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Abstract:

Nuclear shell model is adopted to calculate the electric quadrupole moments for some Calcium
isotopes 20Ca (N = 21, 23, 25, and 27) in the fp shell. The wave function is generated using a two body
effective interaction fpd6 and fp space model. The one body density matrix elements (OBDM) are calculated
for these isotopes using the NuShellX@MSU code. The effect of the core-polarizations was taken through
the theory microscopic by taking the set of the effective charges. The results for the quadrupole moments by
using Bohr-Mottelson (B-M) effective charges are the best. The behavior of the form factors of some
Calcium isotopes was studied by using Bohr-Mottelson (B-M) effective charges.
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Introduction:

The shell structure of single-particle levels in a
spherical potential can be affected by the nuclear
deformation (1). The first approximation
representing closed core nuclei (the atomic number,
Z, is a magic number and, the neutron number is a
magic number). Additionally, the outer-nucleons
can move in a certain configuration space which
interact with the core and each other by a residual
interaction such particle—particle and particle—core
interactions (2). These interactions depend on the
selected model space and residual interactions; one
can investigate this by comparing several
experimental parameters such as spin/parity,
excitation energy, the magnetic moment and the
guadrupole moment and parametrization of the
residual interaction and validity of the model space.
The measurement of the quadrupole moment is
often a good test to ascertain if the model space and
the parameterizations are suitable (2). The nuclear
electric quadrupole moment depends on a deflection
of nuclear charge distribution from spherical
symmetry which gives a useful measure of the core
polarization especially if the valence nucleons are
neutrons which do not directly participate to the
electric quadrupole moment (3). Shell model
calculations; adopt fixed measurement of the
effective charges. The Bohr-Mottelson (B-M) (4)
particle-vibration combines with model for the
effective charges.

Department of Medical Physics, College of Applied
Science, University of Fallujah, Al Anbar, Irag.

E-mail: dr.ahmedphysics@uofallujah.edu.ig

"ORCID ID: https://orcid.org/0000-0002-1525-1406

502

Ogawa et al. (4) adopted the B-M which
contain both the universal dependence (N-Z)/A and
the overcome effects for bound particles which
showed that the experimental data of the quadrupole
moments were in agreement (5).

The calculated ground-state electric quadrupole
moments for the fpd6é and fpm13 interactions are
compared with experimental values (for nuclei
41,43,44,45Sc, 41,43,45,47,49Ca, 45Ti). Some
values calculated with the modified Kuo-Brown
interaction of McGrory are also included. The effect
of variations in the effective charges on the
calculated moments is generally much larger than
using different modified versions of the Kuo-Brown
interaction. (6).

In the present work, we will adopt shell
model calculations with a harmonic oscillator (HO)
single-particle wave functions to calculate the
guadrupole moments of some Calcium isotopes in
the fp shell. The calculations adopted different
effective charges and were compared with
experimental data. Also, the behavior of the form
factors for some calcium isotopes by using Bohr-
Mottelson (B-M) effective charges is studied.
Theory

The electric quadrupole moment s
associated with deformation of nuclei. The nuclear
charge distribution in state |JM) is given by (7)
piu () = M| Ti=1 e()S(r —r(k)UM) ... 1
where pfy,(r) describes the nuclear charge
distribution, e(k) denotes the charge of nucleon
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numbered k and is axial symmetric about the z-axis.
Therefore one has also the relation

Qu=Qyy

sz: '2Qxx: '2ny

Qxy= Qyz: QXZ: 0

Hence, due to eq. above, only one
independent quadrupole component, ie. Qg
remains, which can be represented by
QUM) = [ pfy(r)(3z* — r®)dr .2
when, alternatively, the quadrupole moment

QM) is written in terms of the five spherical
harmonics Y,u(7) with M=0, £1, £2, then, due to
the axial symmetry of the charge distribution, the
components with M #0 vanish. The connection
between Yy (#) and Cartesian coordinates are given

by:

combining Egs. 1, 2 and 3 one obtains:
=1 ()M |72 () Y20 (F(K)) M)

QUM) = |
4

where e(k) denotes the charge of nucleon numbered
k, where e(k)=0 for a neutron and e(k)=e for a
proton.

Here also, a numerical factor ./ 161/5
occurs, because the quadrupole moment of an
axially symmetric body is conventionally defined as
(3z% —r?).

The expectation value in Eq. 4 still depends

on the projection quantum number M.
For the given J the moments for different values M
are not independent, however, since they are
defined by Clebsch-Gordan coefficients according
to the Wigner-Eckart theorem. In nuclear physics
the quadrupole moment of a state of angular
momentum J is defined as the expectation value of
the state M=J. It is referred to as the spectroscopic,
or static, quadrupole moment given by the
definition:

QUM =]) =

167 J(2J-1)
5

..5
O(E2) is

U+1)(2J+1)(2]+3) U| |0(E2) | |1)

where the electric transition operator
defined as
O(ELM) = Yi_1 r* (k) Yy (7(K)) 6

For the calculation of the quadrupole
moment initial and final state wave function must
be identical. The electric 2- pole operator r-Y,,, (#)
possesses parity (-1)%, and the electric 2" pole
moment should vanish for odd values of L. The
intrinsic is defined with respect to the axis of
symmetry of the charge distribution. The nuclear
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matrix element of the electromagnetic operators
(J||0(E2)||J) between final nuclear states (J; ) and
the initial state (J;), where multipolarity =z is the
sum of the products of single-particle matrix
elements times OBDM

Urllo @) A
Y;i# OBDM(Ji, 5.0, J"T) (J'||0; @) ]j) .7

where the single-particle states represented
by j"and j for the shell model space.

The model space matrix elements and sharing the
effective charges (e®//(t,)), can be written by the
electric matrix element
MED) = 5o, ¢ 7|0 e|) ¢ -8

The formulated of the effective charges are
written as (8)
eI (t,) = e(t,) + ede(t,),be(t,) = Z/A —
0.32(N — Z)/A — 2t,[0.32 — 0.3(N — Z)/A] ... 9

The quadrupole moment in state | =2 M =0 >
for J; = Jscan be described by (7):

eu=2= (4§ 1) EuloEl) =
Ji 2 ]\ |1en
(_]i ‘ ]i) TME) .10

the form factor between nuclear shell model states
of final state (J; ) and initial state (J;) involves the
momentum transfer (q) and the angular momentum
(7), between nuclear shell model states of final state
(J¢) and initial state (J;), is given by (5, 9)

IF (T, )7 =

ZZ(?JT+1) 1P @r, D) Fem(@Frs@] -1

where 1 represents the longitudinal scattering. The
correction for the lack of translational invariance in
the shell model is F,,, = e9°b?*/44 and the finite
size (f.s.) nucleon form factor is  Frg=[1+

(ﬁ)z]‘2 . The mass number represented by A, and

the harmonic oscillator (HO) length parameter
represented by b.

Result and Discussion:

Theoretical values of the electric
quadrupole moments for fp-shell states, calculated
as described, are presented and compared with
experimental values as Tables. Results with three
different effective charges, are given to illustrate the
variations which can arise.

Calculations of the shell model are adopted
using NuShellX@MSU code (10) to obtain
excitation energy levels and the one body matrix
elements (OBME). in the present work, The
effective interaction fpd6 (6) and model space fp are
used. The single particle-matrix elements can be
calculated by size parameters b and the HO. The
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size parameters b of some Ca isotopes are
calculated with a mass number (A):

b= / " where hw = 454713 — 25472/3
Mpa)
(Mp = mass of proton) (11).

Electric quadrupole moment

The present work studies the microscopic
structure of Ca nucleus in the fp shell. Calculations
of the shell model should be a restricted model
space where fp-model space adopted in the present
work. Effective charges which are introduced in
evaluating quadrupole moments in shell model are
related to nucleon excitations in nuclei. Effective
charges are important because of the polarization of
the core which is not involved in the model space
calculations. One set of effective charges, the B-M
(8) are calculated according to Eg. 9 for some
isotopes in the present work and shown in Table 1.
For the two sets of effective charges, the standard
effective charges (ST) are e, = 1.36 e and e, = 0.45
e (12). Lastly, for the three sets of effective charges,
conventional effective charges (Con) are ep = 1.3 e
and en = 0.5 e (13). The nuclei containing fp-shell
are supposed as an inert core “°Ca and the valence
nucleons (core outer nucleons) are distributed in
1f, 2psp, 1fs, and 2py, orbits. The electric
guadrupole moment (E2) were calculated with fpd6
interaction (6) for 20Ca (N=21, 23, 25 and 27)

isotopes with Eq.10 and the results were compared
with experimental values in Ref. (14, 15) as shown
in Tab land Fig.1.

In Fig.1 the electric quadrupole moments
for 20Ca isotopes are calculated with effective
charges B-M (8). The calculated value of Q (7/2,
41Ca)= -9 e fm® is in agreement with the
experimental value (14) and shape nucleus of 41Ca
is oblate where B-M effective charges 1.17e and
0.79e, for the proton and neutron, respectively. The
calculated value of Q (7/2°, 43Ca)= -3.5 e fm® is
overestimated with experimental values (14). The
B-M effective charges are 1.13e and 0.72e, for the
proton and neutron, respectively. The calculated
value of Q (7/2°, 45Ca)= 3.41 e fm? is in close
agreement with the experimental value (14). This
value shows a prolate deformation which number of
neutrons are odd (N=25) and have positive parity,
where B-M effective charges are 1.12e and 0.7¢, for
the proton and neutron, respectively. Finally, the
calculated of value of Q (7/2°, 47Ca) = 10.66 e fm’
is overestimated with experimental values (15) .
This value shows a large prolate deformation for N
= 27 where 20 neutrons in sd shell (core) and
neutrons 7 neutrons in 1f;, orbit and adopted the B-
M effective charges are 1.1e and 0.66e, for the
proton and neutron, respectively. These calculations
are presented in Tabl as shown in Fig.1.

Tablel. Comparison of computed quadrupole moments in units of e fm? with experimental values
(14,15) deduced from Bohr-Mottelson effective charges (B-M) (8) calculated and interaction fpd6 (6).

oCaN,A  J7 oimy (5o (EX)heo o e Qem(Em) Qo (em)
21,41 712 1.94 0 0 1.17,0.79 -9 -9+2@
23,43 7/2" stable 1.96 0 0 1.14,0.74 -35 -5.5+1@
25, 45 712 1.972 0 0 1.12,0.7 3.41 3.8+12@
27,47 712 1.983 0 0 1.1,0.66 10.66 2.1+4®

(a) Ref. the experimental values (14)
(b) Ref. the experimental values (15)
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Figure 1. Quadrupole moments (e fm?

calculated for some Ca isotopes by using the B-M
effective charges (8), the experimental values and
results are compared (14,15).

In Fig. 2 the electric quadrupole moments
for 20Ca isotopes are calculated with the standard
effective charges ST (e,=1.36, €,=0.45) (12) for all
isotopes in the present work and the results are
tabulated in Table 2. The calculated value of Q
(7/2", 41Ca)= -5.11 e fm? is overestimated with the
experimental value (14). This value shows that the
nucleus deformation is oblate and there is one
particle (neutron) in 1f;;, shell. The calculated value
of Q (7/2, 43Ca)= -2.1 e fm? is overestimated with
experimental values (14). This value shows the
presence of the deformation nucleus is oblate and
three-valance nucleons (neutron) in 1f;;, orbit. The
calculated value of Q (7/2, 45Ca) = 2.21 e fm? is in
close agreement with the experimental values(14),
which shows a nucleus deformation is prolate.
Finally, the calculated of value of Q (7/2°, 47Ca)
=7.34 e fm® is overestimated with experimental
values (15). This value shows a large prolate
deformation for neutrons 20 in sd shell where are
frozen and seven-valence neutrons in 1f;,-shell
these values are presented in Tab 2.

Table2. The quadrupole moments (with units e fm?) of calculated with HO potential for Calcium (Ca)
isotopes(Z=20). Experimental quadrupole moments are taken from Stone (14,15). Quadrupole
moments calculated with effective charges of effective charges ST for proton and neutron 1.36, 0.45,

respectively (12) and by using interaction fpd6 (6)

oCaNA 37 bm) 00 (e op, | Qua(ed) Qo (efm)
21,41 712 1.94 0 0 1.36,0.45 -5.11 -9+20@
23,43  7/2 stable  1.96 0 0 1.36,0.45 2.1 -5.5+1@
25, 45 712 1.972 0 0 1.36,0.45 2.21 3.8+12@
27, 47 712 1.983 0 0 1.36,0.45 7.34 2.1+4®

(a) Ref. the experimental values (14)
(b) Ref. the experimental values (15)

Mass Number A
40 41 42 43 44 45
20 T T T T T T T T T T

20Ca Isotopes (Int.fpd6)
| — —+ — QM(ST ep=1.36, ,=0.45)
| —e—— Q. Exp.

Quadrupole moment (efm2)

24 |

1 | 1 | 1 | 1 | 1 | 1 | 1

23 24 25 26 27
Neutron Number N

Figure 2. Quadrupole moments (efm?) calculated
for some Ca isotopes by using the ST effective
charges (12), the experimental values (14,15) and
results are compared.

20 28
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In Fig.3 the electric quadrupole moments
for 20Ca isotopes are calculated with conventional
effective charges (Con) are e, =1.3eande,=05¢e
(13) for all isotopes in the present work. The
calculated value of Q (7/2, 41Ca)= -5.68 efm’ is
overestimated with the experimental value (14).
This value shows deformation nucleus is oblate and
one particle (neutron) in 1f,, shell. The calculated
value of Q (7/2", 43Ca)= -2.37 efm? is overestimated
with experimental values (14). This value shows
deformation nucleus is oblate and three-valance
nucleons (neutron) in 1f;, orbit. The calculated
value of Q (7/27, 45Ca) = 2.45 efm® is in close
agreement with the experimental value (14). This
value shows a nucleus deformation is prolate.
Finally the calculated of value of Q (7/2°, 47Ca) =
8.16 efm? (15) is overestimated with experimental
values (15). This value shows a large prolate
deformation for neutrons 20 in sd shell as frozen
and neutrons 7 in 1f;,- shell. These results are
presented in Tab 3.
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Table3. Comparison of the computed quadrupole moments (with units efm?) with experimental values

(14, 15) deduced from conventional effective charges effective charges (Con)

neutronl.3, 0.5, respectively (13) and by using interaction fpd6 (6).

for proton and

zoca 4 (EX)eXp (EX)Theo. Con Q con Qex
N, A ) b(fm) MeV MeV &, €, (efm?) efm)
21, 41 712 1.94 0 0 1.3,05 -5.68 -9+21@
23,43 7/2 stable 1.96 0 0 1.3,0.5 -2.37 -5.5+1@
25, 45 712 1.972 0 0 1.3,05 2.45 3.8+12@
27, 47 712 1.983 0 0 13,05 8.16 2.1+4®
(@) Ref. the experimental values (14)
(b) Ref. the experimental values (15)
_ _ Mass NumberrA
235 T | T | T | T | T | T I T T T T “ +T T
T spCa Isotopes (Int. fpd6) 7 10 — | —
o= + Q.M({Con ep=1.3, en=0.5) T | a
- '_ —s— Q. Exp _ _' _ L Q Positive | - -
a L i & |
% 10— — ?:’ S : ]
T .0 . 1 Bt e .
- s |
S . L i S ol ___ o _ _
S 1T S \
'g i ] § ® |
S U ] e T | 7
§.[L 1 ’ |
S - i §, °r e I + Q.M(B-M)
] P | S | Exp.Q=Theo.Q
- | . Q.M(ST) —~
) - = Q Negative | A Q.M(CON)
e ] 10— | —
wlo L b b b b e ] | | | |

Neutron Number N

Figure 3. Quadrupole moments (e fm?)
calculated for some Ca isotopes by using
conventional effective charges effective charges
(Con) (13), the experimental values (14,15) and
results are compared.

In the Fig.4 comparison of experimental
values and calculated quadrupole moments
(theoretical) are shown for Ca isotopes considered
in this work where the line represents the
experimental values on the X-axis are equal to the
theoretical values calculated on the Y-axis (Qexp=
Qo). From all the Figures presented, good
agreement is obtained with the experimental values
for most of the isotopes while it deteriorates for
some others where they need further investigation.

Experimental Quadrupole Moments (efm2 )

Figure 4. Comparison of experimental values
and calculated quadrupole moments for some Ca
isotopes by using different the effective charges.

The Form Factors

The calculations of the form factors for
some Ca isotopes where no experimental data are
available, the fp model space with the interaction
fpd6 (6) was adopted. The model space matrix
elements are obtained using EQ.8, where the
required one-body density matrix was calculated
using code the NuShellX@MSU (10). The form
factors C2 is calculated using an expression of the
transition charge density operator from Eq.11.

The electric-charge form factors are
computed for 41, 43, 45Ca isotopes as the Fourier
transform of the charge density. The present work
calculated |F(q)[?>, where the form factors for 41Ca
and for 43Ca are shown in Fig.5 and form factor for
45Ca is shown in Fig.6. Calculation of the form
factors is done by using set effective charges, the
first conventional effective charges (e,=1.3, €,=0.5),
the second B-M effective charges and the third ST
effective charges (e,=1.36, €,=0.45). These Figures
were the highest form factor values by using
effective charges B-M and the experimental values
unavailable for comparison.
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Figure 5. Squared charge form factor for 41Ca and 43Ca as a function of the momentum transfer (q).
It has been obtained from Eq. 11, and by using the different effective charges.
0.0001 . T I T

45Ca

{

1E-005 =
E AP EFH =78 —— F.F (ep=1.3, en=0.5)

E —+— FF(B-M)

18006 | ({ \ —+— FF(ST)
E \y

AAAAA

1E-007 = If )

2
1] TTT
L
.
—
S
y

=
T 1E-008
~

1E-009 3 The
\:=

|F
TTT
=
e R
)

1E-010 =

1E-011 f=—

1E-012 | 1 L
0 1 2 3

q(fm-1)
Figure 6. Squared charge form factor for 45Ca as a function of the momentum transfer (q). It has
been obtained from Eq. 11, and by using the different effective charges.

Conclusion: increase of the quadrupole moments as increasing
The characteristics of the quadrupole  the neutron number. Also, the results show an

collectivity that develops N >20 are discussed by  increase in the values of the form factors using the

comparing the experimental values of the  effect of core polarization is found essential in both

quadrupole moments with the shell model the momentum transfer and transition strengths

calculations. Shell model is adopted to calculate the dependence and gives a good description for the

quadrupole moments of Ca (41, 43, 45, and 47).  behavior of charge distribution.

Our calculations include core-polarization effects

through three effective charges. The set of effective Author's declaration:

charges are Bohr-Mottelson (B-M), standard - Conflicts of Interest: None.

effective charges (ST) and conventional effective - | hereby confirm that all the Figures and Tables
charges (Con). The results of the quadrupole in the manuscript are mine. Besides, the Figures
moment by using fpd6 interaction are in agreement and images, which are not mine, have been given
with the experiment when using B-M effective the permission for re-publication attached with
charges. In the case, the results almost agree with the manuscript.

the experimental value. The results show an
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