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Abstract

Graph ¢ = (V,E) isatool that can be used to simplify and solve network problems. Domination is a typical
network problem that graph theory is well suited for. A subset of nodes in any network is called dominating
if every node is contained in this subset, or is connected to a node in it via an edge. Because of the
importance of domination in different areas, variant types of domination have been introduced according to
the purpose they are used for. In this paper, two domination parameters the first is the restrained and the
second is secure domination have been chosn. The secure domination, and some types of restrained
domination in one type of trees is called complete h —ary tree(T, s, ,-) are determined.

Keywords: Complete h-ary trees, Domination, Restrained domination, Secure domination Mathematical
subject classification: 05C69

Introduction:

Let ¢ = (V,E) be a finite undirected dominating set is a vertex subset which is both
simple graph with vertex set ¥V = V(G) and edge independent and dominating.
set E= E(G). Nw)= {u € V:uv € E(G)}and Various types of domination of a graph G
N[v] = N(v) U {v}, are open neighborhood and have been defined and studied by several authors,
closed neighborhood sets of v respectively. The  they are listed in the appendix of Haynes (4,5). For
induced subgraph G[D] is a graph of vertices set ~ more details about parameters of domination
D € V(G) of a graph G together with any edges  number that depend on vertex dominating with
whose endpoints are both in this subset. Any notion ~ condition on dominating set D, see (6,7,8,9), and
or definition which is not found here could be found for condition on vertices in set V- D , see
in (1,2). An independent vertex set of a graph G is (10,11,12,13,14).
a subset of the vertices such that no two vertices in Here, variation types of the domination
the subset represent an edge of G, (2). theme, namely that of restrained domination are

In any graph G the set D € V(G) is a  studied. In a graph G with a dominating set D, and
dominating set if every vertex v € V is either an  the following condition put on the vertices of set
element of D or is adjacent to an element of D. The ~ V — D, such that the open neighborhood of every
domination number of G, denoted by y(G), is the  vertex in G[V —D]is not an empty set. If this
cardinality of a minimum dominating set of G, (3). condition is wverified then D is a restrained
Because of the importance of domination in  dominating set in G. The number vy, (G), is the
different areas, variant types of domination have minimum cardinality of a restrained dominating set
been introduced according to the purpose they are of G, (15). When, D is a restrained and independent
used for. The domination parameters have been  then it is called an independent restrained
formed either by putting a condition on the vertices ~ dominating set, (16). The independent restrained
of a dominating set D, or by putting a condition on domination number of G, denoted by v;,-(G), is the
the vertices in V - D or on both. A total dominating smallest cardinality of an independent restrained
set D of a graph G is a dominating such that G[D] ~ dominating set of G.
has no isolated vertices.st. An independent

797


http://dx.doi.org/10.21123/bsj.2021.18.1(Suppl.).0797
mailto:100035@uotechnology.edu.iq
mailto:10096@uotechnology.edu.iq
mailto:10122@uotechnology.edu.iq
https://orcid.org/0000-0003-1125-4439
https://orcid.org/0000-0001-5033-8753
https://orcid.org/0000-0001-5159-1574
https://orcid.org/0000-0001-5159-1574
https://creativecommons.org/licenses/by/4.0/
http://mathworld.wolfram.com/Graph.html
https://mathworld.wolfram.com/IndependentVertexSet.html
https://mathworld.wolfram.com/Graph.html

Open Access
2021, Vol. 18 No.1 (Suppl. March)

Baghdad Science Journal

P-1SSN: 2078-8665
E-ISSN: 2411-7986

The total restrained domination number of G ,
denoted by y.-(G), is the smallest cardinality of a
total restrained dominating set of G (when the
dominating set D is restrained and has no isolated
vertices in G[D]),(17). For the following condition:
eachu €V — D, there exists a vertex v € D such
that uv € E and (D — {v}) U {u} is a dominating
set, if the this condition is verified then D is a
secure dominating set of G .The minimum
cardinality of a secure dominating set in G is the
secure domination number  denoted by y¢(G),
(18,19).

In this paper, the domination in one type of trees is
studied. Let h = 1,r = 0 be integers. The

rQ

r1

complete h — ary tree of depth r ,denoted by
(Tenr), is a complete (c) rooted tree in which every
non-pendent vertex has exactly h children, and the
distance from the root to each pendent is exactly r.
The root vertex h been labeled by v,, (as an
example, see Fig. 1).

Here, various types of dominating parameter
(restrained domination, total restrained domination,
independence restrained domination, and secure
domination) number of a complete h-ary root, h >
2, r = 3 are determined.

v0

Figure 1.T 35

Lemma 1 (15) If D is a minimum restrained
dominating set of a tree T; then every pendent of T
belongs to D.

Restrained domination in a complete h-ary tree
In this section, restrained, independent restrained
and total restrained domination for a complete h-ary
tree T, p, -, are determined:

Theorem 2 If G =T, p,,, is a complete h-ary tree;
then forr > 3,

hr+3 -1 . _o 43
h3 _ 1 lf r= (mo )I
hr+3
¥ (G) =3 Lﬁ 1 if r =1(mod 3),
hr+3
\ [m} +h if r = 2(mod 3).
Proof.

Looking for a set such that, this set contains as
possible a minimum restrained dominating set. So,

let’s consider D :UEJ0 D;, where D;=
{vivis avertex of depth r —
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3iinG}foralli=0,1,.., Ej and ID| =
leijo h"=3t. Three cases are obtained.

(i) If r =0(mod 3), then set D dominates the
vertices of G where, induce subgraph G[V — D] has
no isolated wvertices , since between any two
sets D; and Di,q, i = 0,1, g— 1, there are
adjacent vertices of depths r — 3i — land r — 3i —
2,i=0,1, g — 1. Therefore, in this case set D is a

restrained dominating set in G. Thus, y,.(G) <

3 RT3 If there is a dominating set A of

|A| vertices with |A| < leijo hT=30 then A will
definitely not contain the pendant vertices and
according to Lemma 1.1, every leaf (pendant) of T
belong to the minimum restrained dominating set in
T, then A cannot be restrained. Thus, set D is the
minimum set. So that in this case y,.(G) equals to

— — g r—3i — (hr+3)_1
¥r(G) = Dl =X} h" = 51—
(i) If r = 1(mod 3), then the vertices which are
not dominated by the set D is only the root vertex,
so D U {v,} is the minimum restrained dominating
setin G, (asan example, see Fig. 2).
Therefore in this case,
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r—

3
K(G) =1 +z h3 =1

L

(i) If r = 2(mod 3), then the set D can dominate
the graph as a minimum restrained domination
except the vertices of depth one plus the root
vertex v,.

1
(h‘r+3 _ h)
h3 -1
hr+3
h3 -1

hT+3

1+ Thus yr(G)—1+h+ZH 3= |

v0
r0

Figure 2: Restrained dominating setin T, 4

Theorem 3 If G = T, p,, is a complete h-ary tree ;
then y;,-(G) = ¥, (G) for r = 0 (mod 3).

Proof.

Looking for a set such that, this set contains as
possible a minimum independence restrained

dominating set. So, let’s consider D:U]lilo DJ,

where D/ = {v:vis a vertex of depth r —

3jinG}and |D| = ZEOW‘?’J] so there are two

cases:
@i if r =0(mod 3) , then |D|=y.(G)=
Vir(G) = X3 k73

(i) if r=1,2(mod3) , the graph has no

independence restrained dominating set.

Theorem 4 If G =T, , is a complete h-ary tree,
then for r > 5,

Yre(G) s
(ht+ D) , if r=1(mod 4),
1+ (h2+h)< ) if r = 2(mod 4),
) 1 + (h® +h?) ( > if r = 3(mod 4),
143h +(h4+h3)(h — ) if 1 = 0(mod 4).

799

Proof.

Looking for a set such that, this set contains as
possible a minimum total restrained dominating set.

So let’s consider D Ul o Di where D; =
{vivisavertex of depth r — 41 andr — 4i —

r—1
linG} and |D| =le=“0J(hr‘4i+hT‘4i‘1) ,
there are four cases:
(i) if r=1(mod 4), then the vertices in set D
dominate G and G[V — D] is a graph with no
isolated vertices , since between any two

sets D;and D;,4, i =0,1,. T_ 1, there are
adjacent vertices of depths r — 4i — 2 and r — 4i —

3,i=0,1, % — 1. Therefore, D is the restrained

dominating set in G.

r—1 1
Thus ,.(G) < 3,2 (R7* + A77471),
example, see Fig. 3)
Assuming there exists a set A such that this set is a

T‘ 1

dominating set in G with |A|<Z NG

h7=#=1), then set A will definitely not contain the
pendant vertices and according to Lemma 1.1 every
leaf (pendant) of T belongs to the minimum
restrained dominating set in T . Therefore,
dominating set A in G can not be restrained. Thus,
set D is restrained dominating and is the minimum
set with

(as an

7re(6) = D] =
ZE) (hr—4-i +

r—1

(hr+3 +hr+4)<1—h_4<(

>+1)>

—4i-1y _
hT =% )3— e = (h+

RT3

1) ( h4_1 )
(i) if r=2(mod 4) then set D dominates the

graph G, but in G[V — D] root vertex v, is an
isolated vertex, so D U {v,} is a total restrained
dominating set in G and it’s the minimum.
Therefore, in this case

Yre(G) =1+ Z[

hr—4i+hr—4i—1) — 1+
r—2
Ziio(hr—m + hT—4~l—1)
(hr+3+hr+4)<1_h—4(¥+l)>
= 1+ ) =1+ (h2+
hTt2-1
()
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1+

(hr+3 + hr+4)

dominating set of G where, u is any vertex of depth
r—1
lT](hr—ALi + pr-4i-1 )
<1 h—4(g+1

=1+ (WP +h%)(

(iif) If r = 3(mod 4), then the set D dominates G
except the root vertex. Let DU {u} be the
one. So, DU {u} is a minimum total restrained
dominating set in G. Therefore the result is gotten.
YT'II(G) = 1 + Eizo
)
h —1
)

(iv) If r =0(mod 4) , then the set D is the
minimum total restrained dominating set in G
except the vertices of depth two and one plus the
root vertex. Thus ,y(G)=1+h+2h+

r—1
ZI 4 J(hr—4i+hr—4i—1) = 14+h+2h + (h4+

()

h%-1

vO

r5

Figure 3: Total restrained dominating set in T, , 5
Secure domination in a complete h-ary tree

Theorem 5 If G =T, p, is a complete h-ary tree;
then forr > 3,

r+1

—1 r—1
W +h (h — 1).

Ys(G) = [

Proof.

Casel. If r is odd.

Let's consider D = A; UA, , where A; = H
where D;={v: v is a vertex of depth r — 2i — 1} in

800

r—1
G , |A] PO h"™=2-1 and
A, = {v: vis avertex of depth r}, such that
|Az|=h" — h"7%, D] =|A4| + |4,

r—1
_ZZ h21+hr hrl hr l(h_l)
Thus, all vertices of G are domlnated by set D.

h

Every vertex in D; is adjacent to some vertices in
row r;,,. Therefore, for each vertex v in D; there is
a vertex u in V — D such that, the swap ((D —
{vHU{u}) is a domination set since the vertices in
;41 are dominated by the vertices of D; in row
i and the vertices of D;,, in row r;,,.Therefore, D
is the secure dominating set in G. Thus, ys(G) =
th T +h"1(h — 1). If there is another dominating
set say F, and |F| < |D|, then there are at least h
vertices of G which are not dominated by set F.
Thus, D is the minimum and it is a secure
dominating set. So that, the secure domination
number in this case of T p, . is

rel
ys(G) = ID| = W‘l‘hr_l(h -1
hr+1 _
= {—hz — j +h""1(h - 1).

Case 2. If riseven, then=4, U A4, , where Disa

dominating set such that A; = l D; where
D;={v:v is a vertex of depth r — 21} in G, and

r—1
|A] =sz0] h7=21=1 While,
A, is the same set in Casel.

Thus, |D| =|A4] + |A,], and D is the minimum
secure dominating set as same proof in Case
1(Fig.4).

r—1
Vs(G) — |D| Zl 2 Jhr—zi—l + R — hr—l —

P (- 1) —[ —|+r 1 (h - D).

h?-1
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r0

r1

r2

5 o) o) o) o) o) o) o)

v0

Figure 4. Secure dominating set inT.; 5

Conclusion:

Domination number for some types of
graph domination is calculated for a complete h-ary
root tree T, , ,- . A restrained domination number for
complete h-ary root, h = 2, can be determined
form r = 3, while the total restrained domination
can be determined from r = 5. When, r = 3 and 4
the complete h-ary tree has no total restrained
domination.  The  independence  restrained
domination number equals to restrained domination
number for the complete h-ary tree, when r =
0(mod 3). When (r = 1,2(mod 3), the graph has
no independence restrained dominating set. The
secure domination in a complete h-ary tree can be
determined from r > 3.
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