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Abstract: 
      Throughout this paper, a generic iteration algorithm for a finite family of total asymptotically quasi-

nonexpansive maps in uniformly convex Banach space is suggested. As well as weak / strong convergence 

theorems of this algorithm to a common fixed point are established. Finally, illustrative numerical example 

by using Matlab is presented. 
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Introduction: 
       The nonlinear equations 𝑇(𝑥)  =  𝑦 appearing 

in physical formulations can similarly be 

transformed into a fixed point equation of the form 

𝑥 =  𝐹𝑥. An approximate fixed point theorem is 

applied to get results on existence and uniqueness of 

such equations’ solution. To decide whether an 

iteration method is useful for application, it is of 

paramount importance to answer the following 

question: Does it converge to fixed point of an 

operator? 

Throughout this paper we examine essential 

concept based on the above question for a new 

finite-step iteration algorithm when applied to finite 

family of total asymptotically quasi-nonexpansive 

maps. Fixed point iteration algorithms may exhibit 

radically different behaviors for various classes of 

maps. While a particular fixed point iteration 

algorithm is convergent for an appropriate class of 

maps, it could not be convergent for others. 

Therefore, it is important to determine whether an 

iteration algorithm converges to fixed point of a 

map. In this field, there are numerous works 

regarding convergence of various iteration methods, 

as one can see in (1–13). Let 𝑀 be a Banach space, 

B subset of M and 𝑇 be a selfmap of 𝐵 with set of 

all fixed points 𝐹(𝑇). In this work, we construct an 

iteration algorithm for a finite family of total 

asymptotically quasi-nonexpansive maps and give 

appropriate conditions for strong/weak convergence  
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of this algorithm to common fixed points of the 

maps in uniformly convex Banach space. 

Definition(1): A map 𝑇: 𝐵 → 𝐵 is called : 

i-Nonexpansive map[1] if ‖𝑇𝑎 − 𝑇𝑏‖ ≤ ‖𝑎 − 𝑏‖  
for all 𝑎, 𝑏 ∈ 𝐵. 
ii-Quasi-nonexpansive map [2] if 𝐹(𝑇) ≠
∅ and ‖𝑇𝑎 − 𝑎∗‖ ≤ ‖𝑎 − 𝑎∗‖ for all 𝑎 𝜖 𝐵and  
for all 𝑎∗ 𝜖 𝐹(𝑇). 

iii-Asymptotically nonexpansive[1] if there is a 

sequence (𝑓𝑛)𝑖𝑛 [0, +∞) with lim𝑛→∞ 𝑓𝑛 = 0 and 

‖𝑇𝑛𝑎 − 𝑇𝑛𝑏‖ ≤ (1 + 𝑓𝑛)‖𝑎 − 𝑏‖ for all 𝑎, 𝑏 ∈ 𝐵  
and 𝑛 = 1, 2 … 
iv-Asmptotically quasi-nonexpansive map [3] if  

𝐹(𝑇) ≠ ∅ 𝑎𝑛𝑑 there is a sequence (𝑓𝑛)in [0, +∞)  
with lim𝑛→∞ 𝑓𝑛 = 0 so that 

‖𝑇𝑛𝑎 − 𝑎∗‖ ≤ (1 + 𝑓𝑛)‖𝑎 − 𝑎∗‖, for all 𝑎 ∈ 𝐵, 𝑎∗ 

∈ 𝐹(𝑇)and 𝑛 = 1,2 … 
v-Total asymptotically nonexpansive map [4] if 

there are null sequences of nonnegative real number 

 (𝑓𝑛)𝑛=1
∞ , (𝑔𝑛)𝑛=1

∞ , 𝑛 ≥ 1 and nondecreasing 

continuous function 𝜓: [0, ∞) → [0, ∞) with 

 𝜓(0) = 0, for all 𝑎, 𝑏 ∈ 𝐵 so that 

‖𝑇𝑛𝑎 − 𝑇𝑛𝑏‖ ≤ ‖𝑎 − 𝑏‖ + 𝑓𝑛𝜓‖𝑎 − 𝑏‖ + 𝑔𝑛 . 
vi-Total asymptotically quasi-nonexpansive map if 

𝐹(𝑇) ≠ ∅ 𝑎𝑛𝑑 there are null sequences of       

nonnegative real number  (𝑓𝑛)𝑛=1
∞ , (𝑔𝑛)𝑛=1

∞ , 𝑛 ≥ 1, 

∑ 𝑓𝑛 < ∞ and ∑ 𝑔𝑛 < ∞

∞

𝑛=1

∞

𝑛=1

, and nondecreasing 

continuous function 𝜓: [0, ∞) → [0, ∞) with 

 𝜓(0) = 0, for all 𝑎 ∈ 𝐵 and 𝑎∗ ∈ 𝐹(𝑇) so that 

‖𝑇𝑛𝑎 − 𝑎∗‖ ≤ ‖𝑎 − 𝑎∗‖ + 𝑓𝑛𝜓‖𝑎 − 𝑎∗‖ + 𝑔𝑛 . 
vii-Uniformily K-Lipschitzain [5] if there is a 

constant 𝐾 > 0 for all 𝑎, 𝑏 ∈ 𝐵, so that  
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‖𝑇𝑛𝑎 − 𝑇𝑛𝑏‖ ≤ 𝐾‖𝑎 − 𝑏‖ 

Note(2):  
𝑵𝒐𝒏𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒗𝒆 ⇒ 𝑨𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒄𝒂𝒍𝒍𝒚 ⇒ 𝑻𝒐𝒕𝒂𝒍 𝒂𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒄𝒂𝒍𝒍𝒚 

                                      𝒏𝒐𝒏𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒗𝒆           𝒏𝒐𝒏𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒗𝒆    
             ⇩                                    ⇩                                    ⇩     
       𝑸𝒖𝒂𝒔𝒊−   ⇒ 𝑨𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒄𝒂𝒍𝒍𝒚 𝒒𝒖𝒂𝒔𝒊 ⇒ 𝑻𝒐𝒕𝒂𝒍  
𝒏𝒐𝒏𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒗𝒆       − 𝒏𝒐𝒏𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒗𝒆       𝒂𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒄𝒂𝒍𝒍𝒚 

                                                                              𝒒𝒖𝒂𝒔𝒊 − 𝒏𝒐𝒏𝒆𝒙𝒑𝒂𝒏𝒔𝒊𝒗𝒆 

Definition(3)[6]: A Banach space 𝑀 is called 

satisfying: 

i-Opial’s condition if  any sequence (𝑎𝑛) in 𝑀, is 

weakly convergent to 𝑎 implies that 

lim𝑛→∞ inf  ‖𝑎𝑛 − 𝑎‖ < lim𝑛→∞ inf ‖𝑎𝑛 − 𝑏‖ for 

all 𝑏 ∈  𝑀 with 𝑎 ≠ 𝑏. 
ii-Kadec-Klee property if each sequence (𝑎𝑛) in 𝑀 

converging weakly to (𝑎) jointly with ‖𝑎𝑛‖ 

converging strongly to ‖𝑎‖ imply that (𝑎𝑛) 

converges strongly to a point  𝑎 ∈  𝑀. 
Definition(4)[7]: A map 𝑇: 𝐵 → 𝑀 is said to be 

demiclosed with respect to 𝑏 ∈ 𝑀 if for any 

sequence (𝑎𝑛) 𝑖𝑛 𝐵, (𝑎𝑛) converges weakly to 

𝑎 and 𝑇(𝑎𝑛) converges strongly to 𝑏. Therefore 

𝑎 ∈ 𝐵 and 𝑇(𝑎) = 𝑏. If (𝐼 − 𝑇) is demiclosed i.e if 

(𝑎𝑛) converges weakly to 𝑎 in 𝐵 and (𝐼 − 𝑇) 

converges strongly to 0 . Hence (𝐼 − 𝑇)(𝑎) = 0. 
Lemma(5)[8]:Let(𝜇𝑛)𝑛=1 

∞ , (𝛿𝑛)𝑛=1  
∞ and (𝑒𝑛)𝑛=1

∞   
be sequences of non negative numbers 

accomplishing the following inequality: 

𝜇𝑛+1 ≤ (1 + 𝛿𝑛)𝜇𝑛 + 𝑒𝑛  , ∀ 𝑛 ≥ 1  
 if ∑ 𝛿𝑛 < ∞ 𝑎𝑛𝑑 ∑ 𝑒𝑛 < ∞,∞

𝑛=1
∞
𝑛=1  then 

(𝑎𝑛)is bounded and lim𝑛→∞ 𝜇𝑛 exists. 

Additionally if lim𝑛→∞ 𝑖𝑛𝑓𝑎𝑛 = 0, then 

lim𝑛→∞ 𝜇𝑛 = 0. 
Lemma(6)[9]: Let M be a Banach space and 

𝑝 > 1 and 𝐾 > 0 be two fixed numbers. Then M is 

uniformly convex if exists a continuous strictly 

nondecreasing and convex function 𝜁: [0, ∞) →
[0, ∞) with 𝜁(0) = 0 so that  

‖𝜔𝑎 + (1 − 𝜔)𝑏‖𝑝 ≤ 𝜔‖𝑎‖𝑝 + (1 − 𝜔)‖𝑏‖ 

 −𝑥𝑝(𝜔)𝜁(‖𝑎 − 𝑏‖)for each 𝑎, 𝑏 ∈ 𝐵𝐾(0) =

{𝑎 ∈ 𝑀: ‖𝑎‖ ≤ 𝐾} and 𝜔 ∈ [0, 1], where 

 𝑥𝑝(𝜔) = 𝜔(1 − 𝜔)𝑝 + 𝜔𝑝(1 − 𝜔) 

Lemma(7)[10]: Let 𝑀 be a real reflexive Banach 

space with its dual 𝑀∗ accomplishing the Kadec-

Klee property. Suppose that (𝑎𝑛) bounded sequence 

in 𝑀 so that lim𝑛→∞‖𝑡𝑎𝑛 + (1 − 𝑡)𝑝1 − 𝑝2‖ exists 

∀ 𝑡 ∈ [0,1] and 𝑝1, 𝑝2 ∈ 𝑊𝑤(𝑎𝑛), where 𝑊𝑤(𝑎𝑛) 

attend to a set of all weak subsequential limits of 

(𝑎𝑛), then 𝑝1 = 𝑝2. 
Lemma(8)[11]: Let 𝑀 be a uniformly convex 

Banach space, ∅ ≠ 𝐵 ⊆ 𝑀 . Therefore there is a 

strictly nondecreasing continuous function 

𝑓: [0, ∞) → [0, ∞) with 𝑓(0) = 0 so that each 

lipschitzain map 𝑇: 𝐵 → 𝐵 for lipschitz constant K: 

‖𝑡𝑇𝑥 + (1 − 𝑡)𝑇𝑧 − 𝑇(𝑡𝑥 + (1 − 𝑡)𝑧‖ 

                           ≤ 𝐾𝑓−1 (‖𝑥 − 𝑧‖ −
1

𝐾
‖𝑇𝑥 − 𝑇𝑧‖),  

∀ 𝑥, 𝑧 ∈ 𝐵 and ∀𝑡 ∈ [0,1]. 

Main Results: 
      Let 𝐵 be a nonempty closed convex subset of a 

Banach space M, 𝑇𝑗: 𝐵 → 𝐵, ∀𝑗 = 1, 2, … , 𝑘 be total  

asymptotically quasi-nonexpansive maps. The 

iteration algorithm (𝑎𝑛) is defined by: 

𝑎1 ∈ 𝐵 

𝑎𝑛+1 = (1 − 𝛼𝑘𝑛)𝑎𝑛 + 𝛼𝑘𝑛𝑇𝑘
𝑛𝑏𝑘𝑛  

𝑏𝑘𝑛 = (1 − 𝛼𝑘𝑛)𝑎𝑛 + 𝛼𝑘𝑛𝑇𝑘
𝑛𝑏(𝑘−1)𝑛 

𝑏(𝑘−1)𝑛 = (1 − 𝛼(𝑘−1)𝑛)𝑎𝑛 + 𝛼(𝑘−1)𝑛𝑇𝑘−1
𝑛 𝑏(𝑘−2)𝑛 

.  

.  
𝑏2𝑛 = (1 − 𝛼2𝑛)𝑎𝑛 + 𝛼2𝑛𝑇2

𝑛𝑏1𝑛 

𝑏1𝑛 = (1 − 𝛼1𝑛)𝑎𝑛 + 𝛼1𝑛𝑇1
𝑛𝑏0𝑛                        … (1) 

where 𝑏0𝑛 = 𝑎𝑛 for all 𝑛 and (𝛼𝑛)𝑛=1
∞  is asquence 

in [0,1]. 

Lemma(9): Let 𝑀 be a Banach sapace ∅ ≠ 𝐵 ⊆ 𝑀, 

 𝑇𝑗 , 𝑗 = 1, 2, … , 𝑘 be a family of total 

asymptotically quasi-nonexpansive selfmaps of B. 

Suppose ⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗) ≠ ∅ and the sequence (𝑎𝑛) be 

as in (1). Then 

i-There are sequences (𝑢𝑛)and (𝑣𝑛)in [0, ∞) such 

that ∑ 𝑢𝑛
∞
𝑛=1 = ∑ 𝑣𝑛

∞
𝑛=1 < ∞ and  

‖𝑎𝑛+1 − 𝑎∗‖ ≤ (1 + 𝑢𝑛)𝑗+1‖𝑎𝑛 − 𝑎∗‖ + 𝑣𝑛
𝑗+1

 ,  

∀ 𝑎∗ ∈ ⋂ 𝐹

𝑘

𝑗=1

(𝑇𝑗) and ∀ 𝑛. 

ii-There exist constants 𝑄1, 𝑄2 > 0 such that 

‖𝑎𝑛+𝑚 − 𝑎∗‖ ≤ 𝑄1‖𝑎𝑛 − 𝑎∗‖ + 𝑄2 , ∀ 𝑎∗ ∈

⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗) and 𝑛, 𝑚 = 1, 2, … .. Suppose that there 

is 𝑍 > 0  such that 𝜓(𝜆𝑗) ≤ 𝑍𝜆𝑗, 𝑗 = 1, 2, … , 𝑘. 

Proof:  

i-Let 𝑎∗ ∈ ⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗), 𝑢𝑛 = max1≤𝑗≤𝑘 𝑓𝑗𝑛  and 

 𝑣𝑛 = max1≤𝑗≤𝑘 𝑔𝑗𝑛, since 

 ∑ 𝑓𝑗𝑛
∞
𝑛=1 < ∞ ⇒ ∑ 𝑢𝑛

∞
𝑛=1 < ∞ and ∑ 𝑔𝑗𝑛

∞
𝑛=1 < ∞

⇒ ∑ 𝑣𝑛
∞
𝑛=1 < ∞. 

Now,  

‖𝑏1𝑛 − 𝑎∗‖ ≤ (1 − 𝛼1𝑛)‖𝑎𝑛 − 𝑎∗‖
+ 𝛼1𝑛‖𝑇1

𝑛𝑎𝑛 − 𝑎∗‖ 

                      ≤ (1 − 𝛼𝑛)‖𝑎𝑛 − 𝑎∗‖
+ 𝛼1𝑛{‖𝑎𝑛 − 𝑎∗‖
+ 𝑓1𝑛𝜓(‖𝑎𝑛 − 𝑎∗‖) + 𝑔1𝑛} 

                      ≤ (1 − 𝛼1𝑛)‖𝑎𝑛 − 𝑎∗‖
+ 𝛼1𝑛{(1 + 𝑓1𝑛𝑍)‖𝑎𝑛 − 𝑎∗‖
+ 𝑔1𝑛} 

                      ≤ (1 + 𝛼1𝑛𝑓1𝑛𝑍)‖𝑎𝑛 − 𝑎∗‖ + 𝛼1𝑛𝑔1𝑛 

                      ≤ (1 + 𝑢𝑛)‖𝑎𝑛 − 𝑎∗‖ + 𝑣𝑛 

Assume that ‖𝑏𝑗𝑛 − 𝑎∗‖ ≤ (1 + 𝑢𝑛)𝑗‖𝑎𝑛 − 𝑎∗‖ +

𝑣𝑛  
𝑗

. Then, 

‖𝑏(𝑗+1)𝑛 − 𝑎∗‖ ≤ (1 − 𝛼(𝑗+1)𝑛)‖𝑎𝑛 − 𝑎∗‖

+ 𝛼(𝑗+1)𝑛‖𝑇𝑗+1
𝑛 𝑏𝑗𝑛 − 𝑎∗‖ 

                             ≤ (1 − 𝛼(𝑗+1)𝑛)‖𝑎𝑛 − 𝑎∗‖

+ 𝛼(𝑗+1)𝑛(1 + 𝑓(𝑗+1)𝑛𝑍)‖𝑏𝑗𝑛

− 𝑎∗‖ + 𝛼(𝑗+1)𝑛𝑔(𝑗+1)𝑛 
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                           ≤ (1 − 𝛼(𝑗+1)𝑛)‖𝑎𝑛 − 𝑎∗‖

+ 𝛼(𝑗+1)𝑛(1 + 𝑢𝑛)(1 + 𝑢𝑛)𝑗‖𝑎𝑛

− 𝑎∗‖ + 𝛼(𝑗+1)𝑛(1 + 𝑢𝑛)𝑣𝑛
𝑗

+ 𝛼(𝑗+1)𝑛𝑣𝑛 

                             ≤ (1 + 𝑢𝑛)𝑗+1‖𝑎𝑛 − 𝑎∗‖ + 𝑣𝑛
𝑗+1

 

Thus, by induction , we obtain 

‖𝑏𝑗𝑛 − 𝑎∗‖ ≤ (1 + 𝑢𝑛)𝑗‖𝑎𝑛 − 𝑎∗‖ + 𝑣𝑛         
𝑗

 

for all 𝑗 = 1,2, … , 𝑘.                                            … (2) 
Now, by (2) we have 

‖𝑎𝑛+1 − 𝑎∗‖ 

≤ (1 − 𝛼𝑗𝑛)‖𝑎𝑛 − 𝑎∗‖ + 𝛼𝑗𝑛‖𝑇𝑗
𝑛𝑏𝑗𝑛 − 𝑎∗‖ 

≤ (1 − 𝛼𝑗𝑛)‖𝑎𝑛 − 𝑎∗‖ 

     +𝛼𝑗𝑛{(1 + 𝑓𝑗𝑛𝑍)‖𝑏𝑗𝑛 − 𝑎∗‖ + 𝑔𝑗𝑛} 

≤ (1 − 𝛼𝑗𝑛)‖𝑎𝑛 − 𝑎∗‖ + 𝛼𝑗𝑛(1 + 𝑢𝑛)(1 + 𝑢𝑛)𝑗 

     ‖𝑎𝑛 − 𝑎∗‖ + 𝛼𝑗𝑛(1 + 𝑢𝑛)𝑣𝑛
𝑗

+ 𝛼𝑗𝑛𝑣𝑛 

≤ (1 − 𝛼𝑗𝑛)‖𝑎𝑛 − 𝑎∗‖ 

+𝛼𝑗𝑛 {1 + ∑
𝑗(𝑗 + 1) … (𝑗 + 2 − 𝑚)

𝑚!

𝑗+1

𝑚=1

𝑢𝑛
𝑚} 

     ‖𝑎𝑛 − 𝑎∗‖ + 𝑣𝑛
𝑗+1‖𝑎𝑛+1 − 𝑎∗‖ 

≤ {1 + ∑
𝑗(𝑗 + 1) … (𝑗 + 2 − 𝑚)

𝑚!

𝑗+1

𝑚=1

𝑢𝑛
𝑚} 

    ‖𝑎𝑛 − 𝑎∗‖ + 𝑣𝑛
𝑗+1

 

≤ (1 + 𝑢𝑛)𝑗+1‖𝑎𝑛 − 𝑎∗‖ + 𝑣𝑛
𝑗+1

 

ii-From part (i), we obtain 

‖𝑎𝑛+𝑚 − 𝑎∗‖ ≤ (1 + 𝑢𝑛+𝑚−1)𝑗+1‖𝑎𝑛+𝑚−1 − 𝑎∗‖

+ 𝑣𝑛+𝑚−1
𝑗+1

 

                          ≤ 𝑒(1+𝑢𝑛+𝑚−1)𝑗+1‖𝑎𝑛+𝑚−1−𝑎∗‖

+ 𝑒𝑣𝑛+𝑚−1
𝑗+1

 

                          ≤ 𝑒(𝑗+1)(1+𝑢𝑛+𝑚−1)‖𝑎𝑛+𝑚−1−𝑎∗‖

+ 𝑒(𝑗+1)𝑣𝑛+𝑚−1 

                          ≤ 𝑒(𝑖+1)𝑢𝑛+𝑚−1‖𝑎𝑛+𝑚−1−𝑎∗‖

+ 𝑒(𝑖+1)𝑣𝑛+𝑚−1 

                          ≤ 𝑒(𝑗+1) ∑ 𝑢𝑘
𝑛+𝑚−1
𝑘=1 ‖𝑎𝑛 − 𝑎∗‖

+ 𝑒(𝑗+1) ∑ 𝑣𝑘
𝑛+𝑚−1
𝑘=1  

                          ≤ 𝑄1‖𝑎𝑛 − 𝑎∗‖ + 𝑄2 

Lemma(10): Let 𝑀 be a uniformly convex Banach 

space, ∅ ≠ 𝐵 ⊆ 𝑀 and 𝑇𝑗 , ∀ 𝑗 = 1, 2, … , 𝑘 be a 

family of total asymptotically quasi-nonexpansive 

selfmaps of B. Assume⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗) ≠ ∅ and (𝑎𝑛) 

be as in (1). Then lim𝑛→∞‖𝑎𝑛 − 𝑎∗‖ exists for all 

𝑎∗ ∈ ⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗). 

Proof: By using Lemma (9.i) 

‖𝑎𝑛+1 − 𝑎∗‖ ≤ (1 + 𝑢𝑛)𝑗+1‖𝑎𝑛 − 𝑎∗‖ + 𝑣𝑛
𝑗+1

 

                      ≤ (1 + 𝑢𝑛)‖𝑎𝑛 − 𝑎∗‖ + 𝑣𝑛 

and ∑ 𝑢𝑛
∞
𝑛=1 < ∞, ∑ 𝑣𝑛

∞
𝑛=1 < ∞.  

So by Lemma (5), we get lim𝑛→∞‖𝑎𝑛 − 𝑎∗‖ exists 

for all 𝑎∗ ∈ ⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗). 

Lemma(11): Let 𝑀 be a real Banach space, ∅ ≠
𝐵 ⊆ 𝑀 and  𝑇𝑗 , ∀ 𝑗 = 1, 2, … , 𝑘 be a family of 

Lipschitzain and total asymptotically quasi-

nonexpansive selfmaps of B. Let (𝑎𝑛) be as in (1), 

for all 𝑎1
∗, 𝑎2

∗ ∈ ⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗), then lim𝑛→∞‖𝑡𝑎𝑛 +

(1 − 𝑡)𝑎1
∗ − 𝑎2

∗‖ exists for each 𝑡 ∈ [0, 1]. 
Proof: By Lemma (5), lim𝑛→∞‖𝑎𝑛 − 𝑎∗‖ esists for 

all 𝑎∗ ∈ ⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗) and  (𝑎𝑛) is bounded. Letting 

𝛾𝑛(𝑡) = ‖𝑡𝑎𝑛 + (1 − 𝑡)𝑎1
∗ − 𝑎2

∗‖ for all 𝑡 ∈ [0,1]. 
Then, lim𝑛→∞ 𝛾𝑛(0) = ‖𝑎1

∗ − 𝑎2
∗‖ and 

 lim𝑛→∞ 𝛾𝑛(1) = ‖𝑎𝑛 − 𝑎2
∗‖ exist by Lemma (10). 

Therefore, for 𝑡 ∈ [0,1] and for all 𝑎 ∈ 𝐵, we 

define the map 𝑅𝑛: 𝐵 → 𝐵 by : 

 𝑏1𝑛 = (1 − 𝛼1𝑛)𝑎𝑛 + 𝛼1𝑛𝑇1
𝑛𝑏0𝑛  

 𝑏2𝑛 = (1 − 𝛼2𝑛)𝑎𝑛 + 𝛼2𝑛𝑇2
𝑛𝑏1𝑛. 

 𝑏𝑗𝑛 = (1 − 𝛼𝑗𝑛)𝑎𝑛 + 𝛼𝑗𝑛𝑇𝑗
𝑛𝑏(𝑗−1)𝑛  

 𝑅𝑛𝑎 = (1 − 𝛼𝑗𝑛)𝑎 + 𝛼𝑗𝑛𝑇𝑗
𝑛𝑏𝑗 

Now, 

‖𝑅𝑛𝑎 − 𝑅𝑛𝑥‖ ≤ (1 − 𝛼𝑗𝑛)‖𝑎 − 𝑥‖

+ 𝛼𝑗𝑛(1 + 𝑓𝑗𝑛𝑍)‖𝑏𝑗 − 𝑦𝑗‖

+ 𝛼𝑗𝑛𝑔𝑗𝑛 

                           ≤ (1 − 𝛼𝑗𝑛)‖𝑎 − 𝑥‖

+ 𝛼𝑗𝑛(1 + 𝑢𝑛)(1 + 𝑢𝑛)𝑗‖𝑎 − 𝑥‖

+ 𝛼𝑗𝑛(1 + 𝑢𝑛)𝑣𝑛
𝑗

+ 𝛼𝑗𝑛𝑣𝑛 

                           ≤ (1 + 𝑢𝑛)𝑗+1‖𝑎 − 𝑥‖ + 𝑣𝑛
𝑗+1

 

                           ≤ (1 + 𝑢𝑛)‖𝑎 − 𝑥‖ + 𝑣𝑛 

with∑ 𝑢𝑛 < ∞ , ∑ 𝑣𝑛 < ∞ and 𝑠𝑛 = 1 + 𝑢𝑛
∞
𝑛=1

∞
𝑛=1 ,  

it follows that 𝑠𝑛 → 1 𝑎𝑠 𝑛 → ∞. 
Setting 𝑊𝑛,𝑚 = 𝑅𝑛+𝑚−1𝑅𝑛+𝑚−1 … 𝑅𝑛, and 𝑏𝑛,𝑚 =

‖𝑊𝑛,𝑚(𝑡𝑎𝑛 + (1 − 𝑡)𝑎1
∗ − (𝑡𝑊𝑛,𝑚𝑎𝑛(1 − 𝑡)𝑎1

∗)‖. 
Thus,  

‖𝑊𝑛,𝑚𝑎 − 𝑊𝑛,𝑚𝑥‖ 

= ‖𝑅𝑛+𝑚−1𝑅𝑛+𝑚−2 … 𝑅𝑛(𝑎)
− 𝑅𝑛+𝑚−1𝑅𝑛+𝑚−2 … 𝑅𝑛(𝑥)‖ 

≤ 𝑠𝑛+𝑚−1‖𝑅𝑛+𝑚−2 … 𝑅𝑛(𝑎) − 𝑅𝑛+𝑚−2 … 𝑅𝑛(𝑥)‖ 

    +𝑣𝑛+𝑚−1 

≤ ∏ 𝑠𝑖‖𝑎 − 𝑥‖

𝑛+𝑚−1

𝑖=𝑛

+ ∑ 𝑣𝑖

𝑛+𝑚−1

𝑖=𝑛

 

= 𝐴𝑛‖𝑎 − 𝑥‖ + ∑ 𝑣𝑖

𝑛+𝑚−1

𝑖=𝑛

 

for all𝑎, 𝑥 ∈ 𝐵, where 𝐴𝑛 = ∏ 𝑠𝑖
𝑛+𝑚−1
𝑖=𝑛 , 𝑊𝑛,𝑚𝑎𝑛 =

𝑎𝑛+𝑚 and 𝑎∗ = 𝑎∗ for all 𝑎∗ ∈ ⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗). 

Hence, 𝛾𝑛+𝑚(𝑡) = ‖𝑡𝑎𝑛+𝑚 + (1 − 𝑡)𝑎1
∗ − 𝑎2

∗‖ 

 

                                                                                          = ‖

𝑡𝑊𝑛,𝑚𝑎𝑛 + ((1 − 𝑡)𝑎1
∗ − 𝑎2

∗ + 𝑊𝑛,𝑚(𝑡𝑎𝑛 +

(1 − 𝑡)𝑎1
∗) − 𝑎2

∗ + 𝑎∗ − 𝑎∗

−𝑊𝑛,𝑚(𝑡𝑎𝑛 + (1 − 𝑡)𝑎1
∗) − 𝑎2

∗
‖ 
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≤ 𝑏𝑛,𝑚 + ‖𝑊𝑛,𝑚(𝑡𝑎𝑛 + (1 − 𝑡)𝑎1
∗) − 𝑎2

∗‖ 

≤ 𝑏𝑛,𝑚 + 𝐴𝑛𝛾𝑛(𝑡) + ∑ 𝑣𝑖

𝑛+𝑚−1

𝑖=𝑛

 

by using Lemma (8), we have 

𝑏𝑛,𝑚 ≤ 𝐾𝑓−1(‖𝑎𝑛 − 𝑎∗‖ −
1

𝐾
‖𝑊𝑛,𝑚𝑎𝑛 − 𝑊𝑛,𝑚𝑎∗‖ 

          ≤ 𝐾𝑓−1(‖𝑎𝑛 − 𝑎∗‖ −
1

𝐾
(‖𝑎𝑛+𝑚 − 𝑎∗‖

− ‖𝑊𝑛,𝑚𝑎𝑛 − 𝑎∗‖) 

and so (𝑏𝑛,𝑚) converges uniformly to zero. Since 

lim𝑛→∞ 𝐴𝑛 = 1 and lim𝑛→∞ 𝑔𝑛 = 0, we get 

lim
𝑛→∞

𝑠𝑢𝑝𝛾𝑛+𝑚(𝑡) ≤ lim
𝑛→∞

𝑏𝑛,𝑚 + lim
𝑛→∞

𝑖𝑛𝑓𝛾𝑛(𝑡)   

                                 = 𝑙𝑖𝑚
𝑛→∞

𝑖𝑛𝑓𝛾𝑛(𝑡) 

thus lim𝑛→∞ 𝛾𝑛 (𝑡) exists for all 𝑡 ∈ [0,1]. 
Theorem(12): Let 𝑀  be a Banach space, ∅ ≠ 𝐵 ⊆
𝑀 and 𝑇𝑗 , for each 𝑗 = 1, 2, … , 𝑘 be a family of 

total asymptotically quasi-nonexpansive selfmap of 

B. Suppose that ⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗) ≠ ∅ and (𝑎𝑛) be as in 

(1) convergence strongly to a common fixed point 

of 𝑇𝑗 iff  lim𝑛→∞ 𝑖𝑛𝑓 𝑑(𝑎𝑛 , 𝐹) = 0, where 

 𝑑(𝑎, 𝐹) = 𝑖𝑛𝑓𝑎∗∈𝐹‖𝑎 − 𝑎∗‖. 
Proof: To show lim𝑛→∞ 𝑖𝑛𝑓 𝑑(𝑎𝑛, 𝐹) = 0  lead to 

(𝑎𝑛) convergence strongly to a common fixed point 

of  𝑇𝑗 , for each 𝑗 = 1, 2, … , 𝑘,  by (2) 

𝑑(𝑎𝑛+1, 𝐹) ≤ (1 + 𝑢𝑛)𝑗+1𝑑(𝑎𝑛, 𝐹) + 𝑣𝑛
𝑗+1

 

            ≤ (1 + 𝑢𝑛)𝑑(𝑎𝑛, 𝐹) + 𝑣𝑛 

by Lemma (5), we obtain lim𝑛→∞ 𝑎𝑛 exists and 

lim𝑛→∞ 𝑖𝑛𝑓𝑎𝑛 = 0. Hence lim𝑛→∞ 𝑎𝑛 = 0. 
Now to prove the sufficiency, first show that (𝑎𝑛) 

cauchy sequence. By using Lemma (9.ii), we get  

‖𝑎𝑛+𝑚 − 𝑎∗‖ ≤ 𝑄1‖𝑎𝑛 − 𝑎∗‖ + 𝑄2                  … (3) 

∀𝑎∗ ∈ ⋂ 𝐹𝑘
𝑗=1 (𝑇𝑗), 𝑛 = 𝑚 = 1,2, …since 

lim𝑛→∞ 𝑎𝑛 = 0, ∀𝜖 > 0, ∃𝑁 such that  

𝑑(𝑎𝑛, 𝐹) ≤
𝜖

3𝑄1
−

𝑄2

𝑄1
 , ∀𝑛 ≥ 𝑁 

hence, there is ℎ ∈ 𝐹(𝑇𝑗) such that  

‖𝑎𝑁 − ℎ‖ ≤
𝜖

2𝑄1
−

𝑄2

𝑄1
                             … (4)  

from (3) and (4), ∀𝑛 ≥ 𝑁, we get 

‖𝑎𝑛+𝑚 − 𝑎𝑛‖ ≤ ‖𝑎𝑛+𝑚 − ℎ‖ + ‖𝑎𝑛 − ℎ‖ 

                        ≤ 𝑄1‖𝑎𝑁 − ℎ‖ + 𝑄2 

       +𝑄1‖𝑎𝑁 − ℎ‖ + 𝑄2 

                           ≤ 𝑄1

𝜖

2𝑄1
− 𝑄2 + 𝑄2 

                             +𝑄1
𝜖

2𝑄1
− 𝑄2 + 𝑄2  

                           = 𝜖 

Then (𝑎𝑛) is a cauchy sequence and converges to 

𝑏 ∈ 𝑀. To show 𝑏 ∈ 𝐹(𝑇𝑗), for any 𝜖∗ > 0 such 

that 

‖𝑎𝑛 − 𝑏‖ 

≤
𝜖∗

2(2 + 𝑓𝑗𝑍)
−

3𝑔𝑗

(2 + 𝑓𝑗𝑍)
 , ∀𝑛 ≥ 𝑁1             … (5) 

since lim𝑛→∞ 𝑎𝑛 = 0 implies that 𝑁2 ≥ 𝑁1 such 

that 𝑑(𝑎𝑛, 𝐹) ≤
𝜖∗

3(4+3𝑓𝑗𝑍)
, ∀𝑛 ≥ 𝑁2 

then ∃ℎ1 ∈ 𝐹(𝑇𝑗) such that  

‖𝑎𝑁 − ℎ1‖ ≤
𝜖∗

2(4 + 3𝑓𝑗𝑍)
                                 … (6) 

From (5) and (6) for any 𝑇𝑗, we obtain 

‖𝑇𝑗𝑏 − 𝑏‖ ≤ ‖𝑇𝑗𝑏 − ℎ1‖ + 2‖𝑇𝑗𝑎𝑁2
− ℎ1‖

+ ‖𝑎𝑁2
− ℎ1‖ + ‖𝑎𝑁2

− 𝑏‖ 

                    ≤ ‖𝑏 − ℎ1‖ + 𝑓𝑗𝜓‖𝑏 − ℎ1‖ + 𝑔𝑗

+ 2‖𝑎𝑁2
− ℎ1‖ + 2𝑓𝑗𝜓‖𝑎𝑁2

− ℎ1‖

+ 2𝑔𝑗 + ‖𝑎𝑁2
− ℎ1‖ + ‖𝑎𝑁2

− 𝑏‖ 

                    ≤ (1 + 𝑓𝑗𝑍)‖𝑏 − ℎ1‖

+ 2(1 + 𝑓𝑗𝑍)‖𝑎𝑁2
− ℎ1‖ + 3𝑔𝑗

+ ‖𝑎𝑁2
− ℎ1‖ + ‖𝑎𝑁2

− 𝑏‖ 

                    ≤ (1 + 𝑓𝑗𝑍)‖𝑎𝑁2
− 𝑏‖

+ (1 + 𝑓𝑗𝑍)‖𝑎𝑁2
− ℎ‖

+ 2(1 + 𝑓𝑗𝑍)‖𝑎𝑁2
− ℎ1‖ + 3𝑔𝑗

+ ‖𝑎𝑁2
− ℎ1‖ + ‖𝑎𝑁2

− 𝑏‖ 

                    ≤ (2 + 𝑓𝑗𝑍)‖𝑎𝑁2
− 𝑏‖

+ (4 + 3𝑓𝑗𝑍)‖𝑎𝑁2
− ℎ1‖ + 3𝑔𝑗 

                    ≤ (2 + 𝑓𝑗𝑍)
𝜖∗

2(2 + 𝑓𝑗𝑍)
− 3𝑔𝑗 + 3𝑔𝑗

+ (4 + 3𝑓𝑗𝑍)
𝜖∗

2(4 + 3𝑓𝑗𝑍)
= 𝜖∗ 

Therefore, ‖𝑇𝑗𝑏 − 𝑏‖ = 0 ∀𝑗. Thus 𝑏 ∈ 𝐹(𝑇𝑗). 

Theorem(13): Let M be a real Banach space, 

∅ ≠ 𝐵 ⊆ 𝑀, 𝑇𝑗 , for each 𝑗 = 1, 2, … , 𝑘 be a 

uniformly continuous total asymptotically quasi-

nonexpansive selfmaps of B and the sequence (𝑎𝑛) 

be as in (1). Suppose that there is 

𝑍 > 0 such that 𝜓((𝜆𝑗) ≤ 𝑍𝜆𝑗, 𝑗 = 1, 2, … , 𝑘. Then 

lim𝑛→∞‖𝑎𝑛 − 𝑇𝑗
𝑛𝑎𝑛‖ = 0. 

Proof: By Lemma (10) lim𝑛→∞‖𝑎𝑛 − 𝑎∗‖ exists . 

Assume that  
lim

𝑛→∞
‖𝑎𝑛 − 𝑎∗‖ = 𝑐, ∀𝑐 ≥ 0. 

If 𝑐 = 0, so no prove is needed. 

Now assume 𝑐 > 0. 

𝑎𝑛+1 = (1 − 𝛼𝑗𝑛)𝑎𝑛 + 𝛼𝑗𝑛𝑇𝑗
𝑛𝑏𝑗𝑛 

by Lemma (6), we have 𝐾1 > 0 

‖𝑎𝑛+1 − 𝑎∗‖2 ≤ (1 − 𝛼𝑗𝑛)‖𝑎𝑛 − 𝑎∗‖2

+ 𝛼𝑗𝑛{‖𝑏𝑗𝑛 − 𝑎∗‖

+ 𝑓𝑗𝑛𝜓‖𝑏𝑗𝑛 − 𝑎∗‖ + 𝑔𝑗𝑛}
2

− 𝑥2(𝛼𝑗𝑛)𝜁(‖𝑇𝑗
𝑛𝑗 − 𝑎𝑛‖) 

                           ≤ ‖𝑎𝑛 − 𝑎∗‖2 + (𝑓𝑗𝑛

+ 𝑔𝑗𝑛)𝐾1−𝜖2𝜁(‖𝑇𝑗
𝑛𝑏𝑗𝑛 − 𝑎𝑛‖) 
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Then,  

𝜖2𝜁(‖𝑇𝑗
𝑛𝑏𝑗𝑛 − 𝑎𝑛‖) 

≤ ‖𝑎𝑛 − 𝑎∗‖2 − ‖𝑎𝑛+1 − 𝑎∗‖2 + (𝑓𝑗𝑛 + 𝑔𝑗𝑛)𝐾1  

that implies  

𝜖2 ∑ 𝜁(‖𝑇𝑗
𝑛𝑏𝑗𝑛 − 𝑎𝑛‖)

∞

𝑛=1

 

≤ ‖𝑎𝑛 − 𝑎∗‖2 + 𝐾1 ∑(𝑓𝑗𝑛 + 𝑔𝑗𝑛)  

∞

𝑛=1

 

< ∞ 

Hence, lim𝑛→∞ 𝜁(‖𝑇𝑗
𝑛𝑏𝑗𝑛 − 𝑎𝑛‖) = 0, then 

lim
𝑛→∞

‖𝑇𝑗
𝑛𝑏𝑗𝑛 − 𝑎𝑛‖ = 0. 

Next, 

‖𝑏𝑗𝑛 − 𝑎𝑛‖ 

≤ (1 − 𝛼𝑗𝑛)‖𝑎𝑛 − 𝑎𝑛‖ + 𝛼𝑗𝑛‖𝑇𝑗
𝑛𝑏(𝑗−1)𝑛 − 𝑎𝑛‖ 

≤ 𝛼𝑗𝑛(1 + 𝑓𝑗𝑛𝑍)‖𝑏(𝑗−1)𝑛 − 𝑎𝑛‖ + 𝛼𝑗𝑛𝑔𝑗𝑛 

≤ 𝛼𝑗𝑛(1 − 𝛼(𝑗−1)𝑛)(1 + 𝑓𝑗𝑛𝑍)‖𝑎𝑛 − 𝑎𝑛‖ 

    +𝛼𝑗𝑛𝛼(𝑗−1)𝑛(1 + 𝑓𝑗𝑛𝑍)‖𝑇𝑗−1
𝑛 𝑏(𝑗−2)𝑛 − 𝑎𝑛‖

+ 𝛼𝑗𝑛𝑔𝑗𝑛 

≤ 𝛼𝑗𝑛𝛼(𝑗−1)𝑛(1 + 𝑓𝑗𝑛𝑍)(1 + 𝑓(𝑗−1)𝑛𝑍) 

     ‖𝑏(𝑗−2)𝑛 − 𝑎𝑛‖ + 𝛼𝑗𝑛𝛼(𝑗−1)𝑛(1 + 𝑓𝑗𝑛𝑍) 

                                𝑔(𝑗−1)𝑛 + 𝛼𝑗𝑛𝑔𝑗𝑛                . 

≤ 𝛼𝑗𝑛𝛼𝑗−1 … 𝛼1(1 + 𝑓𝑗𝑛𝑍)(1 + 𝑓(𝑗−1)𝑛𝑍) 

    … (1 + 𝑓1𝑛𝑍) ‖𝑎𝑛 − 𝑎𝑛‖ + 𝛼𝑗−1(1 + 𝑓𝑗𝑛𝑍) 

    𝑔(𝑗−1)𝑛 + ⋯  𝛼𝑗𝑛𝛼𝑗−1 … 𝛼1(1 + 𝑓𝑗𝑛𝑍) 

    (1 + 𝑓(𝑗−1)𝑛𝑍) … (1 +  𝑓1𝑛𝑍) 

    𝑔(𝑗−1)𝑛 … 𝑔1𝑛 + 𝛼𝑗𝑛𝑔𝑗𝑛  

< ∞ 

since  ∑ 𝑓𝑗𝑛 < ∞ and ∑ 𝑔𝑗𝑛 < ∞∞
𝑛=1

∞
𝑛=1 , hence 

lim𝑛→∞‖𝑏𝑗𝑛 − 𝑎𝑛‖ = 0. 

Then,  

‖𝑇𝑗
𝑛𝑎𝑛 − 𝑎𝑛‖ ≤ ‖𝑇𝑗

𝑛𝑎𝑛 − 𝑇𝑗
𝑛𝑏𝑗𝑛‖ + ‖𝑇𝑗

𝑛𝑏𝑗𝑛 − 𝑎𝑛‖

→ 0 𝑎𝑠 𝑛 → ∞. 
Theorem(14): Let 𝑀 be a real unformily convex 

Banach space, ∅ ≠ 𝐵 ⊆ 𝑀  and 𝑇𝑗 , for each 𝑗 =

1, 2, … , 𝑘 be a family of lipschitzain and total 

asymptotically quasi-nonexpansive selfmaps of B. 

If the dual space 𝑀∗ 𝑜𝑓 𝑀 has the Kadec-klee 

property and  maps 𝐼 − 𝑇𝑗 , ∀𝑗 is demiclosed to zero, 

then the sequence (𝑎𝑛) be as in (1) converges 

weakly to a common fixed point of 𝑇𝑗. 

Proof: As proved by Lemma (10) that 

lim𝑛→∞‖𝑎𝑛 − 𝑎∗‖ exists. Since (𝑎𝑛) is bounded in 

B and 𝑀 is reflexive .  

Then, there is a subsequence (𝑎𝑛𝑖) of(𝑎𝑛) that 

converges weakly to a point 𝑎∗ ∈ 𝐵. By Theorem 

(13) 

lim𝑛→∞‖𝑎𝑛 − 𝑇𝑗
𝑛𝑎𝑛‖ = 0, for all j=1, 2,…, k 

.Since by the hypothesis the maps 𝐼 − 𝑇𝑗 , 𝑗 =

1,2, … , 𝑘 is demiclosed to zero.  

Therefore, 𝑎∗ ∈ 𝐹(𝑇𝑗). Now, to prove (𝑎𝑛) 

converge weakly to a point 𝑎∗.Assume that (𝑎𝑛𝑘) is 

another subsequence of (𝑎𝑛) that converge weakly 

to a point 𝑏∗ ∈ 𝐹(𝑇𝑗). By same argument as above, 

we obtain 𝑏∗ ∈ 𝐹(𝑇𝑗).Then by Lemma (11) 

lim𝑛→∞‖𝑡𝑎𝑛 + (1 − 𝑡)𝑎∗ − 𝑏∗‖ exists for all 𝑡 ∈
[0,1]. By Lemma (7 ) 𝑎∗ = 𝑏∗. Hence, (𝑎𝑛) 

converges weakly to the point 𝑎∗ ∈ 𝐹(𝑇𝑗). 

Theorem(15): Let 𝑀 be a uniformly convex 

Banach space, ∅ ≠ 𝐵 ⊆ 𝑀 and 𝑇𝑗 , for each 𝑗 =

1, 2, … , 𝑘 be a family of total asymptotically quasi-

nonexpansive selfmaps of B. If M accomplishes 

Opial’s condition and the maps 𝐼 − 𝑇𝑗 , ∀𝑗 =

1,2, … , 𝑘 is demiclosed to zero, therefore (𝑎𝑛) be as 

in (1) converges weakly to a common fixed point of 

𝑇𝑗 , for each 𝑗 = 1, 2, . . , 𝑘. 

Proof: Let 𝑎∗ ∈ 𝐹(𝑇𝑗). As proved in Lemma (10) 

lim𝑛→∞‖𝑎𝑛 − 𝑎∗‖  exists. 

Now, we must prove that (𝑎𝑛) converges weakly to 

a unique weak subsequential limit in 𝐹(𝑇𝑖).Since 
(𝑎𝑛) is bounded sequence in M, there exists 

convergent subsequence (𝑎𝑛𝑗) of (𝑎𝑛) converges 

weakly to 𝑎∗ ∈ 𝐵. From Theorem (13), we 

have lim𝑛→∞‖𝑎𝑛 − 𝑇𝑗
𝑛𝑎𝑛‖ = 0, for each j=1, 

2,…,k. Since by the hypothesis the maps 𝐼 −
𝑇𝑗 , for each 𝑗 = 1,2, … , 𝑘 is demiclosed to zero, 

hence 𝑇𝑗𝑎∗ = 𝑎∗ , that means 𝑎∗ ∈ 𝐹(𝑇𝑖). Now to 

prove (𝑎𝑛) converge weakly to 𝑎∗. Assume there is 

a subsequence (𝑎𝑛𝑖) of (𝑎𝑛) converges weakly to 

𝑏∗ ∈ 𝐹(𝑇𝑗) and 𝑎∗ ≠ 𝑏∗. By the same argument as 

above we can show  𝑏∗ ∈ 𝐹(𝑇𝑗).  

To belay the uniqueness, assume 𝑎∗ ≠ 𝑏∗. 

Therefore by Opial’s condition: 

lim
𝑛→∞

‖𝑎𝑛 − 𝑎∗‖ = lim
𝑛𝑗→∞

‖𝑎𝑛𝑗 − 𝑎∗‖ 

                         < lim𝑛𝑗→∞‖𝑎𝑛𝑗 − 𝑏∗‖ 

                         = lim𝑛𝑖→∞‖𝑎𝑛𝑖 − 𝑏∗‖ 

                         < lim𝑛𝑖→∞‖𝑎𝑛𝑖 − 𝑎∗‖ 

                         = lim𝑛→∞‖𝑎𝑛 − 𝑎∗‖ 

This is contradiction, so 𝑎∗ ≠ 𝑏∗ . Hence (𝑎𝑛) 

converges weakly to 𝑎∗. 
 

The following corollaries as particular cases of total 

asymptotically quasi-nonexpansive maps are now 

obvious. 

Corollary(16): Let M be a Banach space, ∅ ≠ 𝐵 ⊆
𝑀 and 𝑇𝑗 , 𝑗 = 1, 2, … , 𝑘 be a family of total 

asymptotically nonexpansive selfmaps of B. 

Spposse  𝐹(𝑇𝑗) ≠ ∅ and ∑ 𝑓𝑛
∞
𝑛=1 < ∞, ∑ 𝑔𝑛

∞
𝑛=1 <

∞. Suppose that (𝑎𝑛) be as in (1) converges 

strongly to a common fixed point of 𝑇𝑗 iff 

lim𝑛→∞ 𝑖𝑛𝑓 𝑑(𝑎𝑛, 𝐹) = 0, where 𝑑(𝑎, 𝐹) =
𝑖𝑛𝑓𝑎∗∈𝐹‖𝑎 − 𝑎∗‖. 



Baghdad Science Journal                      Vol.16(3)2019 

 

659 

Corollary(17): Let  𝑇𝑗 , 𝐵, 𝑓𝑛 and 𝑔𝑛∀ 𝑗 = 1, 2, … , 𝑘  

be as in corollary (16). Therefore, (𝑎𝑛) be as in (1) 

converges strongly to 𝑎∗ ∈ 𝐹(𝑇𝑗), 𝑗 = 1,2, . . , 𝑘 iff 

(𝑎𝑛𝑗) 𝑜𝑓 (𝑎𝑛) that converges to 𝑎∗. 

Corollary(18): Let 𝑇𝑗 , 𝑗 = 1, 2, … , 𝑘 be a family of 

lipschitzain and total asymptotically nonexpansive 

selfmaps of B. If the dual space 𝑀∗ 𝑜𝑓 𝑀 possess 

the Kadec-klee property, maps 𝐼 − 𝑇𝑗 , 𝑗 = 1,2, … , 𝑘 

is demiclosed to zero, therefore the sequence (𝑎𝑛) 

be as in (1) converges weakly to a common fixed 

point of 𝑇𝑗. 

Corollary(19): Let 𝑇𝑗 , 𝑗 = 1, 2, … , 𝑘 be a family of 

total asymptotically nonexpansive selfmaps of B. If 

M accomplishes Opial’s condition and the maps 

𝐼 − 𝑇𝑗 , 𝑗 = 1,2, … , 𝑘 is demiclosed to zero, 

therefore (𝑎𝑛) be as in (1) converges weakly to a 

common fixed point of 𝑇𝑗 . 

Numerical Example 

Example: Let 𝑇𝑗: 𝑅 → 𝑅, ∀𝑗 = 1, 2, … , 𝑘 be  maps 

defined by 𝑇𝑗𝑎 =
2𝑎

3𝑗  ∀ 𝑎 ∈ 𝑅. Choose 𝛼𝑗𝑛 =
𝑛

3(𝑛+1)
 ∀ 𝑛 with initial value 𝑎1 = 10. Let (𝑎𝑛) be 

as in (1) that converge to the fixed point 𝑎∗ = 0. So 

it’s clear from Table 1 and Figure 1. 

 

Table 1. Numerical results corresponding to 

𝒂𝟏 = 𝟏𝟎 for 36 steps 
n Iteration(1) n Iteration(1) 

1 10.0000 19 0.0229 

2 8.3371 20 0.0157 

3 6.4884 21 0.0107 

4 4.8697 22 0.0073 

5 3.5737 23 0.0050 

6 2.5830 24 0.0034 

7 1.8464 25 0.0023 

8 1.3089 26 0.0016 

9 0.9219 27 0.0011 

10 0.6458 28 0.0007 

11 0.4505 29 0.0005 

12 0.3131 30 0.0003 

13 0.2170 31 0.0002 

14 0.1499 32 0.0002 

15 0.1034 33 0.0001 

16 0.0711 34 0.0001 

17 0.0489 35 0.0000 

18 0.0335 36 0.0000 

 

We can see from above mentioned Table 1 and the 

following Figure 1 that the iteration algorithm 

convergence to the fixed point 𝑎∗ = 0, when n=35. 

 
Figure 1. Convergence behavior corresponding 

to 𝒂𝟏 = 𝟏𝟎 for 36 steps. 
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 نقطة صامدة مشتركة لخوارزمية التكرار ذات خطوات منتهية لتطبيقات شبه لا متمددة مقاربة
 

 سلوى سلمان عبد                                   زهرة محمود محمد حسن

 
 جامعة بغداد, بغداد, العراق. ,/ابن الهيثميات, كلية التربية للعلوم الصرفةالرياضقسم 

 

 الخلاصة:
خلال هذا البحث, تم اقتراح خوارزمية التكرار معممة لعائلة منتهية من التطبيقات شبه اللامتمددة المقاربة كليا في فضاء بناخ المحدب        

بشكل منتظم. وكذلك تم برهنة نظريات التقارب ضعيف وقوي لهذه الخوارزمية الى نقطة صامدة مشتركة. واخيرآ , تم عرض مثال توضيحي 

 باستخدام ماتلاب.عددي 

 
 : فضاء بناخ, نقاط صامدة مشتركة, تقارب قوي, تطبيقات شبه اللامتمددة المقاربة, تقارب ضعيف.الكلمات المفتاحية
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