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Abstract:

In this paper, the concept of normalized duality mapping has introduced in real convex modular spaces.
Then, some of its properties have shown which allow dealing with results related to the concept of uniformly
smooth convex real modular spaces. For multivalued mappings defined on these spaces, the convergence of a
two-step type iterative sequence to a fixed point is proved.
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Introduction
Nakano in 1950 (1) introduced the concept of a
modular on a linear space and refined by Musielak
and Orlicz in 1959 (2):
Definition 1 Let M be real linear space. A
functiony:M — (0, oo)is called modular if
(i) yW)=0oifandonlyifv= 0,veM, ;
(i)  y(av) = a(v) for a €F with |a| =1, for
alve M, a €R;
@iy  ylav+ pu) <yW)+ y) iff a+p=
1,a,=0,forallu,v e M.
If (iii) replaced by
(iii)" y(av + pu) < ay(v)+By(u), for a,p =
0, a+p =1, for all u,v eM , then yis called
convex modula
Definition 2 (1) A corresponding modular
space, M,, defined by y is
M, = {v € M:y(av) - 0 whenever a - 0}.
Many works can be found in (3-6).

Definition 3 (7) The y-ball, B,(u)centered at
u € M, with radius » > Oas
B.(u) = {v EM,;y(u—v) < r}.

The collection of all y-balls in a modular
space M, generates a locally convex Hausdorff
topological linear space (7).

Definition 4 (8)
(1) A sequence {v,} c M, is said to be

(@) y-convergent to v € M, and write

4 .
v,—~> v ify(v,—v) - 0asn- oo,
(b) y- Cauchy whenever y(v,, — v,,) = 0
asn,m — oo,
(2) If any y- Cauchy sequence in M, is y-
convergent then M,, is called y- complete.
(3) If for any sequence {v,}cB c M, is y-
convergent to a point in B then B is called y-
closed.
(3) if any sequence { v, } cB c M,, hasa y-
convergent subsequence then Bis called y-
compact.
(4) if daim,(B) = sup{y(v —u); v,u €
B} < o then Bis called y- bounded, where
daim,(B) =
is called the y- diameter of B.
(5) The distance between v € M, and Bc M,, is
y(v — B) =inf {y(v —u);u € B}.
Definition 5 (8) Let A,B be two non — empty
subsets in 2™y then H, (4,B) = max{
supgeaY(a- B), suppeg y(b - A)} is Hausdorff
distance of A and B.

Directly, the following lemma is obtained
Lemma 1 Let M, be a modular space and (4, )and
(By) real sequences in CB(M,).Then there is a
sequence (a,) in 4,, ,( b,) in B, such that
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y(an_ bn) = Hy(An'Bn)+ &n

dimy e, =0 .. @

Definition 6 (9) A point x € A is a fixed point of a
multivalued T: A —> 24 &  xeT(x). If Tis
single-valued mapping, xis a fixed pointe x =
T(x).

Definition 7 (8) M, is called uniformly convex if
for any € > 0, there exists a 6(¢) > 0, 3 if y(v) =
y(uw) =1 and y(v —u) >¢, then y(% v+ u)) <
1-6.

Definition 8 (8) u, is said to be strictly convex if
u, v €S with y(u)=y(v)=
y((u+wv)/2), Then u=v

Example 1. Let u, = R™ with convex modular
y(w)=(Zku?)” Ju=(u,.
R™. Then p, is strictly convex.

Example 2: Let u, = R™ with convex modular
y(u) = | 51 | + -+ |un |’ u= (ul""'un) €
R™ Then w, is not strictly convex, since u =
(1,0,0,...,0) andv = (0,1,0, ....,0), implies that
uzv,ylw=1=y@w)but y(u+v) =2

. Uy) €

Example 3: Let u, =R"™ with convex
modulary (u) = max;<j<n| U; | u=
(ug, .., un ) € R™ Then y,, is not strictly

convex, let u=1(1,00,...,00and v =
(1,1,0,.....00and = v,y(uw) = 1 = y(v),
but y(u+v)=2.
Now, consider w, ={ h; h : u, — R is bounded
and linear}yand y* : uy — [—o0,0], ¥* (h) = sup
{lr)|: ve p,y (W) =1}
Propositionl (8): (1, ,¥™) is complete convex real
modular, uy is the dual space of y,,.

Recall the Hahn — Banach Theorem for linear
spaces
Theorem 1 (10): LetC be a subspace of linear
space u, g a sublinear functional on u and f a linear
functionalon € 3 f (u) < g(w),vY ueC Then
FF3Fw) <g), u € p.
Corollary 1: Let C be a subspace of real modular
space u,, and f a bounded linear functional on C .
Then there exists a bounded linear functional F
defined on pu, that is an extension of f 23
Y (F)=vylc(f).
Proof: By Theoreml,3, F is a linear functional on
uy, such that  F(u)=f (), Yu €p,. Fu)
sgw=y " (NHy(u), Yu €p,. So,y* (F)=
sup {IF @] = y(u) =1} < sup {lg W) :
y(u) =1} y*(F)= sup {IF |y (u) =
1} < sup{y”" (NDy(uw)y(u) =1} vy (F) =
sup {IF@l:y(u) =1}y < sup  {y" ()
y (u) =1},

thus,y* (F) <y*(f). But, y* (F) =2 y* (f) =
Yy (F)=v" ()

As a consequence
Corollary 2:  Let u be an element of a modular
space u,. Then 3 h € p, (h#0)dh(u)=
y*(h) y@w)andy* (h) =y (u).
Corollary 3: Let 0 +#uc pu, then 3g € py
3g=y(wand y" (9) =1
Proof: By Corollary 2, g has a linear extension
g~ such thaty*(g~) =y*(g)=1. So, g~
(W) =g (u) =y @)

For more background in normed spaces, see (9-
11). This paper is devoted to presenting several
cases of the real modular spaces related to
convexity and smooth convexity to be used in the
study of the convergence for two types of iterative
sequences. The concepts of y -normalized duality
and uniformly smooth convex mapping in the real
convex modular spaces are presented with some
interesting properties. Some important results
concerning they — convergence of two-step
iteration for multivalued mappings are established
dealing with Lipschitzian strongly pseudo-
contractions and strongly pseudo-contractions.

Normalized duality mappings

This section will include introducing many new
definitions and facts in modular spaces. Starting
with the concept of duality pairing.
Definition 8: A modular duality pairing, shortly,
(y - duality pairing) is defined as
(1) uy, X w, >R 3 (ulh) =h(u), forall u
€ w, and h€ py
As a consequence of this definition, the following
proposition achieved:
Proposition 2: Let (.|.) be a y — duality pairing on
Ky X py , then
i- (au + bv|h) = a (u|h) + b{v|h)
ii- (ulahy + b hy) =a (ulhy) + b (ulhy)
iii-(ulh) =0 forall w € u, h =0
iv- (ulh) =0 forall he w, u=0
Definition 9: Let u; be the dual of a modular
space p, .Then h : p, — 2" issaidtobeay —
normalized duality mapping if H(u) = {h € u, :
<ulh >=yY@=y"M}
Theorem 2: Let u, be a convex modular space and
H:w, - 24 be y —normalized duality mapping.
Then
() H(0) = {0}
(if) H (u) is nonempty closed convex and bounded.
Proof: for (i) VYuepw,, Huw) < w, H(0) =
{he u:@ulh) = yW?=vy (W)} ={h €epu
:(0lh) = y(0) = y* (h)}= {0}. For part (ii), if
u = 0 holds by part(i). If u # 0, then by Theorem
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1, af € u)*, such that
(ulf) = y(uw) andy* (f)=1.Seth=y (w) f .
Then (ulh) = y ()(ulf) =y W)? and y*(h) =
y (u), and it follows that Hu # 0, for each u # 0.
Now, suppose f;f, € Hw) and t € (0,1),
because (ulfi) =y Wy (f1) ., v @ =v"(f1)
and (ulfz) = y Wy (f2) .y @) =v"(f2)
(ultfi+ A -0 f2) < v (tfi + (A -

)y (W)

< (t y'(fi)+ (-
Oy (f2))ry@

= y% (u)
Then

rwsyWy(th+A-0f) <

y? Wandy? W) = yy*(tfi + (1 -06f),
ie., yw) =vy'(tfi +A—-0t)f). Thus,
(ultfi + 1 -0fz) = y@y (tfi +
(1-t)f)and y(w) = y*(tfi + (1 —0O)f2).
This means that
tfy + (1 —t)f, € H(u),so, H(u) is a convex set.
Let h € H (u) (h is accumulation Point of H(u)) ,
3{h,} a sequence in H(u) 3 h, —h. The
definition of H(w) implies that (u|h,) = y(u)? =
v*(h, )?. By taking the limit = (ulh) = y(u) =
y(h). So, h € H(u), then, H(u) is closed set.
Finally, since y(u) =M >0 and y(h) <
M then H(u) is bounded.

Theorem 3: Let w, H: p, — 2% be y-—
normalized duality mapping. Then, if wj, is strictly
convex space, H is single-valued.

Proof: Let
hy ,h, € H(u) foru € p, .Then(ulhy) =
y*P(hy) = y*(w) and (ulhy ) = y*(hy) =
y2(u). Adding the above identities =
(ulhy +h, Y =2y2(u). Because of 2y2 (u) =
(ulhy + hy ) < y(w) y*(hy + hy ).This  implies
that y'(hy)+yi(hy)=2y(w) < y*(hy +
hy ). It now follows from the fact y* (h; +
hy ) < y*(hy ) +y*(hy ) that

y* (hy +hy ) = y*(hy ) +y*(hy ). Because p,
is strictly convex and y*(hy +h, ) = y*(hy ) +
y*(h, ) , then there exists 1 € R such that h; =
Ah, . Because(u| h, )= (ulhy) = (ulAhy,) =
A(u| h, ), this implies that A =1 and hence
h, = h, . Therefore, H is single-valued.

Let dC be the boundary C subset of p,, Su, be
the unit sphere of p, and Sp, ={u € p, : y() =
1}.

Definition 10: u, is said to be smooth if for each
u € Su,, there exists a unique functional h, € u,
3 (ulhy) =y (@) andy (hy) = 1.

Theorem 4: p, is smooth, if wuj, is strictly convex
and it is strictly convex if w,, is smooth.

Proof: If Hy is not smooth, then Ju, € Swy, and
two functional u* # v* in Sﬂ; with u*(uy) =
v*(uy) =1 but this means that y (u* + v*) >
(u*+ v*)(up) = 2 which implies that w;, is not
strictly convex. If u, is not strictly convex then
there exists u #wv inSu, so that y(Au+
(1—-ADv)=1foral0< 1 <1. Letu" € S,

u+v

such that u* (T) = 1. Which implies that
u*(u) = u* (v) = 1, which by viewing u and v to
be elements in w,*, implies that y is not smooth.
Definition 11: Let w, be ¢:p, > (—%,] a
function. Then the limit
_pu+tv) —p(u)
lim

t—0 t

ou+tv) — o)

= infi>o

if it exists, is called a y -directional

derivative of ¢ at u € y,, in the direction v € p,,, it
is denoted by ¢’ (u, v).

The function ¢ is calledy - Gateaux
differentiable at a point u € u, if there exists a
continuous linear functional h

on u, such that (v|h) = ¢'(u,v) for all
€ 1, . The element h denoted by ¢'(u)or @(u).
From the definition of

y-Gateaux derivative of ¢ that
(i) ¢)(0) =0,
(i) () (Av) = Alim,,_,, L+
Ap'(u)(v) forall A€R
Remark 1: If the function ¢ is y -Gateaux
differentiable at u € p,, then there exists h =
@'(u) € p,~ such that

%(p(u + tv)| =0 (vl@'(w)) = (v|h) forallv
€l .

The function ¢ is said to be y-Frechet differentiable
at a point u € pu, if there exists a continuous linear
functional
h on u,, such that

lo(u+v) — ) —(vlh)| _ 0

Y(0)~0 Y () -

Definition 12: Lety, be a convex real modular
space. Then a function pu,: R* — R™is said to be
the modulus of smoothness of p,, if

pity (1) = sup(FE2 T — 11y () =

lim

Ly(w) =1t}

= sup {y(u+tv);-y(u—tv) —1. y(u) — ]/(U) —

1},t 20

Theorem 5: Letu, be a convex real modular
space. Then:
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t
(a) pity(£) = sup{ = — 8, (£): 0 <
e< Z}forall t>0.

®) oy () =sup{3
2} forallt > 0.

Proof (a): By the definition of modulus of
smoothness of u, - , the following holds
2pp,+(t) = sup{y"(u" + tv*) +y* ("
2:u"v" € Sy}

= sup{ (ulu*) + t{u|v*) + (v|u*) — t{v|v*) —
2:u,v € Sy, ,u", v € Spy+}

=sup{y(u+v) +ty(u—v) —2:u,v € Sy, }
=sup{y(u+v) +te—2:u,v € Su, ,y(u —v) =
g 0<e<2}

= sup{ te — 26, (e): 0 <& < 2}.

(b) Obtained in the same manner.

— 0y (e):0<e<

Definition 13: A convex real modular space u,, is
said to be uniformly smooth if  p'w,(0) =

limt -0 p'uY(t) = 0.

Theorem 6: Every uniformly smooth convex real
modular space p,, is smooth.
Proof: Suppose that u, is not smooth. Then there
exists u € u,\{0}, and h,g€n, dh#*g,
y(h) =
y(9) = 1and (ulh) = (ulg) =y(w). Let y €p,
such that y(v) = 1 and (v|lh — g) > 0.
Foreacht > 0,0 < t(v|h — g) = t(v|h) — t{v]|g)
_ {uttvlh)u-tvlg) 1< y(u+tv)+y(u—tv) _1q

2 - 2 ’

And it follows that 0 < (v|h —g) <
each t > 0. Hence p, is not uniformly smooth.
Definition 14: Let u, be a convex real modular
space. Then the modulary of u, isy - Gateaux
differentiable at a point u, € Sy, ifforv € Sy,

T (y(u0+tv)) lt=0 =
V(uo+tv) Y (o)

puy(t) . for

lim;_,q
Corollary 4: Let ®:u, = (—o,] be a proper

convex function. Then ¢ is y -Gateaux
differentiable at u € int(dom(p)) it has a
unique subgradient dp(u) = {@’'(w)}, i.e,

L pu+tv)] oo = (W]dpW) = (vlg:(w) for
allv e p,, .

Theorem 7: p, is smooth <y is y -Gateaux
differentiable on wu, \{0}.

Proof: Since ¢ is a proper convex continuous
function, y is y -Gateaux differentiable if and only

if it has a unique subgradient, y is y -Gateaux
differentiable at u

e dyw) ={h € uh) = yw,y W=
1} is singleton

& there exists a unique h € u, such that
(ulh) =y W andy* (h) =1

< smooth.

Proposition 2: Let (u,,y) be a smooth space of

My, suppose one of the following holds:

Q) H is uniformly continuous on a
bounded subset of u,

) (Hw-HW)|lu—-v)= <
y (u—v)? vu,Vvinpy,

3 For any bounded subset D of u,

S(HW —HW) lu—-v)= < c(y@u—-v)),
Yu,V v in D where c satisfies lim; o — (t) =0

Then, for € > 0 and a bounded subset C there is
6 > 0such that
y(tu+(A—-t)w)2<2(H(v)|ut+2et+
(1-2t)y (v)? foranyu,v €C and t €[0,6)
Proof: Since (2) implies (3), this proposition will
be proven under the condition (3).

Ly (tu+(1-t)w)? =
(H(tu+ (A -t)v)|u—v)uv € pu,
(2)

Since, lim;_,—=

for t €[0,6) and EmC.Hence, for any
u,v EC(H(tu+(1—t)v)|t(u—v))—
(Hw)|t (u—v)) =
(Htu+(1—-t)v)—HW)|t (u—-v))
Sc(ty(u—v)).

Therefore,
(Htu+(1-t)vy)—-HW)|t(u—-v)) <
c(ty(u—v)/t

v))/ty(u—v))y(u—v)
<

(c (ty(u—v))/ty(u—v))diamC ...(3)
Let 6 = & /diam C, from 3)
=>H((u+(1-t)vy)—HWw)|t(u—-v)) < ¢
For any te [0, 5). So,
(Htu+(1-t)vy)—-HW)|t(u—-v)) <
(Hv)|u—v)+e¢
From (2) %%y(tu+(1—t)v}2 <
(Hv)| u—v) < +e.

The following lemmas obtain by
definition of y — duality pairing
Lemma 2: For any u,vE€u,(h(w|v)<
y Wy @), Vh(uw) € H(u).
Lemma 3: For any u,v€p,y*(u+v) <
Y2 +2@lh@u+v),Vuvep,, Vhi(u+
v) € H(u + v).

C(t) =0, where is 8 > 0such that

c(t)

= (c(ty(u—
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Proof: ¢ (u) = % y2(w), H@)= dp() =

{few,: o)~ o = (fv-u),vwe
Hy}- It follows from the definition of
subdifferential of ¢ that ¢ (u) —eu+v) >
(hlu — (u+v)) = —(h|v),Vh € H(u + v).
Hence, ¥2? (u+v) <y?(w) +2wlh(u+v)),v
h(u+v) € Hu +v).

Convergence Theorems
Definition 15: Let @ # A cpu,. A mapping
T:A — 2 is strongly accretive if 3k >0 >

vu,Vv €A, V¢ €Tu, Vu €Tv,3h(u—v) €
H (u — v) with

(€ — ulh(u - v)) =

ky?(u-—

v) . (4)
(or respectively (Tu—Tv|lh(u —v)) =
ky?(u—v) ... (5

If k=0, Then T is said to be multivalued
accretive.

Definition 16: Let @ # A cpu,. A mapping
T:A — 2" is said to be a multivalued strongly
pseudo contraction. If 3t >1, savuv €
A,vé& € Tu, u € Tvthere existh(u —v) €

H(u — v)with

(€ —ulh(—v)) < ¢ y2(u—v)

.. (6)

(or respectively (Tu—Tv|lh(u —v)) <
%yz (u—7v) (7)

Definition 17 (12): Let @ # A cpu,. A mapping
T: A — 2My such that
H, (Tu,Tv) < K y(u—v),
A ...(8)
is said to be multivalued Lipschitz if there exists
k > 0 and multivalued contraction if k < 1.
Let ugeA and T:A——>24. Define a
sequence {u, } c Aby
Upeq € (1 - an)un + a,Tv,
vn € (1 _ﬁn) Un +ﬁn
Tu,, ¥n=>0 .. 9
or Unyr = (1-ap)uy + anly )
Un €Ty, ,Vn2>0
vp= (1= Bp)un +Pnén, & € Tuy,
¥n=>0 ... (10)
Remark 2: T is strongly (pseudo) contraction
(1 —T) is strongly (accretive) and verse versa.
Theorem 8: Let u, be a uniformly smooth space,
O+ A Cuy , A be a convex and bounded subset of
Wy, andT:A — 24 be a Lipschitz strongly pseudo
contraction mapping with Lipschitz constant
L > 1. Suppose that F (T) # 0, let { @, },{ Bn}
be two sequences in (0,1) such that :

forallu,v €

() an+pBn=1
(i) lim,e Br =0
(i) Ypmqan =00
Then for any u, € A4, the sequence {u,} in (10)
Proof: Let p € F(T). From the condition (10) and
proposition (2) = uy,4, —p =0 —ay)(u, —
p) + an(.“n - p), where up, € Tvy,
V2 (Unsr —p) = Y2((1 — ap)(up —p) +
an(Un — )

< (1-2a) v*(up —p) +
2an(.“n - plh(un - p)) +
2a,¢€ . (11)
Using Lemma (2), Remark (2) and Condition (4),
to obtain
(un —plh(u, —p)) =
(Hn — &n +&q —up +uy — plh(u, — p)), where
&, €ETuy,

= (Up — &n |h(up — D)) + (uy, — plh(uy, —p)) —
((un - En) - (p - p)lh(un - p))
< Y(Un =) YWUn —p) + Y2 (un —p) -
ky?*(un — p) — ky*(un — p)
Condition (1)and(8) imply that
(.un - plh(un - p)) < H(Tvn ) Tun )y(un - p) +
Vz(un - p) - kyz(un - p) + bn V(un - p)

< L y(vn - un)y(un - p) +
y?(un —p) — ky*(up, —p) + byA
(12)
where A = supy(u,, —p)
Using conditions (10), (1) and (8), to obtain
Y (vn— up) = v((1 = Bup + nén — Bup +

.[))np - un)
=y( .Bn(p - un) + .Bn(fn - p))
S.Bny(un_p)‘l'ﬁny(fn_p)
< Bny (un - P) +
B‘l’l H (Tu‘l"l. ) Tp) + ﬁndn
Then,
Ly(wn —un)y(Wn —p) =L(Bny(1+ L)+
L.Bny(un - p) + .Bndn)y( Un — p)
=Lp, VZ(
Un — p) + Lzﬁn yz(un - P) + Lﬁndn y(un - P)
< LB (1 + L)y*(
u, —p) +LBd,A, .
(13)
where A = supy(u, —p). Substituting (13) in
(12), to obtain
(Un — plh(up = p)) < LB (1 + L)Y?*( up —p) +
yz(un - p) - kyz(un - P) + bnA + L.BndnA
<(1-K+
LBn(1+ L))y?(uy — p) + bpA + LBpd,A
Condition (ii) implies that, B, L(1+L) <
k (1 — k), for large n enough so that
(Un —plh(uy —p)) < (1 —k+k(1-
k)) VZ (un - p) + b, A+ LBnd,A
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k? )yz (up —p) + byA+ LBpd,A
.. (14)
Substituting (14) in (11) implies that
Vz(un+1 -p) =1 -2a,) Vz (up —p) +
20, (1 — k?)y? (up — p) + 2ape + b A+
LB,d,A
= (1-2k?a,)y? (U, —p) +
2ape + 2a, byA+ 2a,LB,d, A

Finally, 2a, b,A+ 2a,LB,d,A -0 as n—
oo. Denote
an =y (Up —D); A =2k*a, € (0,1). It

follows that 0 < lim,_, supa, < ¢

lim;,, supa, = 0and so lim, ,,a, =0.
Hence, rlll_rgo y(u, —p) =0,i.e, Tlll_l;{)lo U, =p.
Theorem 9:  Let u, be a uniformly smooth space,
@ # A cpu, , A be a convex and bounded subset of
1, and T:A-24 be a strongly pseudo
contraction mapping. Assume that {a,} , {b,} be
two sequences in (0,1)such that

i) ap+ Br=1,VYn=>0

(i) lim, e a, =limpB, =0

n—-oo
(iif) Xy @y = o0
If F(T) # @, then the sequence {u,} defined as in
(10) converges to a fixed point of T.
Proof: Let p € F(T). By Condition (9) and
Lemma (3), getting that
Uptr —P = (1 —ay) (up —p) + an (pn — ),
where u, € Tv,
Y2 ner—p) = v* (1 -
an (.un - p))

an) (up —p) +

< (- an)z 72 (un —

p) + 2an (.un - plh(un - p))

= (1 - an)z y2 (un _p) +
2an<.un - plh(un+1 - p) - h(vn - p) + h(vn - p))
= (1— an)?v? (Up—p) +2an < pin -
p,jvy,—p)> +2a,a,
(15)
where a, =
(un — p |h((un+1 — p) — h(vy —p)). From (15)
and Condition (6) the following holds
V> s —p) < (1= a)?y? (up—p) +
2¢,(1 = k)y*(va—p) + 2ana,
(16)
The next step to prove thata, — 0 as n — oo.
Because A is bounded set in p, and u,,
Un,épandp € A,whereé,, € Tu,, up1 —p —
(vn —p) = (Bn — @) un + Unan — Pnén — 0.
](un+1_p)_h(vn_p)_)0 and so a, —
0asn - o
By using Condition (10) and Lemma (3), getting
the following
V2w —p)=v*((Q-
Bn (§n — D))

Bn) (up—p) +

< (1_ .Bn)zyz (un_p) +
zﬁn (fn - plh(vn - p))

= (1_ ﬁn)z VZ (un_p)+
Zﬁn (‘fn - plh(vn - P) - h(un - p) + h(un - p))

= (1- .Bn)zyz (up—p)+
2By (¢n — plh(up — p)) + 2By by
(17)
where b, =(&, —p|h(vy—p) —h (uy —p))
It is possible to prove b, = 0 as n - o
Y2Wn—p) <A - B)? v? (un—p)+
zﬁn (1_k))/2 (un_p) + zﬁn bn

<y Uun—p)+28,(1-k)A+
20, by ... (18)
where A = supy (u,, —p ) < oo. Substituting (18)
in (16), having the following
V2 (X1 —P) S (A=) y? (up—p)+
2a, (1 — k){ VZ (up—p)+26,(1—k)A+
Z.Bnbn }+ 2ayay
={(1—-ka, +

an (an - k)}yz (un _p) + ancy,
where ¢, =41 —-k){B, 1 —k)A+ B, b, }+
2 a,.Because a, > 0asn — oo,
y2 (xn+1 - p) < (1 - kan)yz (un - p) t ancy,
a, = y@Wu,—p), A,=ka, €(0,1)ando, =
anc,. Hence, lim,_ a, = 0. Which implies that
T{i_r)rgoy(un—p) =0, thus%i_r)goun =p.
Lemma 4 (15): Let {a,}
c[0,00) such thata,,; <(1—-w)a, + 0,7,
where w € (0,1),5 > 0 are fixed numbersa, >
0,vne€N,lim,,,0, =0 .Then lima, = 0.

n—oo

Theorem 10: Let p, be a real modular space, A be
a non-empty convex and bounded subset of x, and
T:A - 24 be a multi-valued strongly pseudo
contraction mapping. Assume that (a,), (Bn)
sequences in (0,1) and a,+B,=1vn. If
limp o Y(Hn — §ne1) =0, where Hn €Tvy
and &,41 ET Uy, F(T) # Pand k € (O%)
then for any given u, € 4, {u,} converges to a
fixed pointof T' .
Proof: Let p € F (T).Using condition (10) and
Lemma (3), to get
Upt1 =P = (1— ap) (up —p) + ay (un —p),
where u,, € Ty,
¥? (Unsr —p) =v* (1= ap)(up, —p) +
an (fn —P) )
< ( 1- an)zyz(un - p) +
2an(.un - plh(un+1 - p))
= (1- a)?y?(up—p) +
20p{tin — &ns1 + $ne1 —PlR(Upse1 — D))
< ( 1- an)z yz(un - p)
+ 2an(.un - §n+1|h(un+1 - p))

+ zan<fn+1 - plh(un+1 - p))
Lemma (2) and Condition (6)
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Vz (Up+1—p) =(1- an)z yz(un -p)+

2Ov'n )4 (ﬂn - €n+1)y (un+1 - P) +

Zank Vz(un+1 —P), Vh( Un+1 _p) €
H (un+1 -Dp )

(1 - Zank) Vz (un+1 - p) < ( 1- an)z Vz(un -
p) + 2any (pn — $ns1)¥ (Uni1 — )

(1_ n)z
Y2 (Ups1 —p) < myz(un -p)+

2a

m Y (ﬂn - fn+1)y (un+1 - p)
Because of k € (0%) yan € (0,1), 2(11__2_1?1
1 =>— ( 2(1-k)—an

1-2ank
(1-ap)? _ 1-2ap+a,? _
(1-2apk)

) < -150
(A=2ank)+2ank—2an+a,?
T (-2an,k) (1-2apk)

1 2(1-k)-ay _
=1 ( (1-2ank) )a” sl-a,

(19)
Now, denote d =sup{y (§):¢é €Tu,u €A} +
y (p). Because Rang(T) is bounded, thend < oo.
Denote A=d + y(uy—p) + 1. Observe that
Yy (wy —p) = v (1 —ag)(we —p) + ag(o —p))
< (1—-agy(w —p) +
ao(y (o) + v (@)
SA—-ay)A+ayAd=A4
Supposing y(u, —p) <A, to prove that
Y (Upsr —p) < A. Indeed,
Y Wprr—p) = (1 —a))y(u, —p) +
any (:un - p)
<
A-a)A+ an (v () + v (@)
<(1l-a)A+ a, A=A
Thus, gettingd A >0,y (upy1 —p) <A,
v n > 0. Condition (19) implies that

Y2 Wpsr—p) < (1 —ap) v*(u, —p) +

2a,
Y (Un — én )m .

_ _ _2an
But 1-a,) <(1- w), and ey =

2

2
p)+y(u, — En)(l_—Zk) A. Denote
V2(Un =)oy =y (n — &) and s, =

2 . . . .
aan 4 So, lim,_, a, = 0, which implies that

lim,, e y(u, —p) =0, thus limu, =p.
n—-oo
Later, in this direction, it is possible to study the
results in (13-15) in modular spaces and
compression all results.

a, =
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