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Abstract

This paper aims to prove an existence theorem for Voltera-type equation in a generalized G- metric space,
called the 9,-metric space, where the fixed-point theorem in 9,- metric space is discussed and its
application. First, a new contraction of Hardy-Rogess type is presented and also then fixed point theorem is
established for these contractions in the setup of J,-metric spaces. As application, an existence result for
Voltera integral equation is obtained.
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Introduction Proposition 2 (5):

The Banach's contraction concept is the most 1. 9,(my,my,mg) <v(@©,(my,z,ms)+
essentail outcome in non-linear analysis(1). Many 9, (z, my,m3))
researchers have generalized and utilized this 2. Y9,(my,my,my) < 2v9,(my, my, my,) .
principle, such as, (2-7). Various applications of Let C(B) = the class of all non-empty closed
Banach Principle have been presented. One of these sub-sets and H= Hausdorff 9,—metric

applications is solving Voltera integral equations

via fixed point theorems. As known, Banach, is the ~ Now Hausdorff 9,—Metric is defined as follows
first to do this in his Ph.D. thesis(1) . For many  (16)

other results in this branch see,(8-15). It is worth  LetQ.,F, X € B,H: C(B) x C(B) - A& such that
noting to citation a new Al-Bundy’s results

(16)about constructing a fractal in 9 — metric  H(@,F.X)

spaces. In the current paper, Following previous = max{Supxeq¥(x,F.X), Supyepdy(x,Q,X), Supyex 9,(x,F, Q)}
researchers the authors achieve new results in this
work. where , 9,(x,F,Q) =dy, (x,F) +dy, F,Q) +
dg, (x,Q),
Definition 1 (?) : Let B be an non-empty set, a dg, (x,F) = inf{dﬁv (x,f):f €F}.
mapping ¥,: B" > 2. is said tobe Definition 3 (12):Let F = the family of all
(9p—metric) for all my, my,m3,z € Band v21  fjynctions, W: #£**— R be function suchthat
be agiven real number satisfy the following W, :- Wis strictly nondecreasing, d; < d, » W (d;)
i.  Y,(my,my,m3) =0if and only if m; = <W (dy) V dy, dy € (0,00):
L My =mg Wyi- limLe W(x) = -0 <limex; =0,
i Oy (mg,my, mz) = 9, (my, my, m3) = foreach sequence(x;) of positive real numbers ;
0y (my, m3, my) ) Ws:- If lim;_,., x; = 0, there exists 0 < a < 1 such
1. 9, (m,, my, m,) <9, (my, m,, z)with that lim;_,., (;) %W (x;) = 0
_ m; # m _ W,:- V sequence {B;) € R *such tht € + W(vp;) <
v, 0,(mp, my, ma)> 0 with m; 7 m, W(vpB;_;) . Some e >0 and Vi €N, so
V. U, (my, my,m3) < v (9,(my,2,2) + €+ W(viﬁ ) < W(vi_lﬁ- D .
0,(z,my,m3) ) T .
Then (B, 9,) is called a ¥,,—metric. Note (12):- Foreach x > 0

s W(d)=Ilng+d
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= W) =Ing.

Main Results:

Initially, the following must be proved .

Lemma 4 : Let (B,9,) be ad,—metric ,and give
any sequence in B (take (z;) ), 3t > 0withW € F
andi € N

t+ w[ v 191J(Zil Zi+1 Zi+2)] =<
W[ 9,(zi-1, 2, Zi41)]

Then the sequence is Cauchy.
Proof - Suppose that 9, =

e

Uy (Zi, Ziv1; Zis1),

= t+W[vio,|<w[vity, |, from (1)
and Wy,.
Now, t+W [ vi~1 9, |<W[vi=29, ]
t+ W[ v'2 9, <W[ v'39, ]

W[ vig,]<w[vity, |-t <
W[ vi=29,, |-2t <W[vity, | <<
W[ 9] —it  ...2)

= W[ v' 9, | <W[ 9, ]—it  when
i— 0 = lim;_ W( vt ﬁvi) = —00,
From W, = lim;,, v'9, =0 . And by

condition W, there exsits 0 <u <1 such that
lim; e, ( 1 9,)" W( vi9,,) =0
By using (2)
(v'9y) W(v'9,) < (v'o,) W( 9,) -
( vt ﬂvi)uit
<—(vig,)'ir<o ..@d

when i - oo, then

im0 i( v 9y,)" =0 ..(4)
Then there exists p € N such that i( vi9,)" <
1,foreachi = p.

i 1
= 17119171.3—1

. .(5)
(O

Let i, f€EN since p<i<f .from (5) and
definition (1-v), the lead to

<

ﬁv(zi,zf,zf) < Z{l;i v, <Xg=1 v,

1
ZZO=1 —I <€
(a)P

That is (z;)is Cauchy.

Definition 5 : Let B is 9J,—metric, S:B - C(B)
mapping with a function y: B x B -»R, is called
(W, 9,) -contraction if 3JIWeF, t>0 which
that

t + W[ vH(Sk, Se, Sa)] < W[A(k,c,d)] ...(6)
with A(k,c,d)= L19,(k,c,d) +1,9,(k, S, Sq) +
l; 9,(c,S.,S4) Since
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min{A(k,c,d),H(Sy, S Sg)} > 0. Satisfying the
condition Iy +2vi, + 13 =1,1;
not equal one and 1,1, 13 >0.
Theorem 6 : let S: B> C(B) be (W, 9, )-
contraction, B is complete J,— metric and t >
0 such that the following
letco € S, 9,(co,cq,c;) SiNCe €1 € By, C; € S,

a. Scisclosed for any sequence (c;),then

(ciy Cig1, Cig2) = (e 0).

Then S has a fixed point .

Proof-
B, X

by(@) , ¢; € B, 9y(co,c1,¢2) and 3¢z €

‘U191,(C1,C2,C3) < UH(SCO,SCI,SCZ)
Since Wy , W( v 9,(cy,c5,¢3)) <

W (vH(SepSc,0Se,) ) ()
By (6,7) , then
t+W( v dy(cy, ez, ¢3)) St+W (VH(Sey,SeysSe,))
< W[l 9,(cy, c1,¢5) +
l; 9y (co, €1, €3) + I3 U, (cq, €2, C3)]
From Proposition (2)
< W[llz‘)v(co, c1,¢)+ 1, (v 9, (co, €1, C2) +
v 9,(cy, ¢, 03)) + 139,(cq, Ca, Cs)]
where [; + 21, + I3 = 1 andW,,

= v 9,,(cy, €2, ¢3) — vl 9,(cq, €3, ¢3) —
139, (cq, ¢z, C3)
<
ll (COI Cli CZ) + vlz 191] (C(), Cll CZ)
(A —-vl; —13)9,(cy,cc3) < (I; +vly)

U, (co, €1, €2) -
= t+W( v 9,(cy, €3, ¢3)) < W[, (co, €1, ¢2)]
By continuous in this away , leads to
H+W( v 9, (ci, Cian, Ciaz))
< W[I,(ci—1, ciy Ci41)], Vi EN
From lemma ( 4) , then(c;)is cauchy sequence.
Since B is complete 3¢ € B =¢; — c.
Using the condition (b), that is 9,(S.,c,c) =0=
c €S, . If converse that c & S,., then Im e N
such that 9,(c;,c,S;) >0vm < i.
Then
U,(c, 8¢, Sc) < v 9,(c, iy Cigr)
+v 191J(Ci+1rscr Sc)
svd, (C: Cit+1s Ci+1) + H(Sci: Ses Sc)
sv 191](C, Cit+1, Ci+1) + ll 1917(6'1': c, C) +
I 9, (ci, Civ1,Se) + 13 9, (¢, S¢, Se)
<1,9,(,cS.) +139,(,S.S.)
<2vl,9,(,S.,S.)+139,(,S.S.), by
Proposition (2)
>  9,0,S.,8) <Quvi,+13) 9,(c,S.,S.) <
9,(c,S., S:). This is contraction.
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Collaray 7 Let S:B - C(B) be (W, 9,)-
contraction, B is complete 9,— metric ,v > 0 and
satisfying all conditions with

vH(Sk, Se, Sa)/A "

VH(Sk.Se.Sa)—A(k.c,d)
,c,d) ¢ ‘

<et
Then S has a fixedpoint.

Example 8: Let B={0,1,2,3} , 9,(a,b,b) =
[2]a — b|]? is I,~metric for each a, b€ B since
v=2.Let f:B— C(B), define
£ = {{0,1} ifa=0,1
@ 1{23} ifa>1"
Solution:- Va,b >1 and a # b, suppose [; =
1, and 1, l3is equal zero .
That is, min{9,(a,b,b),H(f. fs f»)} > 0. Since
9,(a,b,b) = 4, H(f, fy. fo) = 4 ,t =5 and from
corollary(7).
1
= e <ez
withW, =lna+a,Va €eR".
Then satisfies all conditions theorem 6), € f,. o

Application

In this section the gotten outcomes were used to
attain the existence of solutions for a specific
Fredholmtype  integral  consolidation.  The
application is motivated by(12)
Express the Fredholm-type as follows
y(u) € f; (wxy(x)) + a(w). ue[ac]
Let G¢y(R) = the family of non-empty convex and
compact subset R, B:[a,c]? xR - Gy, , the
operator B, := B(u,x,y(x)) is continuous since
a:[a,c] = Ris continuous for all y € C[a, c].
Now, B is complete 9,, — metric by considering
0, (X1, X2, X3)=SUPuefaq  [Ix1 — Xz + [x3 — x3] +
lx3 — x;1 |12 .forv = 2.
Theorem 9: Let 6 = C([a,c],R) and let the set-
valued operator f:6 - C(6) defined by

u

frw sES:sEfa(u,x,y(x))+K(u), .

u € [a,c]
Since K (u) is continuos
And assume the following:
1- There exists h:[a,c] = R is a continuous
function such that

H ((u, x, by (x)), (u, x, b, (x)), (u, X, by (x)))

< h(x)[Iby (x) — by (x)| + | by (x) — b3 (x)
+ | b3 (x) — by ()]
2- For each by,b,,b; € B ,3t > 0.let that

814

fuh(x)S\/F

Then the operator has a fixed point.

Proof - the operator f should be satisfied all
hypothesis of Theorem(6). Initially, the equation (6)
must be inspected. Let by,b,,b; € Bsuch that s €

Jo, -

=:»1 b, (W, x) € By (u,x),suchthat s,
f; By, (w,x)dx + K(u)for u € [a,c].

However, put @, (u,x) € By, (u,x) = B, (U,X)
,by condition (i) makes sure that 3y (u,x) €
@}, (u,x) such that

By, (%) —y (2] + [y(w,x) - By, (u,x)] <
h(x)[|by(x) — b, ()| +

| b,x) — by (x)|] forall x €[a,c]
Let us take into consideration the multivalued
operator T defined by
Twx
= B, (W, %)
n{ q ER: |b2 (wx)—q|+|q- @), (u, x)| }

< h(xg[lbl-(x) — by ()| + [bz(x)- by (X)]

fu = f By, (u,x)dx + h(x)since B, (u,x)

a

€ By, (u,x)
Then
[lsu_fu | + |fu_su|]2

o o

2
+ |b2 (u,x) — uPy (u,x)|) dx]
< U h(x)(|by (x) — b, (x)|

2
+ | by(x) — byx I) dx]

2

<

ictan (1B, @) = by GOl + 1B, 00 = by ) [ @ e

< et 9,(by, by, by) = 9y(s,f,f) <
et 9,(by, by, by)
By simply swapping the role of b; & b,, and applied
natural logarithm, the lead to

r+ W[ H(fo,, fo,0 f5,)] < W[, (by, by, by)]
Since W(d) =In d and f is [(W, 9, ) —contraction
with I; = 1,1, = l; = 0.After that all the condition
for theorem are satisfied (6). Hence the operator f
has afixed point.
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Conclusion:

The effect of this study indicates that the integral
Volterra equations satisfying the contractive
condition have a fixed point. The solution of an
integral equation by the fixed point method is
approximated by showing some suitable conditions
guarantee the convergence of the method.
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