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Abstract:

In this article, the solvability of some proposal types of the multi-fractional integro-partial differential
system has been discussed in details by using the concept of abstract Cauchy problem and certain semigroup
operators and some necessary and sufficient conditions.
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Introduction:

There are many types of integro-differential
equations which are referred to physical models,
engineering models and other fields of applications.
Many authors are trying to develop some of the
methods to solve them; therefore the authors have
discussed the existence solution of the integro-
differential equation such as:

62u+04u N J‘L au(y,s)zd 0%u
gz taxr T\ Pt 5y Y ) ox
du
+9(5;) =0

where B4, B2, L > 0, g is a nondecreasing numerical
function. This equation can be converted to the
abstract differential equation as follows:

u’" +B*u+M (||B1/2u||2 )Bu +g@W) =0
The study of the existence of mild solution for an
integro-differential equation description is as

follows:
2%u 0%u 0%u L |du(v,s)|? 2%u
at? Aatzaxz + ax* (ﬁl + 5, fo | ay dy ax?

Ju

=/ (%)
which transformed into the abstract differential
equation as follows:

Ku" (t) = Au(t) + f[¢t, u(t), u' (v)] ,
see (4) and the references therein.

Recently, the fractional order differential
equation model is more interesting and more
descriptive to be applied in various branches such
as engineering and science. So, the abstract Cauchy
problems with fractional order derivative simulated

to some problems of the fractional differential
equation have appeared in many articles for many
applications in real life (1-19).

Consider the following fractional order integro-
partial differential equations:

(RD;Z1 Rszz(t.x)—BRDfl RDEXZ RpZz(t,x)+RD2%(t,x)

2
—(w1+w2 f:‘%ﬁ’sq dy)RD,‘?z

=f[t.2(tx).RD/  z(t.0)]g[t st )1} 22(tx)]  (L.1)

RDOL1+0{2—1 tx =z
; 26X, _ =70
RNX1ta2—2 s
D, z(t0)| _ =Fo

-1 -
L RD:‘Z z(t,x)|t_0=vo

where wq,w,, L >0, z(t,x) is denoted the

deviation x at t, 1<a <2, 1<a; +a, <2 and

0<y,¥2<1, =0, and RD} is a Riemann-

Liouville fractional derivative of order v >0,

x € X (X is a Banach space). Now, let A% be an

operator defined as A%z(t,x) = RD%z(t, x), so

(I — BA®)RD*RD23(t, x) + A*%z(t, x)

- (w1 + w,M [||A“/2z||2])A“z(t, x)

= f[t.z(t, x), RD}* z(t, )| g[¢t, z(t, x), I[*z(¢, x)].
1.2

such that M is a real function defined on R*. So,

the equation (1.2) written in abstract Cauchy form
as follows;
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PRD*RD25(t,x) = A%z (t, x)
+£[t, 2(t, x), RD/*z(t, )]
glt.z(t,x), 112 2(t, x)]

ajtaz—1
t

(1.3)

Rp 20|, _ =20

ay+az-2 -
Rpoa+az Z(t'x)|t—o:y0

kRD?Z_l z(t,x)|t_o=vo
- - 2
where 4% = (w; + w,M [[|4%/2z||]) A% — 424
and P =(I—BA*) are linear operators on a

Banach space

c([0,T],X) = {z € ([0, T]): *DYz € C([0,T])}
with norm [1z]1* = l|zllc + IRDYzllc, (. ll is the
sup norm in C([0,T])), v =max{a, a; + ay,y1}
and the nonlinear functions
fil X G, X) X CF(, X)) = (U, X)
g ] xXxX->X, (J=10,T).

The scientific problem of the fractional order
integro-partial differential equations cannot be
solved in an analytic or approximated way even
sometimes they are difficult to be studied. Also,
their behaviors for their solutions are not appearing
in general thus it needs more effort and practice, so
these problems have taken our interest.

The aim of this article is to study and present
all the results of the solvability for the proposal
classical fractional order integro-partial differential
equations such that some particular types are cases
of this proposal problem. They have an approach
which is using a nonlinear functional analysis
theorems and abstract Cauchy problem and
involving semigroup operators with Mainardi's
function category as well as a fixed-point theorem
as a basic theory for appearing the solvability with
some resent sufficient and necessary conditions for
this issue.

and

Preliminaries

The following notations,
assumptions and results needed later on.
Definition (1), (15):
The fractional integration with order o > 0 is

_ 1 s h(t)
1% h(s) = @ fo e dt, s>0, a>0

Where I'(u) = foooe‘ss“‘1 ds, u>0.
Definition (2), (15):

The fractional derivational
(Riemann — Liouvill) is

definitions,

with order a >0,

1 d"f h(t)
'n—a) ds™ ) (s—t)ati-—mn
0

s>0 n—1<a<sn

Rp@ h(s) = dt,

847

Definition (3), (15):
The function M, (w) = X2 __(Druh
a L=0 1) r(—a(L+D)+1) ’
Where0<a<1,u€ed¢
is called the Mainardi’s function
Remark (1), (12):
It’s clear that, The Mainardi’s function satisfies the
following:
a. fooo M,(w)du =1

b. fooo u™ M, (u)dr = Tntt)

= , NENT.
I'(an+1)

c. ForanyAe €and0 < f < 1then:
_aB _ (o B B\ .-
e = 0 TA M[g(')" 3)e AT dy

Definition (4), (7):

A one parameter family {S(s),s =01} is called
a semigroup on a Banach space X if
i. S(0) =1
ii. S(s+t)=S(s)S(t),forevery t,s=0.
Definition (5) ,(14):

A semigroup S(s),s =0 is
continuous if limg,o||S(s) =1I|| =0
Definition (6), (14):

A semigroup S(s),s =0
continuous if for each x € X then

limg_oS(s)x = x.

Definition (7), (14):
The operator A which defined by:

T(t)x-x _ dT(t)x
e |t=0, x € D(4)

is a linear operator and generated a semigroup
T(t),t = 0 where

D(A) = {x € X, lim;_g
Remark (2), (14):
If S(s), s=0 strongly continuous semigroup
generated by B then,

t+g
J;

a) ForyeX; limgﬁoﬁ

uniformly

is a strongly

Ax = lim;_,q for

T(t)x—x

exists}.

S(s)yds = S(t)y.

b) foryeXx ; fOtS(s)yds € D(B) and
B f, S(s)yds = S@®)y —y
c) for y€D(B) if S(s)y e D(B) then

4 S()y = BS()y = S(5)By

forA>0and y € X, then

R(L;B) = foooe_lsS(s)ds.
Remark (3), (15):

s (50fr ) =
-

808P PO = EPl8Df T fOlemo rimay;
where m—1<pg<m n—1<a<n,mmneN,
Definition (8), (15):
The Laplace transform, of the following derivative
of order @ > 0 is
LEDE h(t); A} = 2“F () — =g A [EDE* T h(t)]e=0
n—1 < a <n, where F = L(h(¢)).
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Lemma (1), (17):
If R(t) is a linear operator and
I*"*R(t)x € C1([0,T]), T > O then,
Rp« fOtR(t —s)xds = fot RDER(t — s)xds
+ lim I1"*R(t)x,
t-0+
x€X, tel0,T],for0<a<l.
Lemma (2), (17):
If g is a continuous function and
1*=%g(t) € C*([0,T]), T > 0and R(¢t) is
continuous, then
Rp« fOtR(t —s)g(s)ds = fOtR(t —s)BD%g(s)ds,
e[0,T],for0<a<1.
Now, assume the following conditions:
(A)) P= (- pBA*) and
~ 2
A% = (w, + w,M [[|4%/22]|°|) 4% — 42%, are
closed linear operators, D(P) c D(A%), Pis
bijective and P~1: X — D(P) is continuous.
(A2) Sa,+a,(t), t=0 is a strongly continuous
semigroup generated by P~1A*  on
CRL([0,T], X).
(A3) Sq,+a,(t), t > 0 is compact operator.
(A;)  The function
f:] x CRL(J,X) x CRL(],X) - CERL(J, X) satisfies
(i) for every (z(t,x), "D} z(t,x)) € CE*(J,X) %
CRL(J,X) , the function
f(.,3(tx), DY z(t,x)):] > CR(J, X)
is strongly measurable.

(i) f(t,.,.):CRL(J,X) x CRL(J,X) - CRL(J, X)
is continuous forallt € [0,T] = .

(i) |tz "D/ 2)|| < K (O (sl + || *D/ ) .

for  (t,z ®D/z) € J x CFL([0,T], X) x CRE([0,T], X)

where K¢ (t) nonnegative continuous function and
¢ nondecreasing continuous  positive function.

(As) The function g:[0,T] X X X X — X satisfies

M g,.,.):XxX—->X is continuous for all
t €[0,T].

(ig(., 2 1*2): X x X > X is measurable for all
z,1*z € C([0,T], X).

iy |lg(t.z122)| < K, 24(llz1l + || 17%2]|)

for (t,3,1]%2) €] X X x X.

where K,(t) non-negative continuous function

andf2, nondecreasing continuous positive function.

(As) let

. - = ~ at+a — ~

() Ry={(N+ Mo, a2 ter a1 ) | 2

FA (N My, | £017 22| ) || 3

2 (N Mgy, e 15
N TV-Y1 TY2
(i) K= "iax {1,’\1"(1—y1+1)} max {1' F(Vz+1)}

and K, =K;K;

848

(i) 265D = 1P fy (P, e -
)@@+ N) Ky ()0 Ky (5)2

Existence of solution:
Now, to prove the existence of a mild solution
for problem (1.3) in the space

CRL([0,T],X) ={z € C([0,T]): RDYz €
c([0,TD: ®p{* BD?z € €([0,T])} with norm
Izl = llzllc + || *D¥z||, , CIl-llc is sup norm of
C([0,T],X), v=max{a,a; + az,y1}).

From (A;) the equation (1.3) can be rewrite as
follows:
RD{RD22(t, x)

= P71 A%z(t, x)
+P71f[t, (¢, x), RD z(t, x)]

) glt. z(t, %), I z(¢t, x)]
RpFtae= (¢, 0)|,_, =%
RDIT2 2(8,x)|, = Fo

D270 2(t,%)|,_, = Do
Remark (3), implies that

RDAT %2 5(t, x) — }"Zl[RDf‘Z_j z(t,%)]|

= P 1A%z(t,x)

(3.4)

t—a1—Jj

t=0T(1-a;1—J)

+P_1f[t,z(t, x), RDg/lz(t, x)]g[t,z(t, x), Ig/zz(t, x)]

£ D050, = T [ 2 0)
t~%—J

L|l——

[F(l —a;—J)

+L [P_lf[t,z(t, x), DIz (t, x)|g[t, z(t, x), I3 (¢, x)]]

t=0

] + P71 A L(z(t, x))

ATt £(z(t,x))(A) —
SRS AP T st 0], ()

— Rpa2—] e
- 277':1 Dt ’ Z(t’ X)] |t=0 L [F(l—a1—j)]
+P71A%L(3(t, %)) ()
+L [P‘lf[t, z, *D}'z]g[t, 3, Iglzz]] )]
where 1 < a;+a, < 2, thus

A2 L (5(t,0) Q) = [ "D 2 (e, 0|, )
A RD;Z1+0£2—2 2(t,x)] |t=0(7\)

= [*p{* ™" a(t, 0)]|,_ A% + P A%L(=(t, ) ()
+L [p—lf[t, z, RDgllz]g[t, z, Ig/zz]] )

(A@taz] — p=1AN) £(z(t, x))N) = Zo + AP
+A9, + L [PAf[t, 5, "D z]g[t,5,112]| @) (3.5)
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Condition (A;) for A%*%2 € p(P~1A%) implies

that (A%s+az] — p=14@) ™"

Multiply (3.5) by (A%+@2] — p=14%)™" of both

sides

L(z(t, x))X) = (\@tez] — p-14%) g,
+A(A@tez] — pm14e) g,
A% (Amtaz] — p=1je) Ty,
+(Aoataz) — p=1e) T
(£[P7if[t. 3(t, x), *D*5(t, x)]
glt. a6, ), 117 z(t, x)])

Lemma (3):

If S¢,+a,(t), t = 0 strongly continuous semigroup

in X generated by P~1A% and

A%t@ e p(P~1A%). Then

i) forevery function z(t,x) € L([0,T]; X),

(Aa1+a21 _ P‘l/T“)_lL(z(t, x))(/l) =
fooo e M [fot Say+a,(t —8) (E— s)“1+“2‘1z(s,x)ds] dt
(3.7

(3.6)

ii) forevery z, € D(P~14%),
(Aa1+a21 _P—IA'a)_lzo
= [ €™M Sy 1q, (Ot 1Z qt (3.8)
iii) for every y, € D(P71A%), 2%1+% € p(P~14%)
and A complex number,
A(Aataz] — p=14e) T g
=1 [) e M8y 1a, () tU¥2  Fode  (3.9)
iv) for every 7, € D(P~1A%), 1%1%%2 € p(P~1A%)
A (Aataz — p-14e) g
=A% [ M, La, () tUHe2 T G dt
where, 1< a<2,1<a;+a, <2and
Sa,+a,()x
= [, (@1 +a)rMa(r) Sq,1a, E**2r)x dr
where M, is defined in Definition (3).
Proof:
i) Remark (2), for z € D(P~1A%) , implies that
(Ae+az] — p=142) " £(5(t,2)) (D)
= [ e AU S, e, W(L3(t, X)) (D du

Applying Laplace transform of righty side , implies
that

(aerreet — P A) ™ (La(t, 1))

= Jo Jy e Sy v, ) €5 (8, x)dsdlu
assume that u = x%1*%2 then

du = (a;+a,)x% 1% 1y,

(Aataz] — P‘lfi“)_l(ﬁz(t, x))A) =

fooo fooo e—()lx)“1+“zsa1+a2 (x®1%92) (g +ap)x*at @21

e S*z(t, x)dsdx
Remark (1),

849

e-(Wtez _ o _aitay

0 raitaz+l

Ma(r—(a1+a2))e—lrxdr
implies that
(Aertea] — p=142) ™ (Lz(t, 2)) (D)
00 (00 00 _ a+a —
:fo fo fo e Arxrallﬂtzil M(X(r 0£1+0£2)
Sery v, (XM1H92) (@ +ay)x @1 %2 e~ 5(t, x) drdsdx
now assume that rx =t , hence rdx = dt, so
(Axrtea] — p140) ™ (Lz(t, 2)) (V)
[ (o0 oo _ap (a+a)? -
_f() f() fo e ‘ Ta1+a22+1 Ma(r (a1+a2))
Su +a (ta1+a2r—(a1+a2))ta1+a2—1r—(a1+a2)
1 2
e Sz(s)dr ds dt
-1

Assume that y =r~(@1%@2) hence 1 = yartaz

-1

ya+raz ' dy, then

and dr =

a,+a,

(Axtaz] — p—lA“)_l(Lz(t. X))
© ~00 ~OCO z
:fo fo fo e~HExS) (“—izlea(y)

ya1+a2
a+a atay—1
Sa1+a2(t . 2}’)t ! z
-1

yarra ' dy ds dt

-1

yZ(S) a+a,

= fooo e_lt[ f; fow(a1+a2)yMa(y)(t — s)ataz-1
S“1+a2 ((t - S)}I)Z(S)dy ds ]dt
= 1y eIy Saysaa (b = ) (£ = )" a(s)ds| at

ii) Remark (2), for any 2, € D(P~14%), implies

that

(Amtaz] — p=1ja) " g
0 _jaq1+a ~

= J) e S gy gy (W Zodu
assume that u = x%1*% hence
du = a;+a,x* %2 1dx, Then
(Amtez] — p=14e) 7

= fooo e_(lx)al-'—azs a1+a2)

a+a, (x
(ay+ay)x®t%"1z dx

From remark (1), yield

(Am+az] — p=14a) " g,

_ (P (P_*ta  _Arx —(ai+ay)
- fo 0 7«011+0¢2+1e M(l(r )

Sqy+a, (x1F2) (@ +ay) x4 271 Zydrdx
Again, assume that rx =t hence rdx = dt,
therefore
(Aa1+a21 _ P_1A~a)_120

2
zfooo foooe_,u %Ma(r—(alﬂxz))

Sa,+a, (ta1+0lzr—(a1+az))
tataz—1.—(a;+az) Zodrdt

Now, assume that y =r~(®1+@) jmplies

-1 -1

r = yata and dr = a1_+1062 yar+a; _1dy_
Then
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(Aa1+a21 _ P—lA'lx)_lzo
=y Jy e (arta)yM ()
Say+a, 2y Ut 2Tl 7,dydt
(/10:1+a21 _ P—lAa)_le
= [ €78y 4q, (B) tUt2 715 dt
iii) From remark (2), for every §, € D(P~1A%), the
prove (iii) is a same way of the prove (ii) ,yield
(/10:1+a21 _ P—lAa)_lyo
= fooo e_lt§a1+a2 (t) ta1+a2_1370dt
multiple both said by complex number A ,then
A(Aitaz] — p=1) g,
= 1[0 7M Sy e, (8) LT g dt
iv) From remark (2), for every ©, € D(P~1A4%),
the proving of (iv) is a same way of the prove
(i), that is
(Amtaz] — p=1ja) g,
= [ €™M Sy 4, () Rt
multiple both said by complex number A%t then
Am(aataz) — p=14e)
= 2% [P e7ME, 1q, (8) £ 0L,
Now, by lemma (3) the equation (3.6) take the
form:

L(z(t0))A) = [ €75y 14, (1) tUr@2 1z dt
+A [, €My va, ()t g dt
2% [ M, L a, () tUte2 1 dt

I e[ [3 Sapray (t — ) (¢ — 5) e+
P7f[t,z(t,x), *D*5(t, x)]g[t, 2(t, x), I/*5(t, x)]ds|d

applying the Laplace inverse of the above equation,
yield
2(t, %) = Sg1a,() tH 712,

+28a, +a, () L9715,

+2%8y g, (1) tU1H 0271,

+ Jy Sayray (t = 5) (t = 5)@+a1
[P‘lf[s,z(s, x), BDI 3 (s, x)]g[s,z(s,x),l_l’zz(s, x)]] ds

(3.10)
Definition (9)

A function z(t,x):[0,T] x X = X is called a
mild solution of (3.4). If z(t,x) and the fractional
derivative RDg’lz(t,x) exists for 0 <y; <1 and
both are continuous on [0,T], and satisfies the
following equation:

3(t,x) = §a1+a2 (O)txr+e1z,

+ A§a1+a2 (t) ta1+a2—13~/0
+ 1918y 4a, (1) tT1H %271,
+ Jy Sy vy (£ = 5) (¢ = s)atea
P~1f[s,z(s,x), D} z(s,x)]

gls z(s,x),1*z(s,x)|ds, te[0,T]

t

Lemma (4):

Let Sg, +q,(t),t =0 be a strongly continuous

semigroup in X, generated by P~1A%*%  Then

the family of operators {S,, ,q,(t),t =0} and

1 < a < 2 satisfy the following.

i) Forany t =0 , §a1+a2(t) is bounded linear
operator (for any x € X there exists M, ., > 1,
w > 0 then ||Sy,4a, O < My, 4a,e™ .

ii) The family {S, 1q,(t),t =0} s strongly
continuous, which means that for every y € X
and0 <t; <t, <T,then

||S~a1+a2 (tz)x - §a1+a2 (tl)y”Z — 0 when ty =ty

i) If Sg 4+q,(t) is a compact, then the operator
Sa,+a,(t) isacompactin X, t > 0.

proof:

For any fixed = 0 , since S, 44,(t) is a linear
operator , then S, 44, (¢t) is also linear operator.
Forany y € X, and from lemma (3),thus

” S~a1+a2 (t)}’”Z

= 1y art@arMa,a, () Saya, (€ 2r)y dr||
From properties of strongly continuous semigroup
S, +a,(t), thereis M > 1 and w > 0, that is
[1Se+0, ¥ ],

< @+ M [ Mgy 10, (1) €N y I dr

(Wta1+

a n
W) iyl dr

~ 00
< apta,M fo ™, 10, (M) Y=o il
o (Wta1+a2)n :

(+a)M 50— ;1™ Mayia, @Iyl xdr
~ oo (WtE1taz)n r(n+2)

< (e taz)M Xg n! r((ag+az)(n+1)+1

Iyllx

< (a+a)il 55

0 n!

IA

to1tazyn (n+1)r(n+1)
” (agtaz)(n+DI ((a1+az)(n+1))
Iyllx <M Eqq(wt)llyllx
where E, . is a Mittag-Leffler function.
From properties of Mittag-Leffler function,
ISersa, O], < MM 1q,e ™ 11yllz,

n!
+az = SUPNENT (o e nt (@ tay))
Assumethat Mg 4o, = MMy 4o, > 1, then
~ ~ aq+a
ISa,+a, OV, < Moy raye™ ™ Myl -
Forany ye Xand 0 <t; <t, <T,then
||Sa1+a2 (tz)x - Sa1+a2 (tl)yux

where 1< Mg 4o, =

- ||fooo(a1+a2)rMa1+az (D[S, +a, ((E2)*1F%2r) —
Sa1+a2 ((t1)“1+“2r)]ydr ”X

< Jy (@ Fa2) Mg, 4o, (0[S 4, (£2)“¥421) =
Say+a, (E) 20| Ilyllxdr

According to the strongly continuity of S, .., (©),

t >0, thus ||Se,+a,(2)Z = Sa, +a, (tl)y”x tends

850
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to zero ast,—>t;, which means that
{§a1+a2 (t),t = 0} isstrongly continuous.
iii. To prove that §a1+a2 (t)is compact in X,
t = 0. For each positive constant L, the set
Z,={x €X: ||lx|| < L}isclearly a bounded
subset in X . To prove that for any positive
constant Land t > 0, the set
w(t) = {§a1+a2 Ox,x € ZL}
= {J, (@) My sa,(1)Saya, (EF2r)x dr, x € 71}
is relatively compact in X. Let t >0, for all
6 > 0, the following subset in X ;
Ws(t) =
{Jy (@1+a2)rMa, 10, (1S, 1, (€ F2T)x dr, x € Z,},
Then for x € Z,, implies that
Iy (@4a2)rMe, 10, (1)S g, 4a, (€7 %27)x dr
Sy va, E7928) [ (@ +a2)T Mg, 1, (1)
Sq,+a, EFT %2 — tA+O28)x dr
Since Sy, +q, (t*17928), t¥1%928 > 0 is a compact,
for any t > 0 the Wg(t) is relatively compact in
X. Moreover, for every x € Z; , thus

”fo (a1+a2)rMa1+a2 (T)Sa1+a2 (ta1+a2r)x dr —
fg (a1+a2)rMa1+a2 (r)5a1+a2 (t**%2r)x dr ”
)
= ||f0 (a1+a2)rMa1+a2 (T)Salﬂxz (ta1+a2r)x dT‘”
6 jaq+a
< (+a)M [ et 1+ "My, ta,(r) dr
There are arbitrary relatively compact sets close to
the set W(t), t > 0. Hence the set W(t), t > 0 is
also relatively compact in X.

Theorem (1):
Consider (A;)-(A,) holds and

—~ t~ o0 ds
K3 fO L(s)ds < fKZQfTﬂg(S) (3.11)

where K;,K,,K; and L(s) defined in assumption
(Ag). Then the problem (3.4), has a mild solution
z € ([0, T], X).

proof:
From our assumptions and z € CRL([0,T],X) the

maps

D(z,y)(t) = Sq, +a,(t) tT1+%2712,
A8, 4, (1) t1F4271 3,
+A98, e, () tU1H2271E,
+ Jy Sayray(t = 5) (t — 5)@a*ee?
[P‘lf[s, z(s, %), I "y (s, x)]gs, z(s, %), I;'Zz(s,x)]] ds
(3.12)
fort € [0,T], and
Y(z,y)(t) = DYy, 4q,(t) t*1+%2717,
+4 RDv§a1+a2 (t) ta1+a2—13~/0
+2% RDVS,, o (£) to+a1p,
+ 8DV [ Sy ay (t = 5) (£ — )+

851

[P‘lf[s, z(s, %), I "y (s, x)]g[s, z(s,x), 113 (s, x)]] ds
(3.13)

by using Schaefer's theorem, this means that firstly,

that the set

(Za1+a2r3’a1+a2)
=T (q)(zalﬂxz! ya1+a2):qj(za1+a2: ya1+a2)) y 0<7T<1
is bounded. Secondly, to show that the operator
F:CRE([0,T],X) - CFE([0,T],X) is completely
continuous. Now, from (3.12) that
~ aq+a _ ~

ey e, (&) S Mo, gq,e™ 2 N t¥2H 2272 |[| Z |

F Ay Nt g | + (1P|

t ~ _o\a1t+a

fo Ma1+a2ew(t )7 “IIt—s
£[s 2(s,2), I,y (s, ]| g[s, z(s, %), 112 2(s, 0)]|| ds

= 7 [ [ EA

~ a1+a - ~
FA 4 €| £t 5, ]
1P| f Pl o, €92 (¢ -
0

x Kp ()% (||, 0, (]| + suposess [Vaysa, )

)a1+a2—1”

ya1taz s)@taz-1

svr1

F(v—y;+1)

x Ky ()2 (|2ay 40, | + 7o
and from (3.13)
Vs ta, & 0| < || FDYSqy 4, () t* 1 %2712 |
+][ABDY Sy 4a, () t¥ 1+ 15|
+][2% EDV Sy 4q, (B) ¥ ¥ e 7155 |
+ || BDY fy Sayeay (£ = 5) (£ = syt
X [P‘lf[s,z(s, x), I,y (s, 0)|g[s, z(s, %), 172 (s, x)]] ds”
Let N = max|| *D¥S,, 4q, () t%2*%72||, and from
lemma (2), then
Ve, 40, (& || < NllZo Il + AN 7ol + 2% N|| T ||
+ [ RD¥ S 4, (£ = $)(2 = $)a* 21|
1P| f[s, z (s, x) LMy(s, x)]||||g[s z(s,x), Iyzz(s x)|||ds

l"(y ) 5up051-55||3’a1+a2(‘f)||) ds

< Nl|Zo |l + ANl + 2% N[|Bo | + [P~2[IN

Iy Kr )9 (2,10, | + s 9P [y, 1))

Ko ()0 (12010 | + romrs
Clearly
||Z“1+az(t X)” + ||y‘3‘-’1"'0-'2(1’L X)”

< (N 4+ Mg a2 @1 ) | 2]

SUPo<r<s ”ya1+a2 ) ”) ds

= ~ aqt+a — ~
2 (N + Mgy, et et @1) ) ||, |
= ~ aqt+a — ~
£2% (N o Mgy et || et 1) |15

_ t [~ _\a1ta
HIPU fy (Mayraye™ @ I —
S)a1+a2—1” +ﬁ)
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sup e ()

V=¥+1) g<rss

K (2@l + 1

Ko ()0 (120() | + o5 suPosesslva (DIl ds

put

19f(t)ﬁg(t)
TV

= max {15} 599 (a0 Ol + Yarran @)
TY2

max {15} sup (2 sa O + i D)
Then

TV-Y1 TY2
’9f (t)ﬁg (t) < max {1' F(v—y1+1)} max {1' F(y2+1)}
= ~ a1ta — ~
x (N + My et 2 et |12
A (N Pl et 2 et ) || 55
21 (N P, e 9271 ) [l + (1P

Jy (Mayaye™ (¢ = )+ + N)
Ky (s)Q (ﬁf (s)) Ky (s)0g (ﬁg (s)) ds

9, (£)9, (t)

TV-Y1
< max {1

F(v——nﬂ)} max {1’ F(Z-ZH)}

{Kl + fot L(s) Q¢ (19,: (s)) Qg (ﬁg (s)) ds}
<R, {Kl +[1L(s) (Qf (@(g))) (Qg (ﬁg(s))> ds}

<K, +K; fOtZ(s) (Qf (19,:(5))) (Qg (199 (s))) ds
where
Ry = {(N 4 Mgy a1 | 25
+2 (N + My, e et ) |15
2 (N4 Mg £rr 1) |15

ax {1,

~ =

= K;K;
L(S) = ”P 1”f ( a1+azew(t_s)a1+a2”(t _ S)a1+a’z—1”

+ ﬁ) Kr ()¢ Ky (5) 0

TV=Y1

F(V——Yl“'l)} max {1, %} and

I
3

3

T&') <

Let 19f,g (t)

=Ry + Ry [y 265) (2% (8,9)) ) (05 (95 ) ) ds
then
9,(£)9,(t) < By 4(t) and 5 4(0) = R,

8 5(6) < RsL(®) (Qf (ﬁf(t))> (Qg (ﬁg(t)))
Then,
95 g(t) ds
fﬁz Q()Qg(s) ~
From (3.13), that is
f?f,g(t) ds
K, Qe(s)Qg(s) —

K3f L(s)ds

K3f L(S) ds < fKZQfTﬂg(s)

This means that 9y 4(t) is bounded, then the set of
solutions

(za1+(x2!ya1+(x2) =
T(q)(za1+(x21 ya1+a2)’ lp(za1+(leya1+a2)) ' iS
bounded. (3.14)

Now, to prove that the operator F: CR-([0,T],X) —
CRL([0,T], X) is completely continuous, where

(Fz)(¢)

= Sa1+a2 (t) txtaz— 120 + lSa +a, (t) tertaz=- 1y
+2% Sa1+a2(t) tFtaz- 1170
+ fot §a1+a2 (t —s)(t —s)*ataz1
[P_lf[S, z, *\DI'zlg]s, 3, I;’ZZ]] ds
LetH, = {z € CF([0,T1,X) : |lzll" < L1 = 1}.
The first thing to do is that F maps H; into an

equicontinuous family. Letz € H; and ty,t; €
[0,T]thenif0<t; <t, <T.
I(F2) (1) = (F2) (25l

< ey D2 = S, (0282|110

+/1||Sa1+a2(t1)tfl+a2 - ~a1+az(tz)t§“+a2_1l|II370II
o Sy (&1 = $) (&g — s) @2
_§a1+a2(t2 - S)(tz - S)a1+az_1
P~if[s,z, RDY*z]g[s, 7, 1}*z]||ds
+ ftzzllgaﬁaz (t; — s)(tp — s)"ataz~t
P7f[s,z "D{*z]gls, z,11%z]||ds
< [18a+a, (t1) = Say v, (€120l
+2||Sa 0y (1) = Sayra, @10l
t ~ ~
+ f01||[5¢11+0_’2 (tl - S) - Sa1+a2 (tz - S)] ds
P~Yf[s,z, "DY*z]g[s, 2,1 *5]ds
< [ISay+a; (1) = Sayea, (E2|[ 120
+2||Sa 0y (1) = Sayra, @10l
Sy vy (61 = ) = Saysay (E2 — S|P
K ()Qe(llz()I + ||Is "y ()|
Ky ()2 + || 122y(s)||) ds
+ [ [Sayra, (b2 = ]I 1P
Ke($)(lz)I + 1177y ()|))
Ko (llzIl + |12y ds
= ||Scfl+a2 (tl) - Soi1+a2 (tz)””ZO”
+A||Sa1+a2 (tl) - Sa1+a2 (t2)||||370||
+ L3 ey (E2 = ) = Sy, (82 = I
TV-Y
Kf(s)ﬂf (T‘ + r(v-y+1) )
TY2
Ky()0 (r+mo—57) ds
+ [0Sy ar (t2 = ] I1P2I
Kr(s)Q (r +

Ky(s)Qg (r

and similarly

F(v v]_/z-l) )

r)ds

Y2
r‘()’2 +1) (3.15)

852



Open Access
2021, Vol. 18 No.1 (Suppl. March)

Baghdad Science Journal

P-1SSN: 2078-8665
E-ISSN: 2411-7986

| *D¢ (Fz)(t,) — *DY (Fz)(t,)||
< | *D¥ Sy, EDE T = BDYSa i, (0D 51
+A|| AD{11 28, o, ()ETTT T
— RDYSu, vy (8571136
+ [ [ RD¥ Sy by (81 — )ty — $) T+t —
RDYSa, ta,(ty — $)(ty — s)®1+e271]
X [P‘lf[s, z, *D1 3 (s, %)) g[s, 2, 1723 (s, x)]]” ds
2[R DY Sy ay (22 = 9 (t — )+ 71]
[P_lf[t, z, "Dz (s, %)|g[s, 3, 1} (s, x)]]” ds
< || DY Say i, EDET T = BDYSy e, (E)E 7|12
+/1|| Dy ~a1+a2 (tl)ta1+a2 !
— FDYSava, &t |11l
+ f0t1|| [ RDg}SaﬁaZ (ty — s)(t; — s)@atee—1 —
RDE/Saﬁaz (tz —5)(t, — S)a1+a2—1]
X [P‘lf[s, z, *D1 3 (s, %)) g[s, 2, 1723 (s, x)]]” ds
+ f:” [ RDg}§a1+a2 (t; —s)(t; — 5)a1+a2_1] ds
P~f[s, 3,13 "y(s,x)]g[s 3,1} *z(s, x)]||ds
=< ” RDg§a1+a2 (tl)tf1+az_1
Sl L (9 e | P
+/1|| RDg§a1+a2 (t1)tf1+a2_1
= FDYSava, &)t |11l
+ f0t1|| [ RDg/galﬂxz (t1 —s)(ty — s)@r*oe™ —
RDg§a1+a2 (t; —s)(t; — S)a1+a2—1]”
X IP~HIK ()Qe(lz(HN + |15 v (s)]])
Ky () (Il + || 122v(s)]|)ds
S R SN CEBICED L |
X IP~HIK ()Qe(llz(HN + ||I57 v (5)]])
Ky () (Il + || 122¥(s)]|)ds
< ” RDg} ~a1+a2 (tl)tfl+a2_1
e 2L (3 e | P
+/1|| RDglgaﬁaz (t1)tf1+a2_1
— BDY Sy, v, &)t 2150
+ [ [ RDY Sayray (b1 — )ty — $)%1¥e21 —
RDVS~(Z1+CI2 (t; —s)(t; — 5)a1+a2_1]”

1 (
X 1P Ky ()% (r + s T)

Ky ()0 (r+m r) ds
+ ft2||[RDV S, e, (b2 — )ty — s)®rt 1|
x ||P~ 1||1<f(s)nf(r+m )

Ky (5)0g (r F( — )ds (3.16)

in equation (3.15) and (3.16) the right-hand side are
independent of z € H; and tend to zero as t; - t,.

Since Sy +q,(t) . "DYSy +a,(t) are uniformly
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continuous for t € [0,T] and the compactness of
Say+a,(t),  "D¥Sy 4q, for t>0 imply the
continuity in the uniform operator topology.
Then F maps H; into an equicontinuous family.
Now to show that FH, is compact. Since have been
proved that F map H; into an equicontinuous
family. To prove that F maps H; into a precompact
set in CRL([0,T],X) and apply the Arzela- Ascoli
theorem.
Lete (0,T], € € (0,t) for z € H; , then
(Fe2)(t) = S~a1+a2 ®) t(x1+a2—120

28040, (8) E1T TG + 2915, g, () tOHE2TE

) Sapray(t =) (¢ — 5)@ree

[P‘lf[s, 3, *DVz(s, %)) g[s, 2, 173 (s, x)]] ds

Since Sy, 4, (t), DY Sy, +q, are compact operator,
the set E.(t) = {(F.z)(t): 3 € H;} is precompact
in cR:([0,T],X) for € € (0,t) and for every € H; ,
then

I(F2) () — (F.2) (@)l
< [ NBayra, = )t — )1t
P~1f[s, 3, *DY (s, x)]g[s, z, 112 2(s, x)]||ds
< f NSarea, t = ]I
1PLIK ()0 <r ; r)

Tv—y+1)
Ky(s)0g (r + r)ds.

and

| ®D¢ (F2)(t) — *DY (F.2)(@)||

= tt—e”[RDg}S‘a1+a2 (t — S)(t — s)“1+0l2—1]

P‘lf (s,z(s), RD;“z(s)) g (S,Z(S),I;/ZZ(S)) ” ds

rell FDY S va, (£ = $)(E = $)Mt |
1P~ 1||Kf<s)nf(r+r(v —7)

Ky ()9 (r+F = r)ds. (3.18)
Then there are arbitrarily pre-compact sets close to
the set  {(Fz)(t):z € H;} Hence the set
{(Fz)(t): z € H;} is precompact in CEL([0,T], X).
Now, to show that F:CR:([0,T],X) -
CRL([0,T], X) is continuous.

Let z, be a sequence, such that {z,}5 <
CRL(0,T], X) with z,, = z in CRE([0,T], X). Then
there is integer p such that |z,(tx)| <p,
| #D{ z,(t,x)|| < p for all n and ¢ € [0,T] so
lzt, Ol <p, || *Df 2t 0)|| < p,
z(t,x), *DY z(t,x) € CR:([0,T],X) .
from (Ay),

f (t, zn(t, x), RDgllzn(t, x))

— f (t.2(tx), *Dl2(t, %))
and from (As), implies that

Vo

v=y

I'(

TY2
e (3.17)
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g (t, 2 (t, %), 1?2, (2, x)) >g (t,z(t, x), 1% 3(t, x))
f (t, 2, (t, %), RD! (¢, x)) g (t, 2 (t, %), 12, (2, x))
— f (t,z(t, x), D3 (¢, x))g (t,z(t, x), 11%3(t, x))
foreacht € ] = [0, T] and since
||f (t, 2, (t, %), RD 3, (¢, x)) g (t, 2 (t, %), 1?2, (2, x))
—f (t,z(t, x), *D/1z (¢, x))g (t,z(t, x), 1?7(t, x))”

< ||f (t.2n(t2), "Dl 206, )) 9 (8,206,200, 220 (6, 0) )|

+ ”f (t,z(t, x), D3 (¢, x))g (t,z(t, x),11%3(t, x))”

< £ (62t 0, 77906 2)) g (8,20 (620, 1220 (8,0 )|
+||r (62t 0, 2y 0) g (6200, 11720

< ||F (& 2n 60, 779 t0) | |9 (£ 20t 20, 12202, 0)) |
+ ”f (t,z(t, x), I y(t, x))” ”g (t,z(t, x),127(t, x))”

TV-Y1

< 28O0 (llal + =355 111)

Ky (0% (1121 + s I191)
Therefore,
IFz, - Fz|
= sup [y 00, = (0 - syresip

[f (S, Zn, BDV 2, (s, x))g (s, B, 1122, (s, x))
-f (S, 3z, EDV (s, x))g (S, 3,175 (s, x))] ds”

< ||8ay+a, (t = )t = s)Ttet|||P71|
I || (5 2m *DY 20 (5,2)) g (5 20 1220 (s, ) )
—f (s,z, RDllz(s,x))g (s, 3,112 3(s, x))” ds -0
and
|| *D¥ (Fzn) — DY (Fz)||
= SUP¢g ”fot Rngga1+a2 (t —s)(t —s)mte-1pt
[f (s. Z "Dz (s, %)) g (S, Zn 197 Zn (s, x)) —

f (S' 2z RDzlz(S,x))g (S,z, 125(s, x))] ds”
< || RDY S, sa, (t = $)(t — 5)@r¥ 2| |IP~2|

Iy |1 (5:2n(5,2), ®DV20(5,2)) g (5,205, 20, 122 (5,))
—f (s,z(s, x), B0z (s, x))g (s,z(s, x), Izzz(s,x))“ ds -0
Then F is continuous and from (3.15), (3.16) F
is equicontinuous and from (3.17), (3.18) F is
precompact this means F is a completely
continuous and from (3.14) the set of solutions

(Za1+aZJYa1+a2)

=T (CD(Za1+a2'ya1+a2):lp(za1+a2:ya1+a2)) ’
0 <t <1 ishounded. Then F has fixed point in
CRL([0,T],X) (Schaefer theorem) therefore every
fixed point of F is a mild solution of (3.4) on
[0, T].

854

Conclusion

Concluded that the solvability of fractional
order intgro-partial differential system needed the
Laplace fractional transforms with Mainardi's
function for computing the mild solution and the
certain semigroup play important role. The
assumptions presented in this work are necessary
conditions for proving the solvability by
transforming the problem to abstract Cauchy
problem and the nonlinear functional analysis make
a big role with specifying the space and domain of
operators to generalize the problem of extensible
beam equations and other certain problems.
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