Open Access
Baghdad Science Journal Vol.16(3)2019

DOI: http://dx.doi.org/10.21123/bsj.2019.16.3.0661

Symmetric and Positive Definite Broyden Update for Unconstrained
Optimization

Saad Shakir Mahmood Noor Salah Muhanah

Received 5/6/2018, Accepted 20/2/2019, Published 1/9/2019

- This work is licensed under a Creative Commons Attribution 4.0 International License.

Abstract:

Broyden update is one of the one-rank updates which solves the unconstrained optimization problem
but this update does not guarantee the positive definite and the symmetric property of Hessian matrix.

In this paper the guarantee of positive definite and symmetric property for the Hessian matrix will be
established by updating the vector y, which represents the difference between the next gradient and the
current gradient of the objective function assumed to be twice continuous and differentiable .Numerical
results are reported to compare the proposed method with the Broyden method under standard problems.
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Introduction:

Many methods of the unconstrained Yk = Ak Yk .. 4
optimization generate a Hessian matrix satisfying  where A, is a matrix can be determined to guarantee
each of the principal properties of this matrix the symmetric and positive

(positive definite and symmetric property). One of  definite properties of By, from the Broyden
these methods is Boyden method, where the update and (4)

Hessian matrix is given in the following form (Vi—Bi sk) sk T
(yi—Bics ST Bk+1 :Bk+—T (5)
Biy1 = By + %k ..(2) Sk ok .
k1 ™ Pk lskll2 Now to guarantee the symmetric property of the
Where next approximation of Hessian matrix, suppose that
By+1is the next approximation of Hessian matrix, Sk = Vi — Bk Sk ... (6)
By is the current approximation of Hessian matrix, By substituting (6)in (5) we get By,; = B +
Yk = F(xke1) —F(x B, ... (2 s s )
Sk = Xi+1 — Xk[5], e (3) sic T sk
f.R" - From (6) A yx = Bksk+ sk ... (8)
R is continuous and differentiable function The solution of the above equation for oy is
. . T
Xiet1 1S the next sollutlgn, . A = (BkSkTM € Roxn . (9
X is the current solution.F( x ) be the gradient YikYk
of fat x, . And hence
The positive definite property is very important to <<m )yk—Bk sk> sic T
guarantee the existence of the minimizer of the  By,,(sper1) = Bi + Tl
objective function, because the Hessian matrix is (10) Sk Sk

symmetric (f is continuous), so the symmetric
property of matrix By is very important to guarantee
the convergence of By, to the orginal

Hessian matrix .

Symmetric Positive Definite Broyden Rank
One Update (SPBR1 update)

Theorem (1)

The Hessian matrix By, in SPBR1 update satisfies
the extended Q-N condition. (Zhang xu condition
[7])  Br+1Sk = ¥k

Proof:

T
Given'f:D QRI.‘—>R fis assummed to be continuous By;1Sk = (B + Sl;j )k
and differentiable on D, Based on Sk SkT
1t1 SkS
Zhang Xu condition _ . = By s + s'];_sksk
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Theorem (2)
The Hessian matrix Bk+1 produced by SPBR1

update By 1(sper1) = Bk + |s symmetric.
Proof:
SkSk
Brs1(spBr1) = Bk +
Sk Sk
1T T
By, = BT + 2k 7k
k+1(SPBR1) k T
. T
Since Bf = By andsf = sy, we obtain
T _
By+1(spBR1) = Bk+1(sPBR1)
Theorem (3)
The

Hessian matrix produced by SPBR1 update is
positively definite .

Proof:

By taking the equation (5)

let 0 + z € R™, then

(Vi — Bsi)sk "
T T
Z Bry1z =7z (By +
K41 (Bk 5T 5
2T (v —BkSk )Sk ' Z
ZTByy1Z = 2 Byz + % (11)

By substituting (6) in (11) we get

Z Sk SkZ

Z B4,z = 2" Byz +

(sEz) (sz)
SkSk

IISkZII2

II sl
Since By is positive definite then z! Bz >
0, ||siz|land |Isk|| is always positive .Therefore
zTBy41z > 0.
3. Local Linear Convergence of SPBR1
In this section, the local linear convergence of
SPBR1 update will be proved.
Consider the formula (10), we need the following
assumptions:
Assumption 1, [6]
(A) f R">R is twice
differentiable on convex set D ¢ R™.
(B) f(x) is uniformly convex , i.e. ,
positive constants c and C
3Vx€eL®X ={x|f(x) <f(xq)},we have:
c [Iv]I? € vIV2f(x) v < C||v]|? .. (12)
forallv € R?, ¢,C € R", X, is starting point.
The assumption 1.B implies that  V2f(x) is
positively definite on L(x), and that f has a unique
minimizer x* in L(x).
By definition of positive definite and since
equation (1), satisfy Zhang Xu condition.
then VA, yx = s and A,yx = V™1 s, then

Akyk = Gksk (13)

where G, = V1.

Z B4z = 2" Byz +

= ZTB

continuously

3 a
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Now by equations (11), (7) and from definition of

positive definite we get:
(Bksk+sk)yk
c< T e = Gk ¢ (14)
- lIsklI2 lIskllz = a

Where Gy, is the average Hessian matrix, which is
defined as

1
Gy = szf(Xk + usg) dp

0
lIskll?

((M)ykﬂsk

kak
((Bksk+sk )Yk S
[|Gicsiel

1
—_— <
and ¢S

<1
C

and also
2

o

-2
SIIGk Sk

Yk
YiYk ) _
1 [ Bisktsi)yy 1 [ Bisk+si)yy
Sk\ ™ oTo. )Yk Skl T T
Y ¥k
Sk Gk - sk Gk
Assumption 1.B,  means that Gy is positively

YEYk
_ (Gisi) T (Gis)
definite, thus its square root is well defined. This is
1

a symmetric square root G2 which satisfies

1 1

G- G2 Gt
1
If we let vie = Gy2sy .. (15)
T 2
(Bksktsk )Yk
yive )%
then, K
<(Bk5k+5k )yk>
Skl — -7 Yk
YkYk
1 1 1 1
skaszszszzsk
- 1 1
sy GG sk
1 \T 1
(G;Zsk) c;(cik)
= nT, 1 (16)

By substituting equation (15) in equation (16), we
get

2

(Biesic+si VR
C——7—"""9Vk T~
y Yk _ VkaVk (17)
(Bk5k+5k e VEvk

k( YkYk >yk

and from (12) uTV2f(x*)u < C|lul|?> , we know
|lul|? > 0. Then by dividing both sides of (12) , we
get

Gk ¢ that mean NGk

lukll? VEVK

Then from equation (17) , we get :
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((Bk5k+5k )Yk)
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2
5]
((Bk5k+5k)}’k) a
T YT

From equation (13), we get :
(Bk5k+5k )Yk ~
| 22| - s

< [|Gucllisiell

(BkSk+SK )Yk
Vi Yk

— 1. Yk lIskll

&t
< [l&”|

H ((Bk5k+5k )Yk

( )Yk

Which gives

(BiSk+s )y
‘( k k k k)

YRYk
and

<C

lIskll
(BkSk+Sk )yk)
YkYk

...(18)

el =

Remark

We use F(x) and F'(x) to mean Vf(x) and
VZf(x) respectively.
Assumption 2, [6]
(A): F:R™ > R"is continuosly differentiable in
open convex set D c R™,
(B): There isx* in D,such thatF(x*) =0and
F'(x*) is non singular.
(C): F'(x) satisfies the Lipschitz condition at x*,
that is , there exists a constant

B > 0 such that

IF'() —F'x)Il < Bllx—x"I, x"x€D

We begin with some general converged results.
Lemma (1), [6]
Let f:R™ — R satisfy Assumption (1), then

lIsxkll
1

z (19)

(

T T
skl llykll  seyk sy llykll®
Iyl “lskll ™ Nsell? “lyxll? " styy
bounded . "
Lemma (2)
Let f:R® - R satisfy Assumption (1) then,
lIsill Nyl sgy” sky” iyl sgBisk
Iy*Il " sl Nsliz ” lly*12 7 sgy* 7 lIsgll2’
TBHkB TBRHky* siH
Aok kY Sk are hounded.
[Iskll [Iskll [Iskll

Lemma (3), [6]
Under exact line search, Y ||skll?* and Y|lyi|I? are
convergent.

Lemma (4)

Under exact or inexact line search, Y||si||* and
Ylly*||? are convergent.

Proof: Y|Iskll? is convergent. where f(x*) is the

minimum of f(x).
2

(BkSk+Sk )Yk)y is

YY

(),

Now, we will prove Z|

convergent, from lemma we  have
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(BkSk+Sk )yk)
kak

(

‘ HZ
e is bounded , then 3C is a positive
k

number which is independent of ksuch that it

satisfy (18). And from (18), we obtain
2
B +
[ty | < c2psu?
Slnce Ellskll2 is convergent, we get
2
||((Bksk+sk)y“)y is bounded , then
2 0
(Bisi+sk Vi
Z Rl < e sl
k=0 YiYk k=0 ,
T
Which  implies 3, ||(“3‘<S‘<T¢)yk)yk” is
Yr¥Yk

convergent, where f( x*) is the minmum
value of f(x).
Lemma (5)
For SPBR1 update, the determinant of the next
Hessian matrix is given by

\Bkﬂ | = \Bk | [Sk“:“]

Sk Sk
_ [ BrsSk+sk )yk> _B )
Sk ((—YEYk Yk kSk )»
Wi = Sk — Hksk,and H, = Blzl
Proof: we can prove from the SPBR1 update (10)

where

‘Bk+1 ‘

= ‘Bk
(Bisktsk)yi
((?k Yk — BkSk | sk
+ kK |
Sksk
\Bkﬂ | = \Bk—%
SkSk

1. TyT?
|Brs1] = \Bk| \I—M |

Sy Sk
Where By, = LyLL
Lits ) (Litse) "
By | = IBy | |1—( k Sk)T( i S |
SkSk
L _ lelsk -1
et up = o vk = Ly sk . (20)

By formula ( ‘ [+ uvi | =1+ufvy) and
equation (20)

B | = By bw on
- LD
‘Bk+1 ‘ = ‘Bk | 1— (L Sk)T (Li'sk)
| Sk Sk
[ T
Bt | = [By | 1H]
Sk Sk

Where Hy = LY Lt

B, | = w'M]

T
SkSk
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H
|Bk+1 |Bk | [Sk (SkSkSk kSk)
Let Wy = Sk — HkSk we get
By | = I, | [Skwﬂ (22)

Theorem (4)

Suppose that f(x) satisfies Assumption (1). Then
under exact or inexact line search the sequence {xy}
generated by SPBR1 update converges to the
minimizer x* of f .

Proof :

Consider SPBR1 update (10) of Hessian matrix

Bysi+s T
<<( KkSk k)Yk>yk_BkSk> 5T

T
YkYk
SkTSk

Subtracting equation (6), in (10), we get :
T
Bk+1 = Bk + :]]—E-—Z]; (23)

By taking the trace operator for both sides of
equation (23), we get:"

T
tr(Bysq1) = tr(By) + % .. (24)

k
By taking the In operator for equation (22), we get:
1n(|Bk+1 |) ln(|Bk| ) (25)

Bry1 =B +

SkWk

Define P(B) = tr(By) — In B, \) >0
(26)

By replacing By by By, in equation ...(26)
bBin) = o) —n (B ) @)

By substitution (25), and (26), in (27) we get:
U(Bgy1) =tr(By) +1 — ln< |Bk ‘ >

ka

=tr(By) +1 —ln( |Bk |Sk(skT—Hksk))
Sk Sk
= tr(By) +1 —1n( |Bk ‘) -
ln(sEsk - sEHksk) +ln(sgsk) ...(28)

Substituting (26) in (28), we get:

W(Bi+1) = W(Bi) + 1 — In(sgsk — sy Hisy) +
In(sgsk) ...(29) Without loss the
generality of the prove we can assume that
In(sgsk — sg Hisyg) is positive.

U(Bys1) S Y(BR) + 1+ In(sgsi) -

(30)

T T 2
. Sk Bksk (sk Bxksk)
Define cos?9,, = Kk KPk d =
) K™ skl Biesill Ak = IS4 Bresil2
cos“9
SkSk = . (31)

Substituting (31), in (30) we get:

2
Y(Bisr) = Y(B) + 1+1n (COS i

)

Y(Bis+1) < W (By) + 1 +In(cos®9y)
...(32)
Summing fromj = 1uptok

— In(qy)

664

Z (Bjer) < Z W(B))

K K
+ ) (1-1In(qY) + ) In(cos?9

j=1
0< lIJ(Bz) +t+ lIJ(Bk+1)
< Y(By) + -+ P(By) + C.k
k

+ Z ln(coszﬁj)

j=1

0 < Y(Bs1) < W(By) + C.k+ X, In(cos?9;) ...(33)
Where the constant C = 1 —In(qy) is assumed to
be positive without loss of generality and from
Zoutendijk condition [4], we have:

llim F(xx ) cos9, =0
If 9 is bounded away from 90°, Ip€R* >
cosdy > u > 0, for sufficient large k and hence
F(xx ) — 0 and the proof is complete.
Now, assume by contradiction that cos9y — 0, then
3k, > 0 3 Vj > k,we have
In(cos?9;) < —2C ...(34)
By (33), we get:
0<y(By)+Ck+ Z]k:llln(coszﬂj) +
YKk +11n(cos?9;) Lk +1<k ..(35)
By use the equation (34), in (35), we have :
0<y(By) +Ck+ Z]k:llln(coszﬁj) +

Pk, +1(=20)
kg
0 < W(B,) + Z In(cos?9;) + 2C.k, — Ck.
j=1
Hence Y(Bk,1) < 0 for sufficiently large k which
is a contradiction then,  cos®9; — 0 is not true.

Then limy_,,inf F(xi ) = 0 or x, — x".

Numerical Results:

This section is devoted to numerical
experiments. Our purpose is to check whether the
SPBR1 algorithm provides improvements on the
corresponding standard Broyden algorithm. The
programs are written in MATLAB with single
precision. The test functions commonly use
unconstrained test problems with the same starting
point and a summary of which is given in Table (1).
The test functions are chosen as follows:

1 — Least square equation for two dimention [2]
fx) = (1 —x7)%+ (1 —x,)2

2 — A quartic function . [2]

f(x) = N, (10 1% + xF + 10171x7).

3 — Rosenbroc'k cliff function [3]

f(x) = 107*(x; — 3)2 — (x; — x,) + e20(x17%2),

4 — Generalized Edger function [2]

f(x) = Z?ﬁ (Xzi—1 — 2)* + (Xpi—1 —
(XZi + 1)2]

Z)ZX%i +
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5 — Rosen rock's function [3]
n/2

() = ) [100Gs; = x9)? + (1 = x)?]

i=1
6 — Trigonometric function [3]

9- Rosen function [1]

f(x) = 100(xy — x3)2 + (1 — x4)?
10- Cubic function [1]

f(x) = 100(xy — x3)2 + (1 — x4)?
11- Trigonometric function [6]

fx) = Z{Ll[n - Z]n:l cosx; +i(1 — cosx;) —

. ; 2
sinx; + X — 1] .

7 — Watson function [2]

R =y 1200

f(0) = 55,G - Dxt) > — (3, xt

and t =

1
29

8-Trigonometric function [2]

f(x) = 100(x, — sinx;)? + 0.25x2

j—1
j

)2—1.

n

n

f(x) = Z n +i(1 — cosx;) — sinx; — Z

i=1

j=1

12-Extended Rosenbrock function [6]

n-1

(0 = ) [100Gx; —x)? + (1 = x)?]

13 — Least sequare function [6]

i=1

fG) = (x, — 2)* + (xo — 1)?

Table 1.Numerical results for Broyden and SPBR1 update

COSX]-

. . . Broyden SPBR1

Fun. Starting point Dim. Feval Iter. Feval Iter.
1 (—15;5)T 2 2.8692e-015 2 2.8692e-015 2
1 (0.5;—0.8)T 2 5.0919e-017 2 5.0919e-017 2
1 (1/5;1/5)T 2 3.7024e-017 2 3.7024e-017 2
2 (=1;0;0;0)T 4 -0.1055 3 -0.1055 3
2 (=2;0;0;0)T 4 -0.1055 3 -0.1055 3
2 (0;5;0;5)T 4 11.6337 67 -2.3963 12
3 (12;4.8)T 2 Nan 2 1.9485e+016 2
3 (12;5)T 2 Nan 2 1.0458e+059 2
3 (12;4.9)T 2 Nan 2 5.7100e+060 2
4 2;-2)T 2 1.5103e-0.16 2 1.5103e-016 2
4 (1/41/H)T 2 4.4951e-008 9 2.4152e-010 6
4 0; )T 2 5.7967e-010 13 5.004e-010 7
5 (5;2)T 2 0.9901. 7 0.9901 5
5 (1.2;1.2)T 2 5.2958e-015 3 1.8357e-015 3
5 (1.2;0)T 2 5.2958e-015 3 5.2958e-015 3
6 (0.5;0.5)T 2 3.9206e-005 31 1.8340e-006 4
6 2;-2)T 2 0.0091 39 6.7395e-007 5
6 (=5;5)T 2 0.0153 34 1.4279e-006 18
7 (%; é; %)T 3 6.9016e-017 3 2.8104e-018 3
7 (=1;0;0)T 3 1.6335e-016 4 3.2750e-019 4
7 (0.5;0.5;0.5)T 3 4.0131e-013 3 2.6114e-018 3
8 é ; %)T 2 2.4564e-005 19 1.7914e-005 10
8 (% ; %)T 2 Nan 62 4.8289e-005 32
8 (3.3;6.6)T 2 2.0472e-004 5 7.9348e-008 10
9 (1.1;1.1)T 2 0.0011 32 4.7181e-007 6
9 (1; DT 2 0 1 0 1
9 (1.2; )T 2 3.2764e-006 21 3.2764e-006 21
10 (1.5 DT 2 0.0496 37 7.4441e-006 9
10 (1;1.2)T 2 0.0026 8 1.2313e-005 26
10 (—15;5)T 2 Nan 44 2.9365e-006 11
11 (0.5;0.5)T 2 0.0043 30 1.1238e-006 10
11 (=1;0)T 2 7.0570e-008 7 2.0684e-012 4
11 (% ; %)T 2 4.0107e-008 13 1.70420e-009 5
12 0;11)T 2 9.8078e-006 19 0.3805 58
12 (1.1;1.1)T 2 0.0011 32 4.7181e-007 6
12 (1;1;1;1;150) 6 0 1 0 1
13 (% ; %)T 2 2.0118e-018 2 2.0118e-018 2
13 (10;3)T 2 2.3306e-015 2 2.3306e-015 2
13 (4;5)T 2 5.4879¢e-018 2 5.4879¢e-018 2
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. 0
Remark: the mean of Nan is g or 0. or o

From Table (1), it’s clear that SPBR1 has a
performance better than Broyden update, and we
can note that the Broyden update cannot solve
problem 3 at all starting points because the
singularity of the Hessian matrix but SPBR1 can get
the minimum of this problem at all starting points.
Moreover, the Broyden update in a several test
problems cannot get the minimizer and the program
break the loop before getting the minimizer but
SPBR1 can continue to the minimizer and that’s
clear in problems 2, 4, 6,8, and 10.

Conclusion:

In this paper, the Broyden update is
modified to guarantee the symmetric and positively
definite properties and the so called symmetric
positive definite Broyden update. The convergence
of the proposed method is established and the
numerical results are reported in table (1). It can be
seen that the proposed method in most tests is better
than the Broyden method.

Conflicts of Interest: None.

References:

1. Al Bayati Abass Y., Muhamed Sabah A. A New Self-
Scaling Variable Metric Algorithm for Nonlinear
Optimization. IIMA. 2013; 4(5) : 184-191.

2. Mahmood Saad S., Fargad H. On Extended
Symmetric Rank One Update for Unconstrained
Optimization. Journal of College of Education . 2017
6(1): 206-220 .

3. Mahmood Saad S., Shnywer Samira H. On Modified
DFP Update for Unconstrained Optimization. AJAM
. 2017; 5(1): 19-30.

4. Nocedal J. Wright, Stephen J. Numerical
Optimization. 2" edition, Springer Science +Business
Media, LLC. 2006.

5. Osingua I. A., Yusuff S. O. Construction of a
Broyden —Like Method for Nonlinear Systems of
Equation. Annals. Computer Science Series. 2017,
15(2): 128-135.

6. Wenyu Sun, Ya-Xiang Yuan. Optimization Theory
and Method: Nonlinear Programming. Optimization
and its  Applications. Springer Science +Business
Media. LLC. USA. 2006.

7. Zhang Jianzhong, Xu Chengxian. Properties and
Numerical Performance of Modified Quasi —Newton
Methods Equations. J. Compt. Appl. Math. 2001;
137: 269-278.

Bafall & Aliall cy il an ga g JBLE (g Cyand

Aiga gla g

dgana SLE dma

sduadAll

Caay ¥ waadl) s oS sadall e BB Jiliad o arg A (V1 Al e claadll aa) ga g g Cuaas
iyl 5 B oy sy Cauind o pghat 2158l U Gl 13 6 Asel) & ghonall Ll danli s con sall iy yul
Wolim 1 Chagll &I ) Lani¥ Ty I W) O (ol ey sls 3, Anial) apanty 3 5 sl 46 siamdll a5l

0 N L 5 e

Aol lanal (353 il Ao i) 3 el 0 A5l Uyl g Bpoaal) i) Jgm 55 oy L

g 4 Ja ) ¢ A ghema (a5 ot rdalidal) cilalsl)

666



