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Abstract:
In this paper the definition of fuzzy anti-normed linear spaces and its basic properties are used to
prove some properties of a finite dimensional fuzzy anti-normed linear space.

Key words: Fuzzy anti-norm, Finite dimensional fuzzy anti-norm, t-co-norm.

Introduction:
Fuzzy set theory was introduced in 1965(1), (i) o is associative and commutative ,
later on, many scientists have applied the concept of (i) ae0=a, i.e. 0 is an identity element of the
the theory in many fields of mathematics, in which binary operation o ,
data is inaccurate or quasi-occult such as, computer (iii) ifa<c and b <dthen aobh < co d,

programming, medicine,... etc.. _ (iv) o iscontinuouson IxI
Defined a fuzzy norm on the linear space in a way

that induced fuzzy metric space(2). In 2015(3)  Some examples of continuous t-co-norm are: for all
introduced some results of fundamental theorems 4 p e

for fuzzy normed spaces. (laeb=a+b-ab,
Fuzzy anti-norm defined on a linear space (i) a b = max{a, b},
has been introduced (4) which reverses somehow to (iil)aob=min{a+b, 1} .

the concept (5) of fuzzy norm on a linear space.
Mursaleen M and et al in 2016 (6) introduced  Remark 2(10)

generalized statistically convergent sequences of (a) For any a,b € (0,1) with a > b , there exist
fuzzy numbers .In 2017(7) introduced some aspects e (0,1) suchthat a > cob .

on 2- fuzzy 2- anti Normed Linear space. Moreover, () For any a € (0,1) , there exist b € (0,1) such
In (8) introduced some properties of Fuzzy Normof ot o p <a

fuzzy Bounded Operators. Recently, in 2018(9)

introduced  Generalized weighted statistical Definition 3(4)

convergence in intuitionistic fuzzy normed linear Let V be a linear space over a field F(R or C). A

Spaces. _ _ . fuzzy subset N° of X x R such that
In this paper, we introduce the definition of V x.vinV.and cin F

fuzzy anti-norm on a linear space and study the (N1 V ¢ € R with t < 0. No(x, £) = 1;

finite dimensional fuzzy anti-normed linear space (N°2) V ¢ € R with t_>6 N°(9’c £) = 0 if and only

and the some properties of them. if x =0 ' '

Preliminaries = . ¢
To make this paper as self-contained as ~ (N°3) V t € R with t >0, N°(cx, ¢) = N°(x, -

possible, we give some definitions and preliminary if 0c €F :

in this section. (N°4) Vs,teR No(x+wv,s+t) < max {

Definition 1(10) Ne(x, s), N°(v, t)};

A binary operation o:Ix[— [ ,wherel =[0,1]  (N°5) N°(x,t) is a decreasing function of t € R

is said to be continuous t-co-norm if and Lim,_,., N°(x,t) = 0.

for a,b,c,d in I then o satisfies the following  Then we called N° be a fuzzy anti-norm on a linear

conditions : space V and the pair (V, N°) is called a fuzzy anti-
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(N°6) V te R with t >0, N°(x,t) <1
x=0.

implies

Example 4(4)

Suppose (V, ||.|I) be a normed linear space. Define
[l .

N°(x,t)={ ift>0, teRxEV

t+|lx|]
1 ift<0

Then (V, N°) is a Fa-NLS.

Lemma 5(4)

If (V, N°) be a Fa-NLS. Then N° (x —y,t) = N°
(y—x,t) Vx,y € Vand t € (0,0).

Definition 6(4)

Let N° be a fuzzy anti-norm V satisfying (N°6).
Define

llx1l2

= inf{t>0:N°(x,t) <a,ac€ (01]}
Lemma 7(4)

If (V,N°) beaFa-NLS.Va€e (0,1] andx €V .
Then we have

@ lIxlla, = llxllz, for 0< ay <a, <1,

@) llexlle = lelllxllz vV c.

@) lx + ylle < llxllz + lIylla -

Theorem 8(4)
If (V, N°) be a Fa-NLS. Then {||x||3:a € (0,1]}is
a decreasing family of norms on V.

Theorem 9(4)

Let V be a linear space and let { ||x]||;: @ € (0,1]}
be a decreasing family of norms on V. Now define a
function N;: VxR —1as

Ni(x,t) =
{ inf{a € (0,1]:|Ixlls <t} if (x,t) £ 0
1 if (x,t) =0

(i) Nj is afuzzy anti-normonV .
(iDvx eV, Ir=rx >0
N; (x,t) = 1.

Definition 10 (11)

Let (7, N°) be a Fa-NLS. A sequence {x,} inV is
said to be convergentto x € V if given

t>0 ,re(0,1)there exists an integer ny € N
such that N° (x ,, — x,t) <r,forall n > n,.
Theorem 11(4)

Let (V, N°) be a Fa-NLS. A sequence {x, }
converges to x € V iff lim, o, N°(x, —x,t) =
0,vt > 0.

Definition 12(11)

Let (V, N°) be a Fa-NLS. A sequence {x,} in V is
said to be a Cauchy sequence if givent > 0
r€(0,1), Jan integer nyo € N  such that
No(X pyp — Xp, £) <T, VM 21ng,p=12,...

such  that
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Theorem 13(4)
Let (V, N°) be a Fa-NLS, {x,} is a Cauchy
sequence in V iff

lim N°(x p4p —x5,t) = 0,p=1,2,3,.. and ¢

n—-oo
> 0.

Theorem 14(4)
If a sequence {x,} in a Fa-NLS (V, N°) is
convergent, its limit is unique.
Theorem 15(4)
Let (VV, N°) be a Fa-NLS every subsequence of a
convergent sequence converges to the limit of
sequence.
Theorem 16(4)
If (V, N°) be a Fa-NLS then every convergent
sequence is a Cauchy sequence.
Definition 17(4)
Let (VV, N°) be a Fa-NLS. A subset U of V is said to
be closed set if for anysequence {x,} in U
converges to xin U, i.e. lim,_ o, N°(x , —x,t) =
0, vt > 0 implies that x € U.
Definition 18(4)
Let (V, N°) be a Fa-NLS. A subset A of V is said to
be the closure of U if v x € A, 3 a sequence {x,}
in U such thatlim,_,,N° (x,—x,t) =0
vt € Rt ,we denotetheset Aby U .
Definition 19(4)
A subset A of a Fa-NLS is said to be bounded iff
there existt > 0 and 0 < r < 1 such that
N° (x,t) <r,Vx € A.
Definition 20(4)
If (V, N°) be a Fa-NLS. Then a subset F of a Fa-
NLS is compact if any sequence {x,} in F has a
subsequence converging to an element of F.
Theorem 21 (4)
If (V,N°) be a Fa-NLS. Then Every Cauchy
sequence F in (V, N°) is bounded.
Finite dimensional fuzzy anti-normed linear
space

In this section we prove the following
lemma which plays the key role in studying the
properties of finite dimensional fuzzy anti-normed
linear spaces. Then, some properties of finite
dimensional fuzzy anti- normed linear spaces will
be proved.
Lemma 22
Let (I, N°) be a fuzzy anti-normed linear space
with the underlying t-co-norm o continuous at (0 ,
0) and {x4, x5, , X} be a linearly independent
set of vectors in V. Then 3¢ >0 and § € (0,1)
such that for any set of scalars {a,, a;, Ak
N° (a1xq + apx, + +a, Xy, CZ?=1|0(]-| )>6

(1)
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Proof.

Lets = |aq| + |ay| + + |ayl. If s=0 then
aj=0Vj=12,..,n and the relation (1) holds
foranyc> 0and 6 € (0,1).

Next we suppose that s > 0. Then (1) is equivalent
to

N® (Byxy +B2x2 + -+ Bpxn, ) > 6 - (2)
for some ¢ > 0and 6 € (0,1), and for all scalars B’s
with 37, |B;| = 1.

If possmly suppose that (2) does not hold, thus for
each ¢ >0 andé € (0,1), 3 a set of scalars {B;,

Bzs cooveens Br} With 37_,|B;| = 1 for which
N° (Byxqg + Bax, + +Bpxp, ) < 6.
Then for c =6 = m=12,...., 3 a set of
scalars {8™ , ™, ......., B} with
s [8™| = 1 such that N° O
where

=B xy + B xp +
Since X7, |[)’j(m)| =1, we have 0< 8™ | <1
forj =1,2,....,n. So for each fixed j the sequence
{ﬂj(m) } is bounded and hence {™ } has a

convergent subsequence .Say that {3; denote the
limit of that subsequence and {y ,, } will represent
the subsequence corresponding to {y,,}. Using a
similar argument {y, ,,} has a subsequence {y, .}
for which the corresponding subsequence of scalars

£BS™ 3 converges to B, (say). Continuing in this

way, after n steps we obtain a subsequence {y;, n}
where

1
< =

)

1
m

+B\™ &

n-

Vam I 1y](m) xj with X%, |yj(m)| =1and
yj(m) — Bj as m — oo,

+ B, x,,. Thus we have
ve>0 ...(3)

Let y = Byx; + Baxz +
im0 N° (Yum —¥,8) =0

Now for k > 0, choose m such that 1;< k. We
have

° ° 1 1
N (Yn,m'k) =N (Yn,m +91E+k _E)

1
< No(Yn,miE)C’ NO(Q,k—

1
;)1 1
< —oN°(0,k——).

; o 1 0Ne _1
ie. N°(Vm k) < 20 N°(0, k——).

i.e. lim N° (ym,K) < L
m-—oo ’ m
ie.
lim N° (yp, m, k) = 0. )]
m—oo
Now
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N°(y,2k) =N° (Y = Ynm* Ynm k+k) <
(y —Ynm k) °N° (Yn,m ) k)
= N°(y, 2k) < lim N° (y—ypm ., k) o lim N°
m—oo m—oo

nm » k)

(by the continuity of t-co-norm o at (0, 0)).
=>N°(y,2k)< 000 by (3) & (4)
=>N°(y,2k)=000=0.
Since k>0 is arbitrary, by (N°2) it follows
that y = 0. Again since

L |/}j§m)| =1 and {x;, x5,
independent set of vectors, so
Yy =PBrx1 + Baxy + +Brx, # 0.
Thus we arrive at a contradiction and the lemma is
proved.

X, } are linearly

Theorem 23

Every finite dimensional fuzzy anti- normed linear
space (V, N°) with the continuity of the

underlying t-co-norm o at (0,0) is complete.

Proof.

Let (7, N°) be fuzzy anti- normed linear space and
let dim V = k. Let {e;, ey, ..., ex} be a basis for V
and {x,} bea Cauchy sequence in V. Let

x0 = BMe + B ey + o+ BV e
where ,6’1") ﬁ(n) R (") are suitable scalars. So
lim N°(xm—xn,t)—0 ve>0 ..(5

m,n—oo

Now from lemma 22, it follows that 3¢ >0

and § € (0,1) such that

Ne (T, (BT™ — BT™)e; , e XL
>68.  ...(6)

Again for 0 < 6§ < 1, from (5), it follows that 3 a
positive integer ny,
0 < ng (6,t) such that

N° (S, B - ) ept) <6
(5,1) (7

Now from (6) and (7), we have
N° (2 (B = B ) i )
<8 <N (Z,(B™ = BI)e; , Tk, 1™

BT — g™

vm,n = ng

B
vm,n=>ny(6,t)
5 e BT - B>t Y mn = n(6,t)

('since N° (x .) is non-increasing in t).
t
= T 1B™ = B> = vmn = ng(5,1)
t
= |ﬁl(m) _ ﬁl(n)| > ;
i=12,..k.

vm,n>ny(d,t) and
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Since t > 0 is arbitrary, from above we have,

limy, oo BT — B™) =0 for i=1.2,..,k
= {[ii(") } is a Cauchy sequence of scalars for each
i=1.2,..,k.

So each sequence {ﬁ(")} converges.

Let lim g™ =p; for i=12,.,k and =
n—oo

Yk  Bie;.Clearly x € V.

NOWVt>O,

Ne (xn =2, £) = N° (B, BV e — T, Bres )

= N°(3¥ 1(ﬁ(n)—B e, t)

i.e.

N°(x, —x,t) <

t
N° N P
(eq ﬂi) [31|)

° t
°N (‘%mﬁ

o N°( ek'k|ﬁ(n) b |)

When n — o then

Bi)
fori=1,2,...,

W — 00 (Since ﬁi(n) —

kand vt > 0.

From (8) we get, using the continuity of t-co-norm o
at (0, 0),

limN° (x, —x,t) <0000...00 Vt>0
n—-oo
= limN°(x,—x,t)=0 vt>0
n—-oo
= X, o X

= V is complete.

Theorem 24

Let (V, N°) be a finite dimensional fuzzy
anti- normed linear space in which the underlying t-
co-norm o is continuous at (0,0). Then a subset A
which is said to be compact if and only if A is
closed and bounded.

Proof.

First we suppose that A is compact. We
have to show that A is closed and bounded. Let
x € A. Then 3 asequence { x,,} in A such that
limN°(x, —x,t) =0 Vt>0 implies x €A.

n—oo

Since A is compact, 3a subsequence {x,;} of
{ x,} converges to a point in A. Again
{x,} —>x so{x,, } » xandhence x € A.So A
is closed.

If A is not bounded. Then Ir =
0 < 1y < 1, such that for each positive integer n,
3 x, € Asuchthat N°(x, ,n)> r, . Since A is
compact, 3 a subsequence {x,, } of {x,}
converging to some element x € A. . Thus

70,
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I}imN" (xpe —x,t) =0 Vit >0. Also N° (x,,

le)Z To-

Now

o <N° (X M) =N° (o — x+ x, Ny —
t+t) wheret>0

RS N° (xnk -
= 1y < Ili_r)£10N° (xpr —x
— t)
= 1< 000=0 (using the continuity of t-co-
normat (0, 0))
= 15, <0 which is a contradiction. Hence A is
bounded.
Conversely suppose that A is closed and

bounded and we have to show that A is compact.
LetdimV =n and {e,, e, , en} be a basis

for V. Choose a sequence { x,} in A and suppose
(k’)e1+ﬁ’2(k)e + (k’)en where f; (k) ﬁ(k)

,(lk) are scalars. Now from Lemma 22,

Elc > 0and § € (0,1) such that

NoE, B e, c X 8] > 6. .. (9)
Again since A is bounded, for 6 € (0, 1) such that
N°(x,t) <6 Vx € A.So

N°( n p® ei,t) < 6.

From (9) and (10) we get,

N, B e, e Ty [])

N (2, B e t)

NoE, B e, e 3y [0]) >
N (2, B e t)
> ey, |BP] > ¢
increasing)

>3, |B(k)| > 2

> 6| = for k=12, ..andi=12,..,7n
So each sequence B9} and (i=12,..,n) is

bounded. By repeated applications of Bolzano-
Weierstrass theorem, it follows that each of the

sequences {ﬁi(k)} has a convergent subsequence say
B3, vi=12,..,n. Let

(kD) (kD)
Xkl = 1 €1 + ﬁz €, +

and {8V}, {8y,

convergent. Let

x,t)oN°(x, ng —t)
t)ollim N° (x , ng

X =

.. (10)

>

(since N°(x, .) is non-

kl
+ﬁi( )en
: {ﬂi(kl)} are all

ﬁ- = lhm ﬁ(kl) =12,..,n and x = Blel +
Baes + ... +Bnen.

Now for ¢ > 0 we have
N — %, 1) = N°(Z, (B — poes. 0

<N° (%W) °N°(ep, B(kl) |)
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llim Ne(xp; — x,t) < 00000..00
B — piasl — o)

(using the continuity of t-co-norm o

=

at (0, 0))

> llim N°(xy — x,t) = 0.

Since t > 0 is arbitrary, it follows that

llim Ne(xy —x,t) =0 =>llim Xy = 0.

i.e. {xy;} is a convergent subsequence of {x;} and
converges to x. Since A is closed and {x;} is a
sequence in 4, it follows that x € A, thus every
sequence in A has a convergent subsequence and
converges to an element of A. Hence A4 is compact.

Conclusion

In this paper, properties of fuzzy anti-normed
linear space are given and they are more effective to
prove some properties of a finite dimensional fuzzy
anti-normed linear space for instance, a finite
dimensional fuzzy anti-normed linear space is
complete, etc. For future work we may study and
find some characterization of infinite dimensional
fuzzy anti-normed linear space.
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