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Abstract:

The aim of this paper is to translate the basic properties of the classical complete normed algebra to
the complete fuzzy normed algebra at this end a proof of multiplication fuzzy continuous is given. Also a
proof of every fuzzy normed algebra ¥V without identity can be embedded into fuzzy normed algebra V, with
identity e and V is an ideal in V, is given. Moreover the proof of the resolvent set of a non zero element in
complete fuzzy normed space is equal to the set of complex numbers is given. Finally basic properties of the
resolvent space of a complete fuzzy normed algebra is given.
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Introduction:

Sadeqi and Amiripour in 2007 (1) introduced
the definition of fuzzy Banach algebra and proved
some results of this space. Dinda et al. in 2010 (2)
introduced some properties of intuitionistic fuzzy
complete fuzzy normed algebra. A condition for
continuous product in a fuzzy normed algebra is
introduced in 2016 by Binzar et al (3) also they
proved some properties of fuzzy Banach algebra. In
this research, first we recall the definition of complete
fuzzy normed algebra such that the basic properties of
the ordinary complete normed algebra is proved for a
complete fuzzy normed algebra. The inverse operator
x »x~1 is fuzzy continuous mapping and the
resolvent set py(x) is equal to C \{0} were proved.
After that basic properties of the resolvent space were
proved such as py (xy) U {0} = py(yx) U {0} for any
x and y in a complete fuzzy normed algebra (V, L,,®
,©) with identity.

Preliminaries
In this section, we recall basic properties of fuzzy
normed space and other concepts.

Definition 2.1.(3) A quadruple (V,L,,®,0) is

called a fuzzy normed algebra if:

1. (®,©) is continuous t-norm.

2. (V,+,") isan algebra over the field FF.

3. (V,Ly,®) is a fuzzy normed space.

4. Ly(ab,ts) = Ly(a,t) © Ly(b,s)
a,beVandt >0, s> 0.

for all
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Example 2.2.(3) If (V,IIl) is a normed algebra
then (V, Ly,,®,©) is a fuzzy normed algebra where

odfe<tul
Lyt ={] ', >l

Example 2.3.(3) If (V, I-1) is a normed algebra then
(V,Ly,A) and (V,Ly,,) are a fuzzy normed
algebra where
t
— ift>0
Lywt) ={erlall
0 ift=0

Definition 2.4.(3) If (V,Ly,,®) is a complete fuzzy
normed space then the fuzzy normed algebra
V,Ly,®,©) is called complete fuzzy normed
algebra.

Definition 2.5.(4) Suppose that U is any non empty
set, a fuzzy set Ain U is equipped with a
membership function, uz (w): U - [0,1]. Then Ais

represented by A= {(u,uzW):u€U,0<
pz () <1}
Definition 2.6.(4) Suppose that ®:[0,1]x

[0,1] - [0,1] is a binary operation then ® is
called a continuous t-norm (or triangular norm) if
for all a, B, y, § €[0,1]it has the following
properties:

Da®p=0aa®l=a (B)la®
F)®y=a ®(F ®y).
A Ifa < Bandy < Sthena®y < B® 6.
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Remark 2.7.(4) For any a, 8,y and ¢ in [0,1] then:
(1) If « > B thenthereisy suchthat a ®y = B.
(2) Thereisd suchthat 6 ® 6 = o .

Definition 2.8.(4) A fuzzy normed space is a triple
(V,Ly,®) where V is a vector space over the field
F,® is a t-norm and Ly:V X [0,0) —[0,1] is a
fuzzy set has the following properties for all a, b €
Vand a,8 > 0:
1-Ly(a,a) > 0.
2-Ly(a,a) =1 ifandonly ifa = 0.
3-Ly(ca,a) = Ly (a,%) forallc # 0 € F.
4-Ly(a,a) ®Ly(b,B) < Ly(a + b,a+
B).
5-Ly(a,.):[0,0) - [0,1]is
function of a.
6- limy—o Ly (a,a) = 1.

a continuous

Remark 2.9.(4) Assume that (V, L,,®) is a fuzzy
normed space and let a €V, t >0,0<qg <1, if
Ly(a,t) > (1 —q) then there is s with0 <s <
t such that L, (a,s) > (1 — q).

Definition 2.10.(4) Suppose that (V,L,,®)is a
fuzzy normed space. Then FB(a,r,t)=
{beV:Ly(a—b,t) > (1 —r)} is called open
fuzzy ball with the center a € V and radius r, with
r>0.

Definitions 2.11. (4) A subset W of a fuzzy normed
space (V, Ly,®) is said to be open if for anyw €
Wwe can find O<r<iland ¢t > 0with
FB(w,r,t) C W.

Lemma 2.12.(4) Suppose that (V,L,,®) is a fuzzy
normed space then L, (x — y,t) = Ly (y — x,t) for
allx,yeVandt>0.

Definition 2.13.(4) Assume that (V,L,®)Iis a
fuzzy normed space. W <V is called fuzzy
bounded if we can find t > 0and 0 < r < 1such
that L, (w,t) > (1 —r) foreachw € W.

Definition 2.14.(4) A sequence (v,) in a fuzzy
normed space (V,L,,®) is called converges to
veVlifforeach 0 <r<1andt>0we can find
positive natural number such that N with Ly [v, —
v, t] > (1 —7r) for all n>=N. Or in other word
lim,,_,o vy, = v or simply represented by v, - v, v
is known the limit of (v,) or equivalently
lim,_o Ly[v, —v,t] = 1.

Definition 2.15.(4) A sequence (v,)in a fuzzy
normed space (V,Ly,®)is said to be a Cauchy
sequence if for all 0 <g<1,t>0, there is a
number N with Ly[v,, — v, t] > (1 —q) for all
mmn=N.
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Definition 2.16.(4) Suppose that (V,L,,®)is a
fuzzy normed space and let W be a subset of V.
Then the closure of W is  written
by W or CL(W) and which is W = {W € B:B is
closed in V}, where a subset B is said to be a closed
subset of V if it contains all its limit points.

Definition 2.17.(4) Suppose that (V,Ly,,®) is a
fuzzy normed space and W < V. Then W is called
dense in V when W = V.

Definition 2.18.(4) A fuzzy normed space (V,Ly,,®
) is said to be complete if every Cauchy sequence in
IV converges to a pointin V.

Definition 2.19.(4) Suppose that (V,L,,®)
and (W, Ly, ©) are two fuzzy normed spaces. The
operator S: V — W is said to be fuzzy continuous
at voeVif for all t>0 and for all 0 <a <
1 there is s [ is depends on t, « and v,] and there is
p [is depends on t, a and v,] with Ly[v — vy, s] >
(1-p) we haveLy[S(W)—Sy), t]> 1 —a)
forallveV.

Definition 2.20.(4) Let (V,Ly,®)and (U,Ly, ©)
be two fuzzy normed spaces. The operator
T:D(T) — U is said to be fuzzy bounded if there
exists r,0<r<1 such that Ly(Tv, t)=
1-r)®Ly(v,t) for each veD(T)<Vand
t > 0 where D(T) is the domain of T.

Theorem 2.21.(4) Suppose that (V,L,,®)and
(U,Ly,®)are two fuzzy normed spaces. The
operator S: D(S) — U is fuzzy bounded if and only
if S(A) is fuzzy bounded for every fuzzy bounded
subset A of D(S).Put FB(V,U) ={S:V - U,Sisa
fuzzy bounded operator} when (V,L,,®)and
(U, Ly, ®) are two fuzzy normed spaces.

Theorem 2.22.(4) Suppose that (V,L,,®) and
(U, Ly, ®) are two fuzzy normed spaces. Define
L(T,t) = infyepcr)Ly(Tx, t) for all T e
FB(V,U)andt > 0then (FB(V,U),L,*) is fuzzy
normed space.

Theorem 2.23.(4) Suppose that (V,L,,®) and
(U,Ly,®) are two fuzzy normed spaces with
S:D(S) — U is a linear operator where D(S) < V.
Then S is fuzzy bounded if and only if S is fuzzy
continuous.

Theorem 2.24.(5) Let (V,L,,®) be a complete
fuzzy normed space and W be a closed subspace of

V, Then (%,Q,@) is a complete fuzzy normed
space.
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Lemma 2.25.(5) Assume that (V, Ly,®) is a fuzzy
normed space and suppose that W is a subset of V.
Then w € W if and only if there is a sequence (w,,)
in W with (w,,) converges to w.

Theorem 2.26.(5) Suppose that (V,L,,®) is a
fuzzy normed space and assume that W is a subset
of V. Then W is dense in V if and only if for every
u €V there isweW such thatL,[u—w,t] >
(1—¢e)forsome0<e<landt>0.

Definition 2.27.(5) Suppose that (V,Ly,,®)and
(U,Ly,®) are two fuzzy normed spaces. A
sequence operators T, € FB(V,U) is said to be:

1) Fuzzy Uniform Convergent Operator: if there
is T: V- Uwith L[T,-T,¢t] - 1for any
t>0andn >N.

2) Fuzzy strong Convergent Operator: if there is

T: V - U with Ly|[Tyv-Tv, t] - 1 for

everyt >0,v € V andn = N.

Fuzzy weak Convergent Operator: if there is

T: V> Uwith Lg[f(T,v) — f(Tv),t] » 1

foreveryt >0, f € FB(U,R) andn > N.

3)

Respectively, T is called uniform strong and weak
operator limit of (T,).

Theorem 2.28.(5) Let (V,Ly,®) be a complete
fuzzy normed space and W be a closed subspace of

V, Then (%,Q,@) is a complete fuzzy normed
space.

Proposition 2.29.(6) Let (V,L,,®) be a fuzzy
normed space and W be a closed subspace of V.

Then the quotient space % is fuzzy normed space
with respect to the quotient fuzzy norm defined by:
Qlx + W, t] = sup{lLy(x +a,t):a € W} = %
fv+W:veV}

Proposition 2.30.(6) Let (V,L,,®) be a fuzzy
normed space and W be a closed subspace of V.

Then the quotient space % is fuzzy normed space
with respect to the quotient fuzzy norm defined
by:Q[x + W, t] = sup{Ly(x +a,t):a € W} =
%={v+W:vEV}.

Remark 2.31.(7) Let 1 € R if the infinite series
1+ 142+ . +2%+ .= X2 A" converge

then o A = (1;1) when 1] < 1. In (R, Lg) the

infinite series Y., A™ always converges to
since 0 < Lr(4,t) < 1.

1=
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Lemma 2.32.(7) Let (V,Ly,®,O) be a complete
fuzzy normed algebra with identity e. then
aia,..a, is invertible if and only if each a; is
invertible.

Definition 2.33.(8) Let R is the vector space of real
numbers over the field R and ®,® be a continuous
t-norm. A fuzzy set Ly: Rx (0,00) is called a
fuzzy absolute value on R if it satisfies the
following conditions for all a, b € R:

1) 0 < Lg(a,t)<1forallt> 0.

2) Lr(a,t) =1 for all t >0 if and only if
a=0.

3) L]R(a + b, t+ S) = LR(a' t) @ LR(b, S).

4) L]R(ab, St) = L]R(a, t) @ L]R(b, S).

5) Lgr(a, *): [0,00) — [0,00) is a continuous
function of t.

6) limi_e Lg(a,t) = 1.

Properties of Fuzzy normed algebra

Lemma 3.1. If (V,L,,®,®) is a fuzzy normed
algebra then multiplication is a fuzzy continuous
function.

Proof.

Suppose that (a,) and (b,) are two sequences in V.
If a, » a and b,, » b as n — oo then for any given
0< y<1land 0<a<1 there is N such that
Ly(a,—a,t)>(1—-y) for all n> N and
Ly(b, —b,t) >(1— a), for all n>N. Put
Ly(a,t) =1 —-pB) and Ly(b,s)=(1—-86) for
some 0<pB0<1, let (1-HOA—-a)
=(1—-¢) and A1—-py) OO -6)=(1-6) for
some0 <, e<1.

Now

Ly(a,b, — ab,t?* + s%) =
a,b — ab, t? + s?)

Ly(anb, —a,b +

>

LV(an(bn - b): tz) @
Ly((an, — a)b,s?))
> Ly(a,,t) ©
Ly(b, — b, t) ® Ly(a, —a,s) © Ly(b,s)
=(1-pHpoU-a)®
(A-noa-9)

=1-9®1-9)
Let 1-e®A-8>1—-r) for some
0<r<1.  Then Ly(a,b, —ab,t?+s?)>

(1 =r)foralln >N, thatis a,b, — ab.
Hence multiplication is a continuous function.

Theorem 3.2. A fuzzy normed algebra (V, L,,®,©
) such that V is a vector space over C without
identity can be embedded into fuzzy normed
algebra V, with identity e and V is an ideal in V.
Proof.

Put V, =V x C and define a multiplication in 1, by
(a,a)-(b,B) = (ab + Ba + ab,ap) ...(*),
where a,f € C. Then (V,,+,") is an algebra with
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identity é = (0,1) since (a,a) - (0,1) = (a,a) and
(Ve, Ly, ®,0©) is a fuzzy normed space with fuzzy
norm  Ly:V, x[0,00) —[0,1] defined by:
LVE((a, a), t) =Ly(a,t) ® Le(a, t).
Now
LVe((a! CZ) ' (b,ﬁ),st)
= LVe((ab + fa + ab,af), st)
> Ly(ab + Ba + ab,st) ® Lc(apB, st)
> Ly(ab, st) ® L¢(ap, st)
= [LV(a' S) O LV(b' t)] @ [L(C(a! S) @ L(C(ﬁ! t)]
= [Ly(a,5) ® Le(@,9)] O [Ly(b, ) ® Le(B, )]
= LVe [(a' a)' S] Q LVe [(b! B)! t]
Hence (V,,Ly,,®,©) is a fuzzy normed algebra
with identity é = (0,1).
Now we can define a mappingT:V -V, by
T(a) = (a,0) it is clear that T is one to one so V
can be embedded into V, and V = V x {0}. Also it is
clear that V is an ideal of 1.

Proposition 3.3. (¢, Ly,,®,0) is a complete if and
only if (V,Ly,,®,®) is complete.

Proof.

Suppose that V, =V xC is complete and let
(xn), (1) be two Cauchy sequence in ¥V and C
respectively that is for any given 0<e <1,
0<a<1, t>0 there is N; and N, such that
Ly[xp, —xm t] > (1 —¢) for all n,m > N; also,

Le[An — A t] > (1 — ) for all n,m > N,. Let
N = Nl/\NZ'
Now

LVe[(xn' An) - (xm: Am): t]
= LVe[(xn — Xy An = Am), t]
=Lyl —xp, t] ®

LelAn — A t]l > (1 —e) ® (1 — a).
Choose 0<r<1 with (1-99®A—-a)>
1-n).

Then Ly, [(Xn, A) — (tmy Am),t] > (1 — 1) for all
m,n > N. Thus,[(x,, 4,)] is Cauchy sequence in V/,
but V, is complete so there is (x,4) € V, such that
(X An) = (x,A) . Thatis

1= lim Ly, [(xn,An) — (x, 1), ]
n—-oo
= lim Ly (x, — x,t)
n—oo
® lim L¢(4, — A4, 0)
n—oo

Therefore, lim,_ oLy (x, —x,t) = land
limy, o Lc(A, — 4,t) = 1. Hence Vis complete.

Conversely, assume that ¥ is complete and let
(%, A,,) be a Cauchy sequence in V, then for any
given t >0 Ly, [(xp, 4n) — (X, Am), t] cOnverges
to 1 as n—» o and m— o or [Ly(x, —xpm,t) ®
Le(Ay, — A, t)] converges to 1 as n— oo and m—
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o, Hence Ly(x, — x,,,t) converges to 1 and
Lc(A, — Ay, t) coOnverges to 1 as n— oo and m— oo.
This implies (x;,) and (4,,) are Cauchy sequences
in V and C respectively, but VV and Care complete so
there is x € V and A € C such that lim,,_, oLy (x, —
x,t) =1and lim,_oLc(Ay — A, t) = 1.
Now
limn—mo LVe[(xn’/ln) - (x: A): t]: limn—wo LV(xn -
xXt) ® im0 Lc(Ay — 4, 8)

=1®1=1.
Hence (x,,, 4,,) = (x, 1), thus, V, is complete.

Theorem 3.4. Let (V,L,,®,®) be a fuzzy normed
algebra with identity e. Then there is a fuzzy norm
H on V such that Ly, is equivalent to H and
(V,H,®) is a fuzzy normed algebra with H(e, t) =
1for t > 0.

Proof.

For each x € V let N, be a linear operator defined
by Ny(v) = xv for all v € V. Now if N, =N, it
follows that N,(e) = N, (e).And so x =y hence
x +— N, is an injective map from V into the set of
all linear operator on V.

Now since Ly (N, (u),t?) = Ly (xu, t?) >
Ly (x,t) © Ly (u, t)for u € V which implies that N,
is a fuzzy bounded and Ly (N, t?) = kLy (x,t).

Put H(a,t) = Ly(Ngt?) so H(x,t) = kLy(x,t)
...(1), forsome k,0 < k < 1.
On the other hand:
H(a,t) = L(Ng, t*) = infyep Ly (Na(b), t%)
= infyepvyLv(ab, t?) < Ly(ae, t?)
= Ly(a,t) O Ly(et) < %Lv(a, t) soH(a,t) <

1

ELV(a' t)...(2).

From equations (1) and (2) we get kL, (a,t) <
H(a,t) < %Lv(a, t) foralla € V and t > 0. Hence

Ly (a,t) is equivalentto H(a, t).
Now H(ab,t?) = Ly(Ngp, t?) = Ly (N4. Ny, t?)

2 LV(Nalt) QLV(NbIt) =
H(a,t) © H(b,t)
Therefore, (V,H,®,0©) is a fuzzy normed algebra.
We now have H(e,t) = Ly(N,,t) = Ly(Iy,t) =1
where Iy, is the identity operator on V.

Theorem 3.5. Every fuzzy normed algebra
(V,Ly,®»,®) can be embedded in FB(V) as a
closed subalgebra,

Proof.

We know that N,: V — V is defined by N, (a) = xa
for all a e V. Then N, € FB(V) since N,(a; +
a;) = x(a; + a;) = xa; + xa, = Ny(aq) +
Ny(a,) and N,(aa) = x(aa) = a(xa) = aN,(a).
Also N, is fuzzy bounded since Ly, (N,(y),t%) =
Ly(xy,t?) = Ly(x,t) O Ly(y,t). Put Ly(x,t) =
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@A—-r) for some O0<r<1. That is

LV(Nx(Y): tz) = (1 - T') O LV(y) t)

Therefore, N, is fuzzy bounded. Now put FN =
{N,: x € V} we will show that FN is a subalgebra
of FB(V).

Now we show that N,,, = N, + Nyand
N, .N, also Ny, = aN, and N, = I.
Ngsp(x) = (a+ b)x = ax + bx = Ny(x) + Np(x)
Nga(x) = (aa)x = a(ax) = aNy(x)

Nap(x) = (ab)x = a(bx) = Ng. Ny (x)

Ne(x) =e.x =x = I,(x)

Now since Ly(Ny(u),t?) = Ly (xu, t?) >
Ly(x,t) © Ly (u,t) for u € Vwhich implies that N,
is a fuzzy bounded so FN is a subalgebra of FB(V)
and the mapping N:V — FB(V) is defined by
N(a) = N, is an isometric so it is injective.
Moreover, the image of the map N i.e N(V) = FN
is closed subalgebra of FB(V). Now suppose that
(Ng,,) be a sequence in FN such that N, — T in
FB(V) then N, (x) = xa, = Ne(ay)x and so as
n—-o,T(a)x = N,(a)x i.eT = N,. Thus, N(V)
is closed.

Ngp =

Proposition 3.6. If (V,L,,®,0) is a complete
fuzzy normed algebra then the inverse operator
x = x~ 1 is fuzzy continuous mapping.
Proof.
First we show that the inverse map is fuzzy
continuous at e, if 0 < & <1 be given and for all
t >0 we want to find 0 <6 <1 and s > 0 such
that Ly(a—e,t) > (1-96) implies
Ly(a™*-e,s) > (1 —¢). Now since Ly(a,t) <1
implies:
al=Y" ,(e—a)*soforanys <t
Ly(a™t-e,s) = Ly(Ti-ole —a)" -e,5)
=LyErile—a)™,s)
2(1-0)®0A-)00-H6
(1-9).

Put (1-6)®A-6)00-8)®A-60
> (1 =¢).

We get Ly(a™t—e,s) >(1—¢€). Now x, - x
implies x,x~ ! - xx~! = e implies (x,x 1)1 -
e implies xx, 1 - e implies x;;1 - x~ 1.
Definition 3.7. Let (V,L,,®,©) be a complete
fuzzy normed algebra with identity e and let
0 # x € V. Then the resolvent set of x is denoted
py(x) and defined by py(x) ={1€C: (x—
Ae)~ 1 exists}. The spectrum of x is denoted by

oy (x) and is defined to be gy (x) = (py (x))".

Theorem 3.8. Suppose that (V,L,,®,0) is a
complete fuzzy normed algebra with identity e.
Then the resolvent p,(x) = C \{0}.

Proof.
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For any given 0 #x €V and forany 0#A1€C
then x — le = —A (e - g) has inverse given by a
convergent series expansion in powers of % since
0<Ly( g,t) <1. Hence py(x) =C\{0}, sO
oy (x) = {0}.

Lemma 3.9. Let (V,Ly,,®,) be a complete fuzzy
normed algebra with identity e. If x and y are
invertible elements of V then xy and yx are
invertible.

Proof.

Since Ly(xy,ts) = Ly(x,t) O Ly(y,s) that is
Ly(xy,ts) < 1. Similarly Ly(yx,ts) <1. This
implies that (e —xy) and (e —yx) are both
invertible with inverse given by a = (e —xy)™1 =
Tao(xy)™ and b= (e —yx)~' = XL (y0)™,
respectively.

Lemma 3.10. Let (V, L,,®,®) be a complete fuzzy
normed algebra with identity e. Suppose x and y
element of V such that (e — xy) is invertible. Let
a=(e—xy) lthen b=e+yax is the inverse

of (e —yx).
Proof.
b(e—yx) =(e + yax)(e—yx)=e—yx+

yax —yaxyx = e —yx +ya(e —xy)x = e —
yx + y[a(e —xy) =e]x =e.

Properties of the resolvent space

Theorem 4.1. If (V,Ly,®,0) is a complete fuzzy
normed algebra with identity e then V = C.

Proof.

For any x € V there is 1 € C with (x — Ae) is not
invertible then x — Ae = 0 that is x = Ae for some
A € C. HenceV = C.

Theorem 4.2. Let (V,L,,®,©) be a complete
fuzzy normed algebra and suppose W is a closed

ideal in V. Then (%,Q,@,@) is a complete fuzzy
normed algebra. If V has identity then

has

identity. Moreover, the identity of %
norm equal to 1.
Proof.
We know that % is complete fuzzy normed space
by Theorem 2.24 Since W is an ideal it is easy to
see that% is an algebra with multiplication given by
x+WYy+W)=xy+W. Now  Q[(x+
W)y + W), ts] = Q[(xy + W), ts]

= supgewLy(xy + a, ts)

= supgewlv[(x + &) (y +

has fuzzy

b), st]
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= Supgewlv(x+a,t) O
suppewly(y + b, s)

=Q(x + W, ) O QU +
w)
Thus, (%, Q,®,0) is a complete fuzzy normed
algebra. Furthermore, if e is the identity of 7 with
Ly(e,t) = 1then e + W is the identity of % Also

Qle + W, t] = supgewlyle +a:t] = Ly(et) =
1 where, [a =0]soQ[e+ W ,t] = 1.

Proposition 4.3. Let (V,L,,®,®) be a complete
fuzzy normed algebra with identity e and let a € V,
then:

() py(P(@) = P(py(a)) for any complex
polynomial P.

(i) If a is invertible then py(a™) = py(a)~t.
Proof (i).

Suppose that P has degree n > 1 for any u € C, let
Ay Az, ., A, be the m complex roots of the
polynomial P(-) —u. Then for any ze C we
havP(z) —pu=a(z—1;) ....(z — A)for some
a#+0€eC and S0 P(a) — pe = a(a —
Ae) ....(a—2A,e). Now if ay,a,,..,a,with
a;a; = a;a; for any1 <i,j <nthen the product
ay,ay, .., an is invertible if and only if each q; is
invertible by Lemma 2.32 suppose that u €
pv(P(a)) then P(a) — pe is invertible and so there
is a — A;e for some 1 <i <n that is 4; € py(a).
But P(1;) = u which shows that 1 € p, (P(a)).
Conversely, Suppose that A€ py(a) and let
u=P(4). Then by Lemma 2.32 it follows that
A= A; forsome 1 <i <nandthat is P(a) — ue is
invertible. Thus, P(1) € py(P(a)).

Proof (ii).

Suppose that a € V is invertible i.e. 0 € py(a). For
any 1€C we have (a—le)=a(e—1a™1) =
ar(A7te —a™1) which implies that (a — Ae) is
invertible if and only if (a=1 — A~ 1e) is invertible.

Proposition 4.4. Let (V,Ly,®,©) be a complete
fuzzy normed algebra and T: V — C then T is fuzzy
continuous.

Proof.

By Theorem 4.1V = C and for any 0 # x € V there
is 1 € C such that x =1e. Now let (x,) be a
sequence in V converge to x € VV that is for any

t>0, we have lim, Ly(x,—x,t)=1o0r
limx, =x or limAd,e =2Ae. Now limT(x,) =
n-oo n—oo n—co
limT(A,e) = limA,T(e) = limA,.1 = A.

n—-oo n—-oo n—oo

Hence Tx, — T(x). Therefore, T is fuzzy
continuous.

Definition 4.5. A nonzero complex—valued

homomorphism on a complete fuzzy normed
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algebra is called a character. By Proposition 4.5
character are necessarily fuzzy continuous.

Proposition 4.6. Any commutative complete fuzzy
normed algebra (V, L,,®,®) with identity e has at
least one character.

Proof.

By Theorem 41 V=C and
isomorphism is a character.

the effecting

Definition 4.8. Let (V,L,,®,®) be a complete
fuzzy normed algebra with identity e. Then the set
of characters of V is called structure of V and is
denoted by St(V). We define the w*—fuzzy
topology on FB(V,K) the dual of the complete
fuzzy normed space (V, L,,®,®).

Definition 4.9. The " —fuzzy topology on
FB(V,K) is generated by the neighborhoods
N(p,S, & t) ={w e FB(V,K): Lx(w(a) —

p(a),t) > (1 —¢)} for all a€eV and s,t>0
where p € FB(V,K), 0 < ¢ < 1, and S is any finite
subset of V. Thus, a set E in FB(V,K) is open in
w™ —fuzzy topology if and only if for each ¥ € E
there is some N(¥, s, ¢,t) with N(y, s, ¢,t) C E.

Proposition 4.10. The w* —fuzzy topology on
FB(V,K) where (V,L,,®,®) is a complete fuzzy
normed algebra with identity e is a Hausdorff space.
Proof.

Let fi,f, € FB(V,K) with f; # f, then there
exists a€V such that fi(a) # f,(a). Let
Lx(fi(a) — fo(a),t) = r for some 0 < r < 1 then
for any r<r, <1 we can find r; such that
r ®nr =1, by Remark 2.7.

Now  consider  N(fy,{a}1—7,3)
N(fp{a},1—1,3). Clearly N(fi,{a},1—r,5) N
N(fpfah1-1,0) = 0.

If y € N(fi,{a},1— rl,é) n
N(fp{ah1 -1, then = Lx(fi(a) — fo(a),t) =
Ly (fi(@ = ¥(@.3) © Lk (f(@) - ¥(@),5)

>r *1r; > 1, which is contradiction. Therefore,
w™* —fuzzy topology is Hausdorff space.

and

there exists

Proposition 4.11. The structure St(V) of a
commutative complete fuzzy normed algebra
(V, Ly,®,®) with identity e, is w* —closed subset
of FB(V,K) .

Proof.

Let (f,,) be a sequence is St(V) converging to
T € FB(V,K) then by the definition of the w* —
fuzzy topology f,(x) = T(x) for each x €V.
Now for any x,y€V we haveT(xy) =

limy oo fn(xy) = limy 0 fn(X) . limy o0 fn (V) =
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T(x)T(y). It follows that T € St(V). Hence St(V)
is closed.

Theorem 4.12. Let (V,Ly,,®,®) be a commutative
complete fuzzy normed algebra with identity e.
Then for each x eV and f € St(V) define
Y.:St(V)->C by ¥.(f)=f(). Then ¥ is
homomorphism from V into FC(St(V)).

Proof.

¥ is a homomorphism since ¥, (f) = f(xy) =

fOf ) =% (¥ () for any x,y eV and
f € St(V). Similarly we can show that ¥ is linear.
To show that ¥, € FC(St(V)) suppose that f,, = f
in St(V) then W, (fy) = fu(x) = f(x) = ¥ (f) by
the definition of the w* —fuzzy topology. That is
¥, is fuzzy continuous.

Conclusion:

In this paper the multiplication as a continuous
function was proved. Also every fuzzy normed
algebra (V,L,,®,©®) without identity can be
embedded into fuzzy normed algebra V, with
identity e as well as V is an ideal in V,. The
resolvent set py(x) is equal toC \{0}. And the
w* —fuzzy topology on fuzzy bounded operator
FB(V,K) which is the dual of the complete fuzzy
normed space (V, Ly,,®,©) it is a Hausdorff space
is defined. Likewise, the structure St(V) of a
commutative complete fuzzy normed

algebra(V, Ly,®,®) with identity e is w* —closed
subset of FB(V, K).
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