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Abstract:

In this work, an explicit formula for a class of Bi-Bazilevic univalent functions involving differential
operator is given, as well as the determination of upper bounds for the general Taylor-Maclaurin coefficient
N —th (N = 3)of a functions belong to this class, are established Faber polynomials are used as a
coordinated system to study the geometry of the manifold of coefficients for these functions. Also
determining bounds for the first two coefficients of such functions.

In certain cases, our initial estimates improve some of the coefficient bounds and link them to earlier

thoughtful results that are published earlier.
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Introduction:

Let A be the class of all functions f(z) as
the following form

f@)=z+37_,a,2", (z€W) (1.1)
which are analytic and normalized in the open unit
disku={zecC: |z| <1}
Also, let S be the subclass of A consist of all
functions that are univalent functions inU. A
function f € S has an inverse f~1 is defined as
follows

@) =2 (zew

and

U w) =w. (Wl <n() n(H =3)  (12)

In fact, if g = f~1 is the inverse of the function
f € §,then g has a Maclaurin series expansion in
some disk about the origin which is given by

gw) = f 1 =w—aw? + (2a2 — a®)w3
— (5a3 — 5ayaz)w* + -
=w+Y2,A,w". (1.3)
A function f € A is called Bi-univalent in U
if both f and its inverse £~ are univalent functions
in U. Let Y, denote the family of all Bi-univalent
functions in U which are given by in (1.1).
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A function f € A is called Bi-Bazilevic if
both f and its inverse £~ are Bazilevic in the unite
disk U.

From (1.1)
(fF@)* =z*(1 + ayz* + azz* + )%, (0<a) (1.4)
Using the binomial expansion for (1.4), to get

f(2)* =z1 + a(az + azz? + a,z% + )
ala—1)
4 =
2!
=2z%+ aa,z®" + aa;z*** + aa,z

(ayz + azz® + a,z3 + )% + - .
a+3 + .-

Let the class of analytic functions of A, be

F2)® =27 + Z a, ()77, (1.5)

For a function f(z)“ glven by (1.5), define the
differential operator 1“,3,u :A, — A, as follows:

Tonf (D) = f(2)°
Flkf( )a _ (1 (B- A)) (F f(Z)a) +%Z(F§ﬁ‘f(z)“)’
(1.6)

U+

o (1+B-D@a+n-2)\ ey
+Z< P >an(a)z .

(1 +(1-a)(A- ,8)>

= (BU0) (1227 ()) + £2 2t ey
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1+A-a)(A—p)

(eeneen).

u+a
o (14 (B —D(@+n—2)\° o
+HZZ< Y ) a,(a)z 1
In general,
@ = g F@n (S57) (7 @) +

2 f (@)Y (1.7)

1+(1-a)(A- [?))m L

u+4
1+ —-ND(a+n-2)
u+a

-
2

where
(u>0,,1=20;meN,=NU{0}; a >0,z €.

m
) an(a)zoﬁn—l’

Remark 1.1 It is easily to see from (1.7), that the
operator reduces to several known differential
operators by giving specific values to the parameters
which have been studied by following earlier authors
for instance:

I. For « =1,A=0and u = 1, we get to the operator
D™f(2) =z + Xy-,[1+ (n — DB az",

which was introduced by Al-Obouudi (1).
Fora=1,1=0u=1, and g =1,
operator D™f(z) =z + Yn,n"a,z",

introduced by Salagean (2).

Il. we get to the

which was

Now, using the differential operator [y"*f(2)* to

define a new class of Bi-Bazilevic type functions as
follows:
Definition 1.2 The function f(z)* which has the

form (1.5) belongs to the class F/ (a, ¢, y) satisfies
the following conditions
T f(@)°
(1 +(1-a)(A— /3))’" Ja
Mo f ()"

u+a
>Y (1+(1—a)(/1—ﬁ)
u+a

+, (zeW

) =
(1.8)
and
T g (W)

1+(1-a)(A—Pp)
u+A4

) we
Tl g (w)®
(1 +(1-a)(1—-p)
U+

+¢, Welw
The above conditions are equivalent to

(

>Y

m

(1.9)

m,A a
g /(2) — >{_y,(zeu)
(H(l—a)(ﬂ—ﬁ)) g 177
u+a
(1.10)
and
mA a
Fﬁ,p g(W) >(_y' (WE‘U)
1+(1—-a)(A—Pp) 1—y

( ut )’" we
(1.12)

respectively for some (u > 0,8,y, A=0;mEe
No=NU{0}; a>0,zeU) and0<{<1,g=
f~1is defined by (1.3).

Remark 1.3
I. Iftatkem=1,A=y=0andu=8=11in
Definition 1.1, then the class Tg,l;ll(“' ¢,y) reduced to

class of Bi-Bazilevic functions of order ¢ and type a
(see Bazilevic (3)).

Re {f’(z) (%)H} >¢ Gew
and )
Re {g’(z) (ﬁ) _a} >0 wew.

Il. Iftake m=1, A=y=0,a=1andu=F=1 in
Definition 1.1 then, we have the class of Bi-univalent
function
Re{f'(2)} >, (zew
and
Re{g'(2)} > ¢, welw
which was introduced by Srivastava et al. (4).

Estimate on the coefficients bounds of classes of
meromorphic and univalent functions were widely
researched in the literature. For instance, in 1948

Schiffer (5) proved that the estimate |a,]| s%for

meromorphic and univalent functions f with a, = 0
and Duren (6) obtained that if a; = a, = - =a; =

0forl <k <2, therefor |a,| < —.
2 n+1

Hamidi S. G., Janani T, Murugusundaramoorthy
G., and Jahangiri J. M. (7) considered the inverse

function g = f~1, where f e F’(1,{,0) and
obtained the bound 2(1—{)/(n+1) if (nT_l) <
¢ < 1. This restriction forced on ¢ is a very tight
restriction since the class F;’(1,¢,0)  shrinks for
large values of n.

The real difficulty emerges when the Bi-
univalency conditions are forced on the
meromorphic functions f and its inverse g = 1.
The sudden and bizarre conduct of the coefficients of
meromorphic functions f and their inverse g = f 1,
prove the investigation of the coefficient bounds for
Bi-univalent functions to be extremely challenging.

249



Baghdad Science Journal

Vol.16(1)Supplement 2019

In order to extend the results of Hamidi S. G.,
Janani T, Murugusundaramoorthy G., and Jahangiri
J. M. (7) to a general class of meromorphic Bi-
univalent functions, we use the instrument of the
well-known Faber polynomial expansions to
determine estimates for a general subclass of
analytic Bi-Bazilevic functions. Furthermore, we
prove the unperdictability of the early first two
cofficients of such Bi-Bazilevic functions that
belong to this class which is the best estimate in the
literature.

Coefficient Estimates

Consider the function f € A of the form
(1.1). Then the coefficients of its inverse
function g = f~1, may be represented by Faber
polynomial expansion as
gw) = f~1(w)

[ee]

1
=w+ Z EKn_ﬂ(az, a3, ooy AW, 2.1
n=2

where n—-1>1,-n€Z={.,-2,-1,0,1,2,..} and
(-n)!

-n _ -n i n—-1
Kn—l = Kn_l(az, as, ..., an) = maz +
(-n)! n-3 (-n)! a’él_4a4 +

Q@Cn+1)!m-3) 2 3 1 (—2n+3)I(n—-4)!

(-n)! _
(2(=n+2)!(n-5)! az”°las + (-n + 2)af] +

(_Zrlfrsi;)(!n%)!a?%[aﬁ +(—2n+5)aza,] + Y7 a; 'V
and V; with 7 < j < n is a homogeneous polynomial
of degree j in the coefficients |a,|, |as|, ..., |a,].

In general, for any real number p, an expansion of
K? = KP(a,,as, ..., a,) (e.g. see [(8), equation (4)])

is given as..

Ky 4
p(p—-1) , p! 3
=pa, + > En_1+(p_3)!3!En_1+~~
p! -

ErL, 2.2
+(p—n+1)!(n—1)! not (2:2)
where EY | =EP_.(a,,as, ..., a,), are
homogeneous polynomials explicated,

(a,)m1

' J
Op_q!

- p!(ay)° ..
Erz;—l(aZ' a3l ---;an) = Z 2 1
o1l ...
n=2
for p<n
such that a; = 1 and taking the sum on over all

non-negative integers ay, ..., 0,,_1, satisfing

{

Itis clear that EI'=!(a,, as, ..., a,) = a3~1(9).
Evidently, El} (a4, ay, ..., a,,) = E7; this means that
the first polynomials and last polynomials are

El = al'El = a,.
For instance the first three elements of K™, are:
K% = —2a,,
K;® =3(2a5 — a3),

0-1+0-2+”‘+0-Tl—1 =p
0, +20,++n—-1o,,=n—-1
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K;* = —4(5a3 — 5a,a; + a,).

A similar Faber polynomial expansion
formula holds for the coefficients of g, the inverse
function of f. The Faber polynomials presented
which play an important role in different areas of
mathematical sciences, particularly in geometric
function theory (Schiffer (5)). The recent interest for
the calculus of Faber polynomials, particularly when
it includes g = f~1, the inverse of f (see (10), (11),
(12), (13), (14), and (15)), flawlessly fits our case
for the Bi-univalent functions. As a result, we can
state the following.

Theorem 2.1 For u>0; B, A,y =20,0<{ <1,
both the functions f (z)% and its inverse map
9(@)% = f(2)"*arein FJoM(a,3,y). If @, =
0; 2<k<n-—1, then

la,| < 2(1-9)

" (IS
Proof: Since the function f(2)* € §*(«,¢,v) and
its inverse functiong(z)* = f(z)™® € Téﬁ‘l)‘(a, 4,7),
then there is a positive real part functions p(z) and
q(2) in the unit disk U
p()=1+)7¢c,z" and qw) =1+Y7,d,w",
where Re{p(z)} > 0 and Re{q(z)} > 0. Therefore,
we get

(

for n > 4.

Mo f@)*

1+(1—a)(/1—ﬁ))mza
u+a
={+1-0p@

1-v) +y

—14+(1-0) z ¢ 2", (2.3)

and "~
g (w)e
a-y L —+Y
1+A-a)1-p) «
( T 1 < ) w
=+ (1= Daw)
—14+(1-0) Z d,w™. (2.4)

n=1
By application, Faber polynomial expansion to the
power series for functions f(2)% € ng’l(a, 4,y).

Therefore, the left hand sides of the equations (2.3)
and (2.4) can be expressed by

Mo f@)*

1+(1-a)(A—-pB)
u+a

1-y

m 1tV
) =
=1+ Z F& (a, as, ..., a,)z™ !

n=2

(
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=1
+ a(l

1+ B-D(a+n-2)
_V)< 1+(1-a)@-8)

m
-1
) K7 i (a,,as,...,a,)z" 1,

(2.5)
and the same way, we obtain
T gw)®
_ Bu
N ra—oa—pyv .7

m
) we
=1 + Z Fg_l(Az,A3, ...,An)Wn_l
n=2

a(l-y) *

1+@B-ND(a+n-2) mK
1+ (1 -a)A—-p) L

(A, A, ..., A, )w T

(

u+a

I

(2.5)
where KP?

n—1

is defined by (2.2) and

1
A, = Z EK{_”l(az,ag,, e, @y), N=23,..
n=2

Comparing the corresponding coefficient of (2.3)
and (2.5), we get
anz a(l -

1+(B-D(a+n-2\" o _
]/)( 1+(1—C()()L—ﬁ) ) Kn—l(a21a31 ...,an)(l

Z)Cn—lﬁ
and similarly, from (2.4) and (2.6), we get

za(l -9 (1 + (B —/1)(0(+n—2)> K,

1+(1-a)(A-pB)
=2 % (Ay, As, 0y A) (1 = Oy (2.8)

Which under the assumption a;, = 0 for 2 < k <
n — 1, we conclude that

2.7)

1+ B -D@+n-2)\"
“(1_”( 1+A-a)@ -8 ) n
=1 -Dcp-1, (2.9
and
1+ -ND(a+n-2) m
'”“_”<1+u—mu—m )“"
=1 -9dy4. (2.10)

Note that, in virtue of Caratheodory Lemma (e.qg.
(8)), we have

el <2 and ld,] <2, (n€N).
By taking the absolute value of equalities (2.9) and
(2.10), we obtain the required bound

. (1= Olepsl
" 1+ B —D(a+n-—2)\"

“(1‘”( T+ -a)(A—p) )
_ (1= O)ldy_i]

14+ (B —ND(a+n—2)\"

a(t =7 T+ -a)(A—p) )
5 2(1-9)
- 14+ (B —ND(a+n—2)\"
“(1‘”( T+A-a)(A—p) )

The proof is complete.
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Putting m = 0 in Theorem 2.1, we obtain the
following Corollary.

Corollary 2.1 For y > 0,0 <{ < 1; both the
functions f(z2)“ and its inverse map g(z)*
f@) arein Fgl(@,{y). If ax=0; 2<k<
n — 1, then

2(1-9

2= for n > 4.

lan| <

Putting m=0,y=0, (=0 and a=2 in
Theorem 2.1, we gets the following Corollary.

Corollary 2.2 For both the functions f(z)* and its
inverse map g(z)* = f(z)™% are in Té’"&‘(z, 0,0).
If ap, =0; 2<k<n-—1,then

la,| <1  for n = 4.
Puttingm=1,A=u=0,y=0, and =1 in
Theorem 2.1, we gets the following Corollary.
Corollary 2.3 For 0 <{ < 1; both the functions
f(2)* and its inverse map g(z)* = f(z)™% are in
F o (@,0). If ap=0; 2<k<n-—1,then

la,| S(fl(_l% for n > 4.

The above Corollary 2.3 reduces to the result ((16),
Theorem 2.1) for analytic Bi-Bazilevic functions of
order a and type ;0 < < 1which is studied by
Jay M. Jahangiri and Samaneh G. Hamidi.

Putting m = 1,A=0,a = 1and y = 0in Theorem
2.1, we obtain the following:

Corollary 24 For>0; =0 , 0<{ <1; both
functions f(z)* and its inverse map g(z2)“
f(z)~® are in Fz'(1,{,0). If @ =0; 2<k<
n — 1, then

2(1-9)
< - >
la,| < T ED) forn > 4.

Note that Corollary 2.4 reduces to the result ((17),
Theorem 1) for analytic Bi-univalent functions of
order a and type {; 0 < ¢ < 1 which is studied by
Jay M. Jahangiri and Samaneh G. Hamidi.

Theorem 2.2 For u>0; f,Ay =0and 0<{ <
1. If both functions f(z)* and its inverse map
g% = f(z)"*arein Téﬁf‘(a, {,y), then one has
the following:

4(1-9)
’7, 0<{<1-
|a2| < a(a+1)(1-y)P2 c

(a-y)y}
ala+1)yp,

21-9) -y
e N a<a+yl>wz s¢<1
where
B 1+a(B-2 \"

Yo (1+(1—a)(z—/3)) v

(14 @+ DB -DH\"

B <1+(1—0!)(/1—ﬁ)> '
and

¢ ) 2(1-9)

las —a;| = mﬂcﬂ +|dy]) < 2 =),
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Proof If puttingn = 2andn
(2.8), respectively, we get
a(l=y)ia;, = (1 — ey,

3in(2.7) and

(2.11)

0-'(5”12—)!(1]/) 205 + a1l —y)P,a; = (1 —{c,.
(2.12)
a(l=yude = (1= 0di,  (213)
and
szfl% + a(l=y)P,43 = (1 = d,,
(2.14)

and for suitable values of A, and 45, we have
—a(1—y)Pia, = (1 —Qdy, (2.15)

and
ala -1 -y)

T Va2 + a(l—y)(a2 — a)y,

=(1-d,. (2.16)

From (2.11) and (2.15), we conclude by the
Caratheodory lemma

1 =Dlesl A =0)ldy] < 2(1-90)
al=y)p; al-y)P; ~ a(l =Y,
On the other side, by adding the equations (2.12) and
(2.16), we get

a(a+ 1A =pa3 = (1 = (c; +dy). (2.17)
Solving the equation (2.17) and applying the
Caratheodory lemma, we obtain

4(1-0)
ale+ 1)1 -y,
Subtracting (2.16) from (2.12), we deduce
2a(1 —y)(as — a3)h, = (1 — (¢, — dy).

la,| =

laz| <

(2.18)
Dividing by 2a(1—y)y, and by applying the
Caratheodory lemma. Consequently, we have

1-9 2(1-9)

2a(1 —y)Y, a(l—y)p,
This evidently completes the proof for theorem.
Putting m = 0 in Theorem 2.2, to get the following
Corollary:
Corollary 25 For u>0; B,Ay =20and 0<{ <
1. If both functions f(z)* and its inverse map
9(2)% = f(2)™® arein Fgn(a,{,y), then one has
the following:

las — a3 = (el +1d2]) <

’ 4(1-9) (1-y)
|a2| < a(a+1)(1-y) ( a(a+1)
) 2-0 _ -
a(1-y)’ ala+1) ={<1
and
2(1 —
lag — a3| < u
a(l-y)

Putting y =A2=0and § =m = 1in Theorem 2.2,
to get Theorem 2.2 in (16) which is studied by Jay
M. Jahangiri and Samaneh G. Hamidi.
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Corollary 2.6 If 0 <{ < 1; both functions f(z)*
and its inverse map g(z)* =f(z)™* are in
F:2(@,¢,0), then one has the following:
4(1-9)
1+a)2+a)’
20-9

1+a ’

osz<ﬁ
laz| <

— <(<1,
and
21-0)

2+a
Putting a« = 0 in Corollary 2.6, reduces to the result
[(16), Corollary 2.1] for analytic Bi-starlike
functions of order { ;0 < { < 1 which is studied by

Jay M. Jahangiri and Samaneh G. Hamidi.

la; — a3| <

Corollary 2.7 If 0 < ¢ < 1; both functions f(z)*
and its inverse map g(z2)* =f(z)™* are in
Foi’(,4,0), then one has the following:

2(1-10), 0<¢<?
|az|S 2

21-0), > <¢<1,

and

lag —a3] < 1-4.
PuttingA =y =0, and m=a =1 in Theorem
2.2, reduces to the result ((17), Theorem 2).
Corollary 28 If u>0,4=0, 0<{ <1, both
functions f(z)* and its inverse map g(2)“
f(z)™® are in Fg(1,{,0), then one has the
following:

/2(1—5) 1+28-p%
i1 < _—F '
1+28 "’ 0=¢< 2(1+2pB)
la| < 2(1-9) 1+25-B2
148 "’ 2(1+28) s{<1
and
2(1-9)
2
a; —a;| < ——————.
| 3 2| 2 +,8

Note that the above Corollary 2.8 is an improvement
of the estimates introduced by Frasin and Aouf [(18),
Theorem 3.2].

Putting § = 1 in Corollary 2.8, reduces to the result
[(19), Corollary 7 ] which is studied by Serap Bulut.

Corollary 29 If u >0, 0 < { < 1, both functions
f(2)* and itsinverse map g(z)* = f(z)™* arein

F:2(1,¢,0), then one has the following:
2029 0<{<:
la,| < 3 3
1
and
2(1 —
laz; —a?]| < ( 3 O.



Baghdad Science Journal

Vol.16(1)Supplement 2019

Conclusion:

In this work, we have presented new method
for class of Non-Bi-Bazilevic functions by used
Faber polynomials and determination of upper
bounds for functions belong to this class where we
noticed our initial estimates improve some of the
coefficient bounds.

Conflicts of Interest: None.

References:

1. Al-Oboudi F M. On univalent functions defined by a
generalized Salagean operator, Int. J. Math. Math.
Sci., 2004; 27(1):1429-1436.

2. Salagean G S. Subclasses of univalent functions,
lecture Notes in Math., 1013, Springer-Verlag,
Heidelberg, 1983 (1): 362-372.

3. Bazilevic | E. On a case of integrability in quadratures
of the Loewner-Kufarev equation, Math. Sh., 1955; 37
(79): 471-476.

4. Srivastava H M, Mishra A K, Gochhayat P. Certain
subclasses of analytic and Bi-univalent functions,
Appl. Math. Lett., 2010; 23(1):1188-1192.

5. Schiffer M. Faber polynomials in the theory of
univalent functions, Bulletin of the American
Mathematical Society, 1948; 54(1):503-517.

6. Duren P L. Univalent Functions, vol. 259 of
Grundlehren der Mathematischen Wissenschaften,
Springer, New York, NY, USA, 1983.

7. Hamidi S G. Janani T, Murugusundaramoorthy G,
Jahangiri J M. Coefficient estimates for certain classes
of meromorphic Bi-univalent functions, C. R. Acad.
Sci. Paris, Ser. |, 2014; 352(4):277-282.

8. Airault H. Symmetric sums associated to the
factorization of Grunsky coefficients, in Conference,
Groups and Symmetries, Montreal, Canada, April
2007.

9. Airault H. Remarks on Faber polynomials,
International Mathematical Forum, 2008; 3(9-
12):449-456.

10. Bulut S. Faber polynomial coefficient estimates for a
comprehensive subclass of analytic Bi-univalent
functions, Comptes Rendus Mathematique, 2014;
352(6): 479-484.

11.Hamidi S G, Jahangiri J M. Faber polynomial
coefficient estimates for analytic biclosetoconvex
functions, Comptes Rendus Mathematique, 2014;
352(1): 17-20.

12.Hamidi S G, Jahangiri J M. Faber polynomial
coefficients of bisubordinate functions, Comptes
Rendus Mathematique, 2016; 354(4): 365-370.

13.Hamidi S G, Jahangiri J M. Faber polynomial
coefficient estimates for biunivalent functions defined
by subordinations, Bull. Iran. Math. Soc., 2015; 41
(5): 1103-1119.

14. Jahangiri J M, Hamidi S G, Halim S A. Coefficients
of Bi-univalent functions with positive real part
derivatives, Bull. Malays. Math. Sci. Soc., 2014; 37
(3): 633-640.

15. Srivastava H M, Sumer Eker S, Ali R M. Coefficient
bounds for a certain class of analytic and Bi-univalent
functions, Filomat, 2015; 29 (8): 1839-1845.

16.Jahangiri J M, Hamidi S G. Faber polynomial
coefficient estimates for analytic Bi-Bazilevic
functions, Matematigki Vesnik, 2015; 67(2):123-129.

17.Jahangiri J M, Hamidi S G. Coefficient estimates for
certain classes of Bi-univalent functions, Int. J. Math.
Math. Sci. 2014, Art. ID 190560, 4 pp.

18.Frasin B A, Aouf M K. New subclasses of Bi-
univalent functions, Appl. Math. Lett., 2011; 24(1):
1569-1573.

19. Buluta S. Faber Polynomial Coefficient Estimates for
a Subclass of Analytic Bi-univalent Functions,
Filomat, 2016; 30(6): 1567-1575.

o) gy 4d pal) Aldah) il 150 sl JIgd e de B4 o jud 393 Banatia Julea il o &
(Al igal)

*3@1.1553\ Jrba

2.“ “*‘;Jsuéw:-

ldaas lal (paa )l 2

LBl O LY daala Sl ) and !

G1ad ¢ alal) Canlly ad) el 5 ) 5 ASUERD CEMa) 5 linal) 3 il 2

L) pall 48 KU (A8 Sl drala (AWK cchlualy e-u\ﬂ 3

sAadAY

23 Ay opama Ll s geatl Al @S ol il )L AU J) g e A Asy s dua sllae) Al Jeall 128

D e 2 goal) Baaete Gilallaias Craadiul Al sda ) i gl N — th (N = 3) alal 0o slS Le b Jalaal Llall 3 gasl)
(I sall 231 A g3 Clalaall 5 g8 o GlliAS ) gall 03gd Cdlabaall (o asaall i S Al 5ol (Guia QUaiS

o L i o Al AL A g paall il Leday ) 5 Cdlalaall 3 gan (any (pand e A5V L) 00 Jead cdipee s b

LGl 8 g

Aala) JIsall ey oIS Lo - bl alidi a3 e slS e - gLl EOlalaa ¢ yad 3 gas Badata ol 1L b o dalidall cilalgl)

s



