational
distributions the Extension of Jeffry as prior
distribution have been used for the case of common
parameter (c) in order to focus on the rest of the
parameters, where the functions for ( §,A ) are given
by(9):

9B =k— 5

gd) = kﬁ 2>0; k,m,c>0
Using equations (1), (2), (6) and (7), it will be:
L(B, A Ix y)g(ﬁ A=

n! 2..2C QT—=2C JT—2C a-1
2o gr-re T2 [T x,

>0; k,n,c>0

T
(n- 7‘)' (m T)’ i= lyl

e—(TL—T‘)BXT“ e_B 27{=1xiae_(m_T)AYTae_/’lzg=1Yia
Iy fJ"L(ﬂ Alxy)g(B, Ddpdi =
n!
(n-r)!" (m r)’ e Il 27 1B
fo Br- ZCQ—B[ izlxi“+(n—r)xra]dﬂ
f0°° AT—2€ o= AEi=q ¥i*+(m-1)yr%] 4}
Now let Z, = ¥i_, x;* + (n —r)x,.“and Z,
=y + (m -1y~

T
i=
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so by the same procedure:
fooﬁT—ZC e—ﬁ[zir=1xi“+(n—r)xr"‘dﬁ _ [(r—2c+1)
0

Z, 720t =Oo ©, 5.y 2
andfoo/_v_ZC e_l[zg‘:lyia_'_(m_r)yia]d/l — ['(r-2c+1) fo fO (ﬁ A + Zﬁl}{ +
0 - - Zyr—2c+1 AZA_Z)P (ﬁ,/1|£, X) dﬁd;{
Then the posterior will be: o w0, oo o _1
P,(8,Alx, y) =Jo Jo CB*272 42627 4 1)
7 r—2c+1 7 r—2c+1 P(ﬁ,/l |£'X) dﬁdﬂ’
- . Y ﬁT—ZCAT—ZCe—ﬁer—AZy
(r—20)! (r—2c)! © (@[ o s
S (8) = 17 (82272P(B 2 1, y) +
The Bayes Estimators 2B27'P(B, A |x,y) + P(B, 2 |E'X)) dBda

In this section the Bayes estimators for stress-
strength  Weibull reliability under three loss
functions are derived as following(3):

For Gamma Prior function
(i) Under Weighted Loss Function

=A1+2A2+1 (11)
Where
A1 =

uzteugte ® pr+a+l ,—BU, ® ar+a-3 ,-AU
F(r+a)l"(r+a)f B e g fy A e "vdA

In this section the Bayesian estimator for R using uptaypte (ra+Di(r+a—3)!
gamma prior funptlog AWI|| be derived under = TraDiota—1 yrarzyTraz
weighted loss function®; R, where: (r+a)(ra+1)U3
o _ 1 _ -1 -1 = _ 2
Rue = sy = 1E (R |xy)] e
oo oo Zr_a r+a
E(R_1|x ):f fo R 1P (ﬁ'/1|£'z) dﬁdl &f ﬂr+a _ﬁde,Bf Jrta= 2 _)“Uydl
f f ( ) -1 ( ) Fr+a)l(r+a)
= P(B,Alx,y)dpdA
0 2 opd
ﬁ: uiteyptra (r+a)!(r+a-2)!
fo fo A (ﬁ+A)P ('B'A|£'X) dﬁd}‘ (r+a DI(r+a-1)! ° U;+a+1u§+a-1
= [Z[22718P (B, Alx,y ) dBdA + _ oty
o' Jy 2 (8.2]x.y)dp i
Jo Jo PB Alx,y)dpda Then:
— (r+a)U
= A1 + A2 (9) ﬁ _ 1+(T+a(i1)lj;x 12
Where QG — (r+a)Uy . (T+a)(r+a+1)U§, """ ( )
Al — 1+ 2(r+a DUx  (r+a-1)(r+a— Z)Ux

1 rta-1 jr+a-1 ,—fUz ,—AU (5#1) Under Entropy Loss Function
f f A BI‘(r+a)F(r+a)ﬁ A e "vdp e derivation of Bayesian estimator for R using

U‘I"+CLUT+G.

_ f pr+ae—BUxdp gamma prior under entropy loss function(10); R,z
F(r+a)l"(r+a) .
f Arta=2,-2Uy 43 a. 1
upteyyta (r+a)lr+a-2)! _  (r+a)U, Ripe = [E(R‘tlz,y)] " where t#0
(r+a-1)!(r+a-1)!" yrtatigrra=l = (1q_1yy, o -1 ~
andr “ e Y e If t:]. y then . RlEG = I:E(R_llﬁ,z):l = RWG
A, = as in equation (10)
Ur+aUr+a _ _ ~ _l
W'{ ﬁr+a le Bdeﬁ f Artale AUyd/l If t=2,then: RZEG = [E(R_zlg,z)] 2 , 50 from
uzttuyte (r+a-D!(r+a-1)! equation (11) , it can be :
- r+apr+a = 1 '
(r+a D!(r+a-1)! urteus rta) U (rta)rtatl) U _%
-1 ~ _ r+a) Uy r+a)(r+a Uy
Then R, = [1 + %} .. (10) Rape = [1 +2 (r+a-1) Uy = (r+a-1)(r+a-2) u,%]
(if) Under Quadratic Loss Function 1 e (13)
The derivation of Bayesian estimator for R using and Ry = [E(R-t|x y)]_?
gamma prior under quadratic loss function® ; Roe. then T
will be as: 0o oo _
e o] - 17 50
Q6 = E(R2|xy) A+ B)PB, Al x,y)dBdA
ER?|x,y) =
[ 22 B+ D2p (ﬁ,,l |£, y) dBdA =f, Jo A Bioo CEATIBTP(B, Al x, y)dBdA
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URTNUGTT Gt i-1,-BU
— t r+a+i-1,-BUxq
I'r+alr+a <1=0"1 fO B B

f0°° Arta-i-1,-4Uy 43

_U;;+aUJ7;+a

“Tr+alr+a

t t (r+a+i—1)!
i=0™~i yrtati
x

(r+a-i-1)!
U}7;+a—i

t At . S (U
i=o Ci r+a+i-D!(r+a—i)! (U_x)

(r+a-1D)!(r+a-1)!
Then finally one can get:

1

(Z_Z)i]—z

e (14)

t t r+a+i-1)!(r+a-i)!
=0~l (r4q—1)I(r+a—1)!

Ripg =

The Empirical Bayes Estimator for R Using
Gamma Prior

The empirical Bayes estimators of
reliability R corresponding to Gamma prior
distribution are obtained based on different loss
functions, where if the prior Gamma parameters (b;
and b,) are unknown, then it may use the empirical
Bayes approach to get its estimation from likelihood
function and probability density function of prior
distribution as(11):

f(2y |prb2)

~ [ [ (8.2 |wy) 98, 23
0 0

Precisely have that

(r+a-1) (r+a-1)!
f(&iz |b1b2) =4 Ur+a UT+a
x y
Where 4 = n! m!  b{bg oy
(n-r)! (m-r)! Tala
PP Sl | PR

Now the ML estimators of (b; and by) can be
obtained by taking the natural log as:
InL(byb, | x,y) = In ((n”j) +in (=) +
alnb; + alnb, — 2Inl'a + 2rina +
In(ITi=y 2™ + Il ¥ +
In[r+a—-1D!—(@+a)ln[by + (n—r)xF +
caxf1+In[(r +a—-1D!] = (r+ a)In[b, +
(m—=r)lyf+ ¥ y{]

m!

(m-r)!

dln  a r+a 0
—_— — — —
0by by b+ m—1r)xf+ Y- xf

ab;+a(n-rxf+a¥l_, xF-bir—ab; _ 0

by[by+(n—r)xf+¥I_, x{ B
sby =2 =rxF + T xf] . (15)
din a r+a
-0

aby by byt (m-mMyF+ Y yf
ab, + a[(m —r)yf + Xi=1 yi'l —rb, —ab, =0
@by =2 [(m=r)yf + T yf] .. (16)
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Using these two estimators in (15) and (16) in the
reliability estimators obtained above under Gamma
prior using three loss functions.

For Extension of Jeffery Prior

The Bayesian estimators for R will be
derived in this section for extension of Jeffery prior
as in equations (6 and 7) under the three loss
functions.
(i) Weighted Loss Function

From equations (8), the Bayesian estimators
of R for extension of Jeffery prior under the
weighted loss functions; I?W], from equation (9),
will be:
Ry, = [Dy + D,]7* where

D. = 0 ool—l Z;—2c+1 Z§_2C+1
1= fo fo B (r-20)! (r-20)!
ﬁr—ZCAr—ZCe—ﬂer—lZy dﬂdl

r—2c+1 zr—2c+1
_ Zx Zy

- (r-2c)! (r-2c)!
J'OOO Br—2c+1e—ﬁzxd'8 f0°° AT—2c-15=2Zy 42

_zpTEeRl ZZm2H (r_pc 1)l (r—2¢-1)!

T (r-20)! (r-20) zjTEYr gz =Dy =
(r—2c+1)zy,
(r—=2¢)Z,
Z;_ZC'H Z§_2C+1
2= (r=2¢c)! (r-2c)!
® pr—2c,-BZ ® 1r—2c,-1Z
[ BrceBidp [ AT 2¢e ™A d)
_ zpTrerl ZgmE (r—20)1 (r—20)! D. =1
T (r-20)! (r-2c)! zpTReHL zpm2cdt -2 =
= r—2c)Z.
“R, = (T—20)Z e (17)

wj — (r—2c+1)Zy+(r—2¢)Zy

(if) Under Quadratic Loss Function
ER™ |xy)

- ER™Z|xy)

From equations (8) and (11), assuming that

E(R?|xy ) =D; +2D, +1, then:

r—2c+1 r—2c+1
_ Zx Zy

Here having Ry,

1= (r=2¢)! (r-2c)!
[ Br2ev2 o =BZxgp [ )r-20-2 =A%y ()
_zkm2eH1 ZTm20 (n_oc2)l (r—20-2)!
(r—20)! (r-2c)! zL-2¢+3
Dy = (r—2c+2)(r-2c+1) Zj
(r-2c)(r-2c-1) z2
Now

r—2c+1 zr—2c+1
_ Zx Z)’

T—2c—-1
Zy

2= (r=2¢)! (r-2c)!
f0°° pr-2c+le=BZxdp fooo Ar=2c=1 p=AZy 43
_ -zt Zy
2 (r—20)z,
. 2 _ (r—2c+2)(r-2c+1)Z}
Then: E (R |LZ) T (r—20)(r—2c-1)z2

(r=2c)Z,
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(r-2c+1)Zy

(r—=2¢)Zy
(r-2c+1)Zy | (r-2c+2)(r-2c+1)Z5
(r-200Zx = (r-20)(r-2c-1)Z2

(iii) Under Entropy Loss Function
1

ﬁtE] = [E(R_t |£.X)] ‘
Ift=1 - R, =R,

Ro; =

... (18)
1+2

t+0
(eq. 16)

1
If t=2— Ry = [E(R7? |x,y)| * . then:
(r-2c+1)z,,
(r—2¢)Z,

(r—2c+2)(r-2c¢+1)Z}
(r-2¢)(r—2c-1)z2

e (19)

R\ZE]=1+2

and Rez; = [E(R™" |z, 3_1)]_%

ERx,y) = jm jm (ﬁ)_la(ﬁ,a 1x,y) dBd2
0 0

r—2Cc+1 Tr—2Cc+1
_Zx Zy

- (r=2¢c)! (r-2c)!

f—O Cit J'OOO Br—26+ie—ﬁzxdﬁ fooo Ar—2c=ip=AZy 42

_ vt _tZ,?‘Z“'l zymEe (r—2c+i)! (r—Zc—‘i)!
=0~ (r=20)! (r=2¢)! Z)TC'—ZC+1+1 Z;—ZC—1+1

st )

(r—=2c+i)!(r—2c-i)!
(r-=2c)\(r-2c)!

—2c+i)l(r—2c-i)!
(r-=2c)\(r-2c)!

1

@]

... (20)

Cct

L

~ Rigy = i=o
Empirical Study

To compare between estimators for which
is the best to estimate the reliability of stress —
strength Weibull model; (Since it is not possible to
apply real data in our research, recommending
doing so in future researches), an empirical study
made by simulation procedure using MATLAB
program to compare among them by MSE criteria,
under different sample sizes (n m =15)
representing the smallest sample size, (h=m=30) for
moderate and (n=m=90) for large (which is known
to have a range greater than 75) sample sizes, in
eight experiments of different parameters values
and when 0=0.8. The replication done for (q=
5000).

Equation (20) is used to generate different
values of the two random variables X and Y by F(x)
and F(y) respectively, where U is uniform random
variable on interval (0,1), then by the inverse of
distribution function technique got from:

x = [—%ln(l - U)]i and
1

1

y = [—zln(l—U)]‘E e (201
Conclusions:

The results of the simulation study are
recorded in Tables (2 to 5) below, where there is a
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fluctuation in the behavior of the estimated
reliability of this system when the sample sizes
change using the loss functions. While in Table (1),
the best performance of the estimators is recorded
as a summary of the experiment conclusions.

As a final result, it is found that for small
sample size the best performance was for weighted
loss function, and the entropy and Quadratic are the
best for moderate and large sample sizes.
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