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Abstract:

This paper generalizes and improves the results of Margenstren, by proving that the number of ¢-
practical numbers n,n < x, (t = 1), which is defined by N(x) has a lower bound in terms of t. This bound
is more sharper than Mangenstern bound when t = 1. Further general results are given for the existence of t-

1
practical numbers, by proving that the interval (x, x+2 (%) 2), t > 1 contains a t-practical for all x > g

Keywords: Bound for the t-practical numbers, Existence of t-practical numbers in an interval, Practical

numbers, t-practical numbers.

Introduction:

The t-practical numbers n,(t = 1)is a
generalization of practical numbers when t =
1which is defined in (1). Nicholas Schwab and Lola
Thompson (2) adopted the multiplicative
function f(d), where d's the divisors of n and
referring to each n as f-practical proved series of
results related to the distribution of f-practical

numbers. P. Leonetti and C.Sanna (3) proved that

the most of the binomial coefficients(Z), 0<k<

n are practical numbers and
1—(log2—6)/
f(n) <n loglogn
whenf (n) denotes the number of coefficients (Z)

that are not practical foralln € [3,x], x>3,0<
6 < log2. Further results proved by Wang. L-Y and
Sun. Z-W (4) showing that n? + bn + c is practical
for some integer n>1,b > 0and c > 0. They
proved that there are infinitely many practical
numbers of the form g¢*+2 with g practical
number.
Shapiro (5), Saias (6) prove that

cxX

p(x) = (logx)

which is analogous with the asymptotic behavior of
primes. In (7) Weingartner gave non explicit bound
by proving that

p(x)=%[1+0(

log logx)}
logx /I

Margenstren (1) noted that the number of practical
number n,n < x is

Ax
p(x) 2 I ” ,
exp. [210g2 (loglogx)? + 3loglog x]
2°2
A==
5

In this paper the bound above is generalized and
improved in Theorem (3), forall t > 1.

Finally, in this paper the bound given by Theorem
(3) sharper than the bound mentioned above.
Further general result proved for the t- practical
number is by showing that there exists a t-practical

Y
number in an interval (x,x+2(§) 2>,t21,

where the case t = 1 represent the result of (5).
Preliminary Results and Definitions:

Definition (1) (1): Letn > 1.Then n be called a
practical number if for every integerm,1 <m <n
having the form

m=ZCdd, Cd:O,l

din
Definition (2): The number n, (n > 1) is called a t-
practical number if every integer m,1 <m <
tn, (t = 1) is of the form

m=ZCdd, 1SCdSt.
din
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Definition (3): Define N(x) to be the number of ¢-
practical numbers n,n < x.

The following lemmas will be required

Lemma (1): For any t-practical,t > 1,
t+Dn<tom)+1 ...(1)
where some a(n) is the sum of positive divisors of
n.
Proof: If n = 1, then (1) follows. Let n > 2 and
dy,d,, ..., d, and all positive divisors of n, then
from Theorem (1)
d, <toy,_1+1,
d,+td, <to,_,+td,+1
(t+1)d, <to,+1
whered, = n,0, =d; +d, + -+ d,
t+1n<te(n)+1
Lemma (2): Let £ € N. Then (t + 1), (t = 1) isa
t-practical number.
Proof:Letm € N,1 < m < (t + 1), then we can
write

-1
m:Zc(t+1)i, 1<¢g<t)
i=1

since(t + 1)* are distinct divisors of (¢t + 1)7, then
(t + 1)* is a t-practical.

Lemma (3): The number s¥,1 <s <t + 1and

£ € N is t-practical.

Proof: For any integer m,1 < m < s?, we can
write

-1
m = Cl‘Sl, 1<¢g <t
=1
thens! are distinct divisors of s? and therefore s is

t-practical.
The following theorems are required.
Theorem (1) (4): Letp; < py, < -+ < py be
distinct primes and let a;, a,, ... ax € N. Then
n = p;M.p,% ... p%is practical number if and
only if p, = 2 and
pj < 0(p1a1p2a2 ...p]-_l) +1, (1<j<k),
wherea (n) is the sum of all positive divisors of n.
Robinson (8) prove the following
Theorem (2) (8): Letd,,d,, ..., d, be the positive
divisors of . Then n is a practical number if and
only if
dk+1SO'k+1, (1SkST—1)
whereog, = d; +d, + -+ + dy.
A generalization of Robinson's results (8)
given by the following:

Theorem (3):n is t-practical if and only if
dk+1StO'k+1, (OSkST—l)
Proof: Suppose that
dk+1 < tO'k + 1.

In fact, by proving that forany k, 0 <k < (r —
1)every integer m such that
to, < m < toy,,Can be express as:
ktled, 0<c¢<t . (D)

whereta, = 0 and to, =t(dy +dy, + -+
d,),d, = n, this shows that every integer m,1 <
m < n has the required representation for n to be t-
practical number. The
proof of (1) is by induction on k. If = 0, then (1)
implies that every integer
m,0 < m < tis of the form c;d;,0 < ¢; < t, where
d; = 1 and hence mis t-practical. Assume
that (1) is true for k = K, with K <r — 1, then we
will show that (1) is true fork =K+ 1.
Therefore, let

togy1 <M = Ogyo
sincetog,, < m < togy41 + 1, then

dg+z S M < t0gyz,
and ifm < (t + 1)dg,,, m can be written as

m=udgy, +V
with0 < v < dgy, and 0 < u < t. Therefore,
OSUSdK+2StO'K+1+1

17 S tO-K+1
where by induction hypothesis,
K+1
U:ZCidi, 0<¢ <t
i=1
and
K+1
m = UdK+2 + Z Cidi
i=1
K+2

Sm = z Cidi
=1

i=
withcg,, = u which is the required form. If
m = (t + 1)dK+21 then
dg+z S M —tdgiy < togin = tOk41
Hence, induction hypothesis, m is t-practical and
m = {-<=+12 c;d;, 0<¢ <t

Conversely, if n t-practical, then for any

k, 0 <k < (r—1), it follows that
r

dK+1—1=2cidi, 0O<c <t
i=1
K K

dgor — 1 =2cidi < tZdi = toyg
i=1 i=1

dK+1 < tJK + 1.
The Number of t-Practical Numbers:
Margenstren (1) proved the following.
Theorem (4) (1): The number of practical numbers

n, n < x and x large real number is at most,
Ax

1
2log2

exp.|[ (loglogx)? + 3loglog x]
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5/
272
where = -

a generalization of Theorem (4) (1) for the t-

practical is given by the following.

Theorem (5): Let x be a large real number. Then
N(x)

> (210g2)"2. ad

(loglogx)? + (loglogx) + log(t + 1)]

exp.[ L
p'ZlogZ

Proof: Letx > (t + 1)3. Then we can take x such
that

C+DT<x <@+ DT, (D
withr > 1andt > 1. Lety = :—1 then by writing
(1) as

t+1DF <y<@E+1¥, (2
from Theorem (1), if n = py4, ... p,-, Where
p1-P2 - Py are distinct primes then
Pjs1 < to(pipy ;) +1, 1<j<r-1

3
wherel <p; <t+1<p,<--<prisat-
practical number. Therefore by writing

1<p; <t+1
t+1<p,<2(t+1)
(t+1)? <p3 <2(t+1)2 ... (4)

(t+1D? <p.<2(t+ 1%

from (4), since 1 < p; < t + 1, then by Lemma (3)
p1 is a t-practical and by Lemma (1), it follows that
to(py) +1> (t+ Dpy, p1 =2

thenp,. p, is also t-practical. Now, as induction
hypothesis, assuming that
p1-P2 --Pi, (2 <i < r)isa t-practical and
t+1D¥ <p, <20t+1) 0<k<r
then from the L.H.S of (4), it follows that
1Dy o p; = 2(t 4 1)LF2F2 42
=2(t + 1)1
therefore,
k+1_
P1.Dy P =26+ 12T .. (5

and by Lemma (1)

to(p1-p2 D) + 1> p1.pz ..y
using (5) to get

k
to(P1.pz 1) = 2(t+ D2 > piya.
Hence, p,.p, ... p;4+1 IS a t-practical. From the
R.H.S of (4) we have also
n=p.py..0r <27 L (t+ 1)2r+1
an < (t+ 1)

Since the number of p;, 1<p, <(t+1) is
estimated to be at least

t+1)

log(t +1)
and the number of p;, 2 < i < ris at least

(t +1)2"
2m log(t + 1)’
Then,
N((t +1)¥ 1)
t+1).t+1).t+ D% (t+ 1D
“log(t +1).log(t + 1).2%2log(t + 1) ...2" log(t + 1)
That is

r+1
N((t + 1)2 +1) = 2r(r+

m=20,1,..,r.

+1
t+1)?"

.. (6)

a flog(e+1)]"
from inequality (2),
logy
log(t+1) < o7
and this implies that
1 > 2"
[log(t+1)]" — (logy)”
where from (2)
y<(@t+1D¥" .. (8)
using (7), (8) in (6) to get
2Ty S T(T—l)/ Yy
N-((t +1) )=2 2 Tz @
by using (2), then
2"log(t + 1) <logy < 2"log(t + 1)2... (10)
sincex = (t + 1)y, then
logy <logx < 2logy ...(1D)
and both (9), (11) implies that the number of t-

practical numbers n,n < x is
r(r—l)/2 x

2

. (7)

N(X)ZZ m (12)
from (10) above, by taking
logy
2r=—=
log 2
and from R.H.S of (11)
r logx
2 Zlogs ... (13)
using (13) in (12), then
N(x) =

(21log 2)1/2.

X
... (14
2log2)/2.(t+1)(logx) V2

from the L.H.S of (10),
r < logy
“log(t+ 1)
wherelog(t + 1) > log 2, using L.H.S of inequality
(12), then

o < l()ﬂ < logx’
log2 ™ log?2

1
-.rS@[loglogx—loglogZ] ... (15)

using (15), and write
T r
2’2 = exp.[Elog 2]

1 1
< exp[zloglogx - Eloglog 2]
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r r
(log 2) /2 = exp.[Eloglog 2]

< loglog2 logl
< exp| 21082 oglogx
(loglog 2)?
2log2
and since,
r+1
(logx)rﬂ/z = exp.[ 3 loglog x]
then by (15),
r+1
(logx)rﬂ/z = exp.| > loglog x]
< exp.[2 og? (loglog x)?
loglong 1 +1l |
2log 2 oglog x > oglog x|
~ (2log Z)r/Z. (log x)r+1/2
< ) 2
< exp [2 log2 (loglogx)
+ loglog x]

) (21og Z)r/z. (log x)r+1/2
1

> - ..(16)
exp.[; ogz" (loglogx)? + loglog x]

Insert (16) in (14), then the number of t-practical

numbers n,n < x is N(x) and

N(x) = (2log 2)'z.

exp.[: L
plzlogz

This end the proof. This bound is more sharper than
Margenstren result in (1) even when t = 1, for

x = 64.

t-Practical Numbers in an Interval

In (5) Hausman and Shapiro proved the following:

Theorem (6) (5): For all x > % the interval (x, x +

.(loglogx)? + loglogx + log(t + 1)]

2x1/2) contains a practical number.
A generalization of Theorem (6) (5) given by the
following:

1
Theorem (7): The interval <x,x +2 (f) /2),(t >1)

contains a t-practical number for all x > %
Proof: Considering x > 4t,t = 1 and é < x < 4t.
For if x > 4t and

20 < (D221, qeN (D)

1
Then the interval (x,x +2 G) 2) is of the length

1
G) /2 , therefore it contains |at least one multiple of
2% such as 2¢m on the other word
x<2am<x+(§)1/2 ... (2)
Thus, either m or m + 1 is even integer, where
since

X 1/2
29(m + 1) = 2%m + 2° <x+2(?) ,
then
x\ Y/
x<2m<2(m+1) <x+2(?) .
Now, by showing that one of these integers
2%m,2%(m+ 1) is a t-practical, suppose that
neither is a t-practical number and, without loss of
generality, let m be an even integer. Then since
2%m is not t-practical number.
then there exists a prime p; of 2%m such thats
p; >toa(ni_1) +1 ...(3)
with2%m = p,*1.p, %2 ... ,pf,p, =2, =

pfrp ke L K > 2 and ny = 1.
Particularly, (3) implies that
pi >t+1

andp; is odd prime for i > 2. Therefore 2%*1|n;_,
and
p; >t +1=¢t(2%%%2-1)+1,
p; = ta(2972 —1) + 2,
2%9m > 2,22+ ¢ _ patl 4 pa+2 .. (4
and from (2),

X+ (%)1/2 > 2x — 2041t 42 (%)1/2

20+t > x + (D)2 .. (5)
It follows from the L.H.S of (1), that

2x' /2.t > 2041 ¢
therefore (5) implies that

1/
2x /2.t > x + (f) ?
t
2t1/2 — (%)1/2 > x1/2

2t1/2 > x1/2
and this implies that x < 4t a contradiction. A
similar procedure can be followed for 2¢4(m + 1)
which also leads to a contradiction.
If t < x < 4t, then

1

X\ /2

232(?) <4

and
x\ 2
x+2£x+2(?) <4+x

1<t+l<x+2<x+2®"2<40t+1)

t

.. (6)

By Lemma (2), the inequality (6) shows that the

interval
x\ /2
(x,x +2 (?) )

contains the integer (t + 1) which is a t-practical. If
éSx<amm
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) el
l.e

coafl

. t
sincex > > then

1/2 xl/z
<x+2(?) <x+2<t+2

l<iyic +2(x)1/2<t+2
3 et
and
1<z+1<t+1.
Therefore, by Lemma (3) m = (é +1)isat-

practical number which end the proof.
Theorem (6) (5) follows immediately when t = 1.

Corollary: The interval(x?, (x + (%)2),t >1,x2>
1 contains a t-practical number.
Proof:From Theorem (7) we have (x,x + 2(%)1/2 )

that contains a t-practical number for x > g then
this implies (x2, x2 + 2((%)2)1/2) that also
contains a t-practical number for x = 1. Since

1
XN /2 x 1
2,2 - 2,2 -4
<x , X +2(t) >§(x , X +2t+t2
1 2
= G (x+5))
this shows that there is a t-practical number
between x?2 and (x + %)2.

Conclusion:
This work gives a new lower bound for all
t-practical numbers to be at most

2log2)"2. . ad
exp. [2 Tog2 (loglog x)? + loglogx + log(t + 1)]

and this lower bound is the sharper bound in which
one can determine these numbers n,n < x for any
real number x. Further results in this paper show

1
that the interval (x,x+2(%) 2), containing t-

practical numbers for all x > % (t=1).
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