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Abstract:

The purpose of this paper is to introduce and study the concepts of fuzzy generalized open sets,
fuzzy generalized closed sets, generalized continuous fuzzy proper functions and prove results about these
concepts.
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Introduction and preliminaries:

The concept of fuzzy set and fuzzy set In the present paper we study the properties
operations were first introduced by Zadeh's (1) .The  of generalized continuous fuzzy proper functions
notation of a fuzzy subsets naturally plays a  from a fuzzy topological space on a fuzzy set Ato a
significant role in the study of fuzzy topology was fuzzy topological space on a fuzzy set B .

introduced by Chang (2). 1. Basic Concept of a Fuzzy Topological Space
The fuzzy a—open sets and fuzzy a —continuous  on Fuzzy Set A

mapping were introduced and generalized by Bin In this section, we present fuzzy topological
Shahna (3). space on fuzzy set with fundamental concepts in

Balasubramanian and Sundaram (4) defined  fuzzy topological space on fuzzy set, such as quasi-
fuzzy generalized closed set in fuzzy topological  coincident, complement of fuzzy set, maximal fuzzy
space (or f.t.s. in short) onX.IX is denoted the set, etc.

collection of all mapping from X in to I=[0,1]. A Remark (1.1), (8):

fuzzy set Ain fts (XT) is said to be Let AelX,C € IY,P(A) = {E elX.B c
quasicoincident (or g-coincident in short) with a A}and P(C) = {D e 1¥:D c C}.

fuzzy set B, denoted by Aq B, if there exists x €X' pefinition (1.1), (8):

such that  pz(x) +pg(x) >1(5). IfAB €%, Let 4,B , be two fuzzy set in X with
up(x) = uz(x) vx X, thenB issaidtobe afuzzy g ¢ p(4) then the complement of 5 reletive to 4,
subset of Aand denoted by B € 4 (2). A fuzzy denoted by (B)°, is defined by:

point P in a set X is a fuzzy set with membership gy () = HA(X), C (). '

function upr (x), defined by: Definition (1.2)(7):
ppy, (x) = rfor x = xp, Let P € Aand B € P(A) are said to be
and ppy, (x) =0 forx # xp. g-coincident relative to A [written as Py qz B] if

where r € (0,1], x.is called the support of P/ and  there exists x € X, such that r + ug(x) > pz(x). If
r the value of PI (6). A fuzzy point P in X is P! is not g-coincident with B in A, we denoted for
called belong to a fuzzy set 4 in X (notation: P, €  this. P{q,B.

A) iff Definition (1.3), (9):

r < uz(x), a fuzzy set A in X is the union of all its It B < P(A) then B is said to be maximal if
fuzzy points (7). V xeX, pug(x) # 0, then
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(b) IfB,C € T,thenBnCeT.

(c) If Bje T, Vv jeJ whereJisany index set, then
UBj T
jed

(A, T) is said to be a fuzzy topological space on

fuzzy set A (or f.t.s on A) and the members of T are

said to be fuzzy open sets of A. We denote T° the
family of fuzzy closed sets of 4, that is B € T¢ if

and only if pge(x) = pz(x) — ug(x) € T.

Definition (1.5), (10):

Let B be a fuzzy set in a f.t.s (4,T). The

closure B (or cl(B)) and interior B” (or int(B)) of B

are defined, respectively, by:

cl(B)=n{F:BcFFeT}
int(B)=u {G:G B, GeT}

2.Fuzzy Generalized Open Set and Fuzzy

Generalized Closed Set in a Fuzzy Topological

Space on fuzzy set

In this section, we give definitions fuzzy
generalized closed sets, fuzzy generalized open sets
and fuzzy proper function with some properties.

Definition (2.1):

A fuzzy set B in a fuzzy topological space
(A, T) is said to be
1) fuzzy generalized closed set (in short, f.g.c.s.) if

cl(B) € G, whenever B € G and G is fuzzy open
setin (4, T) (11).

2) fuzzy generalized open set (in short, f.g.0.s) if
F c int(B), whenever F € B and F is fuzzy
closed set in (4, T)(12).

Theorem (2.1)(12):

In a fuzzy topological space (4,T) the
complement of a fuzzy generalized closed set is
fuzzy generalized open set.

Theorem (2.2)(12):

Let (4, T) be a fuzzy topological space
a. If Bjand B, are f.g.os.in (4, T), then B; n

B,isf.g.0s.in (4, T).
b. If Bjand B, are f.g.cs. in (4, T), then B, U
B,isf.g.cs.in(4, T).

Remark (2.1)(12):

Let (4, T) a fuzzy topological space. in general
The intersection of two f.g.cs. in (4, T). is not
generally af.g.c.s.in (4,T) and
the union of two f.g.0.s. in (4, T).is not generally a
f.g.0.s.in (4,T) as the following example
Example (2.1):

Let X = {a, b} and fuzzy subsets of X are

defined as follows:
A={(a 0.7), (b, 0.6)}, B = {(a 0.4), (b, 0.4)}
¢ ={(a 05), (b, 0.2)}, D ={(a 0.4), (b, 0.5)},
E ={(a 0.3), (b, 0.1)}, F ={(a 0.2), (b, 0.4)}
The collection T = {@, 4, B} is a fuzzy topology
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on A . The fuzzy sets Cand D are f.g.c.s but

C nD isnot afg.cs. in 4 and the fuzzy sets

E and F are f.g.0sin 4, but E U F is not f.g.0.s.

in A.

Definition (2.2):

Let C be a fuzzy setinaf.ts. (4, T)and P} is

a fuzzy point of X. Then C is called:

(@) Fuzzy generalized neighborhood (f.g.nbd)
(resp. fuzzy neighborhood (f.nbd)of P} if and
only if there exists a fuzzy generalized open
set (resp. fuzzy open set) B in (4, T), such that

PfeBcC.
(b) Fuzzy generalized quasi neighborhood
(f.9.g.nbd)(resp. fuzzy quasi neighborhood

(f.q.nbd ) of P{ if and only if there exists a
fuzzy generalized open set (resp. fuzzy open
set) B in (4, T), such that P'qB < C.
Definition (2.3),(13):
A fuzzy subset f of XX Y is said to be a
fuzzy proper function from A € IXto B € IY if

a. f(xy) < min{uz(x),uz(»}V(x,y) € X x
Y

b. Vx € X,3y. €Y such that f(x,y.) = uz(x)
and f(x,y) =0if y# y..
Definition (2.4),(13):

Let f:A — Bbe a fuzzy proper function,
define the correspondent F-proper function
f:P(A) - P(B) and its reverse F-proper function
f~1:P(B) - P(A) by

f:P(A) - P(B), Mre) ) = sup{f(x,y) A
ue(x):x € X}, Vy € Yand v C € P(4),

ii. f7:P(B) - P(4), p-1(x) = sup{f(x,y) A

us(y):y € Y}, vx € Xand VD € P(B).
Proposition (2.1),(9):
Let A - B be a fuzzy proper function, if
G € P(B) is maximal, then f~1(6) = [f~1(&)]".
Proposition (2.2),(9):
For fuzzy proper function f: 4 — B. Then
¢ c F1(F(0)), V T € P(A).

ii. 1E-1(D)) < D, vD € P(B).

3. Generalized Continuous
Functions:

In this section, a new type of fuzzy
continuous functions which are called fuzzy
generalized continuous functions are defined and
their properties are studied.

Definition (3.1):

A fuzzy proper function ffrom a f.ts.
(A, T) to fts. (B,T) is said to be generalized
continuous if f~1(G) is f.g,0.s. in 4, for each fuzzy
open set G in B.

Fuzzy Proper
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Theorem (3.1):

If f:(4,T,) - (B,T,) is fuzzy continuous,
then it is fuzzy generalized continuous.
Proof:
Let G be a fuzzy open set in B, Since f is fuzzy
continuous function, then f~1(G) is fuzzy open set
inA. Let F € f~1(G) such that F is a fuzzy closed
set in 4, since f~1(G) is fuzzy open set then
FH(G)=int(f ~1(G)) this implies F < int(F1(G))
hence f~(G)is fuzzy generalized open set in A,
thus f is fuzzy generalized continuous function.

Remark (3.1):

The converse of theorem (3.2) is not
necessary true in general, as the following example
Example (3.1):

Let X={ab},Y=1{cd}T; ={8,4B,C}
and T, = {@,D,E},
Where 4, B, C, D and E are fuzzy sets defined by:
A={(a, 0.9), (b, 0.6)}, B ={(a, 0), (b, 0.1)},
C={(a 0.9), (b, 0.5)}, D ={(c, 0.9), (d, 0.8)}
E = {(c, 0.7), (d, 0.1)}. Define a fuzzy proper
function f: (4,T,) - (D, T), by:

f

={((a,0,09),((a,d),0),((b,©),0), ((b, ), 0.6)}
Then, fis fuzzy generalized continuous function,
but not fuzzy continuous function.

Theorem (3.2):

Let f:(4,T,) - (B,T,) be a fuzzy proper
function, then if G is maximal fuzzy closed subset of
B then fis fuzzy generalized continuous function if
and only if f7(G) isf.g.c.s., VG € T5.

Proof:

Let G is maximal fuzzy closed set in B with PJ €

G,then G¢ is

fuzzy open set Since f is fuzzy generalized

continuous function, then f~1(G¢) is f.g.0.s. in 4.

Since G is maximal fuzzy set , thus f~1(G°) =

[F~1(G)] this implies [f~*(G)]° is f.g.0.s. in A.

Hence [[f~(G)1°]° = F~1(G) is f.g.cs. in 4.

conversely Let G be a maximal fuzzy closed set in

B

Then f~1(G) isf.g.c.s.in A and G¢ is fuzzy open

setin B

This implies that [f ~1(&)]¢ is f.g.0.s. in A.

But [f~1(G)]° = F~*(G°), we have F~1(G€) is

f.g.0s.in4

This implies f is

function .

Theorem (3.3):
Let f:(4,T,)- (B,T,) be a fuzzy proper

function, then the following statements are

equivalent :

fuzzy generalized continuous
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For each fuzzy point Pf in A4, for each y €Y
and for each fuzzy openset G in'Y with P} € G,
there exists f.g.0.s. H in A, such that Pf € H and
f(H Sa@.

For each fuzzy point P in A, for eachy € Y and
for each fuzzy neighborhood N of Py in B,
f71(N) is fuzzy generalized neighborhood of
Pl in A.

Proof:

(1 = 2) Let G be a fuzzy open setin Y with P} € G
Let H be fg.os. inA, such that Pf € H and
f(H)c@.

Since Py € G and G fuzzy open set, thus G is f.nbd
of Py.

Since H is f.g.0.s. in IX and f(H) <G, then
UGS OE

Hc f~1(G), hence Pf € H c f~1(G).

Since H is f.g.0.s. in 4, then f=*(G) is f.g.nbd of
Pl in A.

(2 = 1) suppose that G is a fuzzy open set in B
with Pf € G, then G is fnbd of Pf = f~(G) is
f.g.nbd of P! in I%, this implies there exists f.g.0.s.
HinAsuchthatPf e H < f~1(G) .

Since H < f71(G) = f(H) < G.

Theorem (3.4):

Let f:(4,T,) - (B,T,) be a fuzzy proper

function, then the following statements are
equivalent:
1. For each fuzzy point Pf in A, for each y €

Yand for each f.nbd M of Py inB, f~*(M) is
f.g.nbd of Pl in 4.

For each fuzzy point Pf in A, for each y €
Yand for each f.nbd G of Py in B, there exists
f.g.nbd H of P in 4, such that Pf € A and
f(H)c@.

Proof:

(1= 2) Let G fnbd of P} in B, then f~2(G) is
f.g.nbd of PF in A this implies that

fE ) <G

Let H = f~1(G) then there exists f.g.nbd of P} in
Asuchthat f(H)<c@G.

(2 = 1) suppose that M is f.nbd of PJin B, then
there exists

fg.nbd H of P in A4 such that f(H) € M this
implies that H < f~1(M).

Since H is f.g.nbd of PFin 4, then 3 f.g.0.s. G in
A such that

PreGc Hcf (M), hence Pf € G < f~1(M)
thus f~2(#1) is

f.g.nbd of P} in A.
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Theorem (3.5):

Let f:(4,T,) - (B, T,) be a fuzzy proper
function, then the following statements are
equivalent :

1. For each fuzzy point P in A, for each y €
Yand for each f.nbd G of Py in B, there exists
f.g.nbd H of PF in A4, such that Pf € H and
f(A)<cé.

2. For each fuzzy point PI in A, foreachy € Y
and for each fuzzy open set M in B such that
PrqM , there exists f.g.0.s. N in 4, such that

Prq N and f(N) c M.

Proof:
(1= 2) Let P! be a fuzzy point in A and M be a
fuzzy open set in B such that Py q M , then pg(y) >
H(pyy @) this implies (PH) < .

y
Since any fuzzy set is the union of all its fuzzy
points, then (Pr) =Uier Pi})
Such that r; = ug(y;) —, thus Ujes Ply cMcM,
this implies that Pi;f eEMc M,vi
Since M be a fuzzy open set, then M be a f.nbd of
Pi;i this implies that there exists f.g.nbd. H of P,
in 4, such that P, e H , f(H)c M and r; =
#A(xi)~_ r
Since H is f.g.nbd. of Pi;f, then there exists f.g.o.s.
N in A such that P,' € N < H, from N € H we
have f(N) < f(H) < M, thus f(N) < M, and from
Pt € N, Vi we have U;; P, € N.
Slnce Ujer Pt = (Y€ this |mpI|es that (P))¢ € N,
therefore uz(x;) — r < pux(x)
Thus PFq N.
(2 = 1) Let M be a fuzzy open set in B such that
Pyq M, then
(P})° =User P} € M < M this implies M is f.nbd
of Pl-;i.
Since M be a fuzzy open set in B such that
then there exists f.g.o.s.
N of P! such that Pfq N and f(N) < M, from
Pfq N we have
(PO =V P EN C
PTtand f(N) c M.
Theorem (3.6):

Let f:(4,T,) - (B,T,) be a fuzzy proper
function, then the following statements are
equivalent :

1. For each fuzzy point Pf in A, for each y € Y and
for each fuzzy open set G in B such that PyqG ,
there exists f.g.0.s. H in 4, such that Pfq A and

F(A) <G

Pra M,

, hence N is f.g.nbd of

2. For each fuzzy point P} in A, for each y € Y and

for each f.q.nbd. M of Py,

f.g.q.nbd. of Py.
Proof:
(1> 2) Let PF be a fuzzy point in Aand M be a
f.0.nbd. of P} in B.
Then there exists a fuzzy open set N in IY such
that Pyq N € M.
Since N is fuzzy open set in B and Pjq N, then there
exists
f.g.0.s. HlnASuchthatPquHandf(H)C cM
thatis f(H) € M thus H < f~*(M)
this implies that PiqH c f~(M),
f~1(M)is f.g.q.nbd. of Y.
(2 > 1) Suppose that G be a fuzzy open set in B
such that Pyq G
Since PfqG <G, then G is f.q.nbd of P} this
implies that f~*(G) is f.g.g.nbd of P} so
3 fg.o.s. Hind such that Pfq H < f~(G) thus
f(H) cé.
Theorem (3.7):

Let f:(4,T,) - (B,T,) be a fuzzy proper

function, then the following statements are
equivalent :

F1(i) is

therefore

1. For each fuzzy point P} in A, for each y € Yand

for each f.g.nbd. G of Py,
Pr.

2. For each fuzzy point P{ in A, for each y € Yand
for each f.q.nbd. M of Py, there exists f.g.q.nbd.
N of P{ such that f(N) < M.

Proof:

(1= 2) Let P{ be a fuzzy point
f.o.nbd . of P in B.

Then f~1(#) is a f.g.q.nbd. of PY, let N = f=*(i#)
so f(N) = f(f‘l(M))~g M.

(2 > 1) Suppose that G is f.q.nbd of Py

Then there exists f.g.q.nbd H of Pf such that
f(H)cGsoH < f1(G)

Since H is f.g.q.nbd of P!, then there exists f.g.0.s.
E in A such that

PrqE < f71(G) thus f~(G) is f.g.q.nbd of PY.
Theorem (3.8):

If 7:(4T,) - (B T,) is fuzzy generalized
continuous function and g:(B,T,) - (C,Ts) is
fuzzy continuous function, then gof: (4 T;) -
(C,T;) is fuzzy generalized continuous function.
Proof:

Let G be a fuzzy open set in Z.

Since g is fuzzy continuous function, then §=1(G)
is fuzzy opensetinY

Since f is fuzzy generalized continuous function,

F~4(G) is f.g.q.nbd. of

in A and M be a
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then f~1(g~*(G)) is fgos. in X, from
(Gof)™1(G) =f~"(§7"(G)) we have jof:X > Z
is fuzzy generalized continuous function.

Remark (3.2):

Theorem (3.8) is not necessary true in general if
g is fuzzy generalized continuous

Example (3.2):

Let X={a,b},Y={c,d} and Z = {e,f}. fuzzy
sets A, B,C,D,E, F and G are defined as:
A={(a 0.6), (b, 0.6)}, B ={(a, 0), (b, 0.1)}
C ={(c,0.7), (d,0.6)}, D ={(c, 0.2), (d, 0.3)}
E={(e,0.7), (f, 0.7)} F = {(e, 0.9), (f, 0.4)}
G={(e, 0.1), (f, 0.7)}.

Let T, ={@3,AB} , T,={0,C,D} and T;=

{@,E,F}.
Then the fuzzy proper functions f:(4,T;) -
(0,7,) and G (D,T,)- (F,T5)  where

f =
{((a,¢),0.6),((a d),0),((b,0),0),((b,d),0.6)}

and

g =

{((c.©),0),,((c.0,0.7),((d, e),0.6), ((d, ), 0)} are
fuzzy generalized continuous functions but gof is
not fuzzy generalized continuous function.

Conflicts of Interest: None.
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