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Abstract:

Let (X, d;) and (Y,d,) be compact metric spaces, f: (X,d;) — (X,d;) and : (Y,d,) — (Y,d,) be
continuous maps. If fand G have dense minimal points and the average inverse shadowing property, we
have proved f x G has an average inverse shadowing property, topological transitive and dense minimal
points. Moreover, we have proved f is totally strongly ergodic and weakly mixing.
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Introduction:

The shadowing property plays an essential role
in the general qualitative theory of dynamical
systems. It has been developed intensively in recent
years to become a significant concept of the
dynamical systems that contains a lot of deep
connections to the notions of stability and chaotic
behavior. Shadowing of a dynamical system often
justifies the validity of computer simulations of the
system in use (see (1)).

In (2) he studies many important definitions
including orbit and topological transitive. In this
paper, more general property inverse shadowing is
considered, the concept of inverse shadowing is
introduced in (3). It is proved that finite
dimensional systems under certain assumptions,
such as semi-hyperbolicity are inverse shadowing.
Inverse shadowing is extended to infinite
dimensional systems.

Niu, Y. in (1) shows that if f has the average-
shadowing property and the minimal points of f are
dense in X, then f is totally strongly ergodic and
weakly mixing. In(4) Ajam , M. H. shows some
results on Strong Ergodicity and the Average Bi-
Shadowing Property.

In this paper posits some needed definitions, also
we have proved some basic properties and main
theorems about ergodicity.

Preliminaries

Let f:(X,d) — (¥,d) be a map on a
metric space (X,d) and consider the dynamical
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system on X is generated via the iterations of f,
that is f%=id, and {"*' = f9 of , for all
N EZ

Definition 2.1 (4)

In a metric space (X,d) and let f: (X,d) —
(X,d)be a map. A sequence {x,}2, < X is
called a (true) orbit of f if x,,; =f(x), VL €EZ.
Definition 2.2 (4)

In a metric space (X,d) and a map {:
X,d) — (X,d). A sequence  {x}2, < X
satisfying d (f(x,), X,4+1) <6,VL €EZ ,andV §
> 0 , is called 6-pseudo orbit of f.

Definition 2.3 (4)

We say that a point x € X e-shadows a 6-
pseudo orbit {x,3}2, if the inequalities
d(f'(x), x,)<e€e ,fix e,6§ >0 and 1t € Z,
holds.

Definition 2.4 (5)

A compact metric space (X,d) and
a continuous map f: (X,d) — (X,d) and letf
be said to be "inverse shadowing property denoted"
by ISP (resp., positive inverse shadowing ISP*)
if ve>0 3 6>0 where VXx€Xand any 6-
method ¢ : X—X? , there is s €X whered (X
) .9k (5) )< €, Forall ke Z.

Definition 2.5 (4)

A metric space (X,d) and a continuous mapf:
(X,d) — (X,d)be v § >0, we say a sequence
{x.32, &- average is pseudo orbit of fif 3 is a
positive integer n, > 0 where V integers n =1, ,
and v non-negative integer

k'%z?z_ol d (:F()St+lg) ) )Sl+lg+1) <é.


http://dx.doi.org/10.21123/bsj.2018.15.4.0479
https://creativecommons.org/licenses/by/4.0/
mailto:ifticharalshraa@gmail.com

Baghdad Science Journal

Vol.15(4)2018

Note that the &- pseudo orbit is &- average
pseudo orbit but the convers is not always true.

Definition 2.6 (4)

A mapping f is said to have the average
shadowing property (Abbrev. ASP) if Vve>0
135>0 where V & — average pseudo orbit
{x3}2, IS €— shadowed in average by the
orbit of some point )g e X, isthat

tim sup— Zd(f@s) x)<e.
I will give a new def|n|t|on which is the average

inverse shadowing property .
Definition 2.7

A mapping f is said to have the average inverse
shadowing property (Abbrev. AISP) if VvV € >0
35 > 0 where every & - average pseudo orbit
{x}2o, Is € -inverse shadowed in average by the
orbit of some point s €X , isthat

d* (fx) , (s))=max{ d((x,) Xi+1) , d (X0
@(s)), Where

Z d (%) %041)

p—1

<e.And %msuga—zq x,,0(s)) <e€.
-0

Lim sup —

1]—)00

l

Mmsu;p Z(i (fx) ., @(s)) <e.

Note that the maps that have the inverse
shadowing property also have the average inverse
shadowing property but the converse is not always
true.

Definition 2.8 (6)

In a metric space (X, d) a continuous mapping
£ (X ,d) — (X, d) is said to be "topological
transitive" if every pair of non-empty is an open
subset J and Vof X,3k e N where fs () nV #
?.

Definition 2.9 (6)

Then

Let (X,d) be a metric space and
a continuousmapf: (X ,d) —» (X,d) .If Z and
Vare two non-empty subsets of X, so let

NEZV)={: f'(@Z)NV+#¢,0 <1< oo}

A mapping f is called "topologically ergodic" if
for any pair of nonempty open subsets Z and V of
X, N(Z, V) has positive upper density , is that ,

DN(zZ,V)
Card(N(Z,V)n{0,1, ...,

t—1}
= Lim sup >0

L— 00

Definition 2.10 (7)
Let a compact metric space (X, d) and f: (X,
d) — (X,d) bea continuous map,aset k € N,
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is said to be "syndetic" if 3m € N where [j,j+
mlNnk+¢ Vi€EN.
Definition 2.11 (7)

A map fis said to be "strongly ergodic" if V pair
of non-empty open subset Z,V c X,N(Z,V) isa
syndetic set.

Definition 2.12 (7)

A mapping f is said to be" totally strongly
ergodic” if f¥ is strongly ergodic Vk € N .
Definition 2.13 (7)

A point x € Xis said to be "minimal point™ if
V neighborhood U of x , N(x, U) is syndetic, denoted
by AP(f) the set of all minimal points of {.

3. Basic properties

The goal of this section of the paper in to give
the main theorems and give a proof of some
properties.
Theorem 3.1

Let (X, d) be a metric spaceand f: (X, d) —
, d) be a map. If f has the average inverse
shadowing property, then fX has the average
inverse shadowing property Vk € N.

Proof :

Let ke N, since f has the average inverse
shadowing property, V. ¢ >0 38 >0 where

. - € .
every ¢&-average pseudo orbit s Emverse

X

shadowing in average by some orbit in X .Suppose

2, s 5-average pseudo orbit of % is
that, 3 my, > 0 where
1 S K
U_Z d (F*0ien) » Yirns1) < 6. for all
=0
>my and h €Nj.
We write x5 = f1(x,) for  0<j<Kk,
xJ20 =
{)’0 S00) o 5 50), Y1, 1) e F5 1), }
-1

1
We have IJ_Z d (Feen) » Xeane1) < 8.

=0

For ally>my and h € Ny .

Then {x,},2, is J-average pseudo orbit of f .
by definition of map that have the average
inverse shadowing property there is f continuous
map on X . satisfying :

n—1

%ZO 4" (%), @(s)) <€ . Where

Lim sup —

I]—)OO

Zq (6, 0®) < - (31)

Claim that there are infinite n € N where
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—Zq (P55, @()) < .

To proof the claim, assume on the contrary that
31, € N where:

nlzo 4" (%), @(s)) = € . For all

> o . Then

Mmsuga Zd_. (), o)) >‘

Which contracts with (3.1). The proof of the
claim is completed.
by the cIaim we have :

timsup_ 2@ (P05 0()) <€ .
Since p(s) = (pk(s)

Lim sup —

l’J—)OO

Z 4 (F55) , o) <e .

Hence fX% have the average inverse shadowing
property . m

Theorem 3.2

Let (X, d;) and (Y, d,) be two metric space , f:
X, d) = X, d) and G (Y, dz) = (Y, d2)
be maps .If fandG have the average inverse
shadowing property, then
fxg:(XXY'dal)_)(XXY'dJZ) the
average inverse shadowing property .

Proof :

Suppose f has the average inverse shadowing
property by definition if v € > 0 there is §; >0
where V § - average pseudo orbit {x, },cz iSe€-
inverse shadowed in average by the orbit of some
point s; € X is that

n—1

—Z d" (f50, @(s) <.

Slnce G has the average inverse shadowing
property by definition if v e, >038, >0
where V § - average pseudo orbit {y, },ez IS €-
inverse shadowed in average by the orbit of some
point s, € Y is that

has

Zq (6. ol) < -

We choose & = max{5,;,8,} where V§-
average pseudo orbitw = {(x,,¥,) }ez EX XY s
€ - inverse shadowed in average by the orbit of
some point s =s; X s, € X XY isthat
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—2«1 (FxG), 9()) <e .

Hence fx G has the average inverse shadowing
property .m

Main results:

The goal of this section is to view the main
results and theorems.
Theorem 4.1

Let (X,d) be compact metric space and f: (X,
d) — (X, d) be continuousmap , if f has the
average inverse shadowing property and the set of
all minimal points of { are dense in X, then { is
strongly ergodic .
Proof :

Let Z and V be any nonempty open subsets of
X . Assume that the minimal point of f is dense in
X then we select weZNAPH), wevn
AP(f),and € > 0 so that B(w,e) € Z ,B(w,€) C
V, where B(a,e)={B€X: d(a,p) <e€}.By
w,w € AP(f) ,we have that I, = {y € Ny, f?(w) €

B(w,%)} and I, ={n € Ny f’(w) € B(W,g)}
are syndetic , then there are k,k” € N so that [
kK,k+k]1nl, #¢ and [ k,k+K' 101, #
¢ VkeN. Let k=maxf{k k"}. 35> 0 So that
d(w,w) <& implies d_,(f‘(tr),f‘(w))<§ when

i=0,1,..,k by continuity and compactness.
Since fhas the average inverse shadowing property

for ¢ >0 when §=¢s,5|51 where 0<51<§

and every &,-average pseudo orbit is ginverse
shadowing in average by some orbit in X .
Choose k, € N where i—D <68; . Where

0
D = daim(x), is that D = sup{d(w,w):w,w €

X}
We define the 2k, periodic sequence {x,}.2,

with xo = w,x; = (W), ..., X g = Fo7 (W) ,

)Sko =W, X+ = FW), o Ko o1 = frtw).
13>]g0 and 0 <h <o,

[0 B1x3D  3p
—Z 4 (C5een)  Kusnen) < <
1) Ko

Thus {x,}2, Isa periodic &,- average pseudo

orbit of f, via definition of map that have the
average inverse shadowing property, 3 f continuous
map on X .

Lim sup —

I]—)OO

6
Zq (o). o) <e=3 . (41)
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Claim one: There are infinite ( € N where
%, € {w, f(w), ..., f% 1 (w)} and
d" (fex) , 9(s)) < 8.

Claim Two: There are infinitet € N where
X, € (w,f(w), ....,f %~ (w)} and
d" (fGs) , 0(s)) < 8.

To proof claim one: Assume on the contrary that
3 L €N whereifx, € {w,f(w), ..., f*~(w)} then
4" (f(x), ¢(s))=6.vi=L wehave

n—1

é
Lim (&0 0)) 27 -

=0
Which  contracts (4.1) based on the claim is
true.
In the same way we can prove claim two by the
claim one, there are

fo>Kko ,0<}<ky—1
k ,0<},<ky—1 where
Xjo =2, 4 (§(3,), 9()) <6 (23)
Xmo = £ W), d" (fBmy) » ©()) <6 (2.4)

Since [ip,t0+k] NI, #¢ and [}y ,}o + k] N
I, # ¢ there are 0 <(,} <k where flot‘(uw) €
B(w,%), flo*hw) € B(w,g) by the formula
(2.3), we obtain d* (Jf‘0+‘(u), (p(s)) <> and by
(2.4) d* (Jr}oﬂ(w), qo(s)) <SThus w,,, €
B(w,e) c Z,wy 4 EB(w,6) €V

Znfk (V) # o.

1
Lim sup a d”

My > jo +

Since Z,Vare arbitrary, f is topological
transitive .

We write J=2Z nfk (V)= ¢, then 3pe
AP N .

Let J}={npeNy,f*(P)eEy}, then § is
syndetic when se/J,Unf ) #¢ since

pEZnfHVINF (2 nr‘so(V)) cZn

f=Go+s) (y),

N(Z,V) o {ky + s :s €f}.Based on N(Z,V) is
syndetic, since Z,V are arbitrary, f is strongly
ergodic .m
Theorem 4.2

Let (X,d) be compact metric space and f: (X,
d) — (X , d)be continuous map. If f has the
average inverse shadowing property and minimal
point of fare dense in X, then f istotally strongly
ergodic .

Proof :

vk € N by Theorem(3.1), f% have the average
inverse shadowing property .It is well known that
AP(f) = AP(f%). Enforcement Theorem (4. 1), for
£k, we obtain that f¥ is strongly ergodic .Therefore;
§f is totally strongly ergodic .m
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Proposition 4.3 (1)

Let (X, d;) and (Y , d;) be compact metric
spaces , f: (X,dy) = X dpandg: (Y, dp) -
(Y, d3) be continuous maps and f and G are onto.
If f and G each have dense minimal points then
so does the productfxgG: (XXY,d;) = (XX

Y, dp).
Lemma 4.4

Let (X, d;) and (Y, d;) be compact metric
spaces, f: X,d1) = (X.d1) and

G:(Y,d,) = (Y, d,)be continuous maps. If f
and G have dense minimal points and have the
average inverse shadowing property, then:

1. f x G has dense minimal points and has the
average inverse shadowing property .

2. £ (X,d)—~>X,dy) and G:(Y,dy) >
(Y , d;) are weakly disjoint, that is ,f X G is
topological transitive .

3. f istopologically weakly mixing and totally
strongly ergodic .

Proof

(1) Since each of f and G has dense minimal
points and has the average inverse shadowing
property , by Theorem( 4.1), each of f and G is
strongly ergodic , so that f and G are (2.8) . Asa
topological transitive map is onto by Theorem( 3.2)
and Proposition (3.4) f x G have dense minimal
points and has the average inverse shadowing
property . m

(2) By Theorem (4.1) and (1) f xXg is
topological ergodic, it is of course topological
transitive. m

(3) By (2), G is topologically weakly mixing and
by Theorem (4.2) , G is totally strongly ergodic.m
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4 98 A3 58 W) 9 BB u gSma Jama dpald g i) lany
£l ulla jiaa A (Adaled) aBlS il Bl
L A A8 puall o slall Ay il IS (ilualy ) aud
sduadal)
G:(Y,d2) >, £ (X d1) = (X,dy) OS5 cOmmsnm e Ol il (Y d,) 5 (X, dy) S
FXG 8 5 JBl G sSan Jrea dpald 485 oY) aall bl Legd G5 £13) o) e Wia 3 e J153(Y, dy)
Lla 5350 LIS el g o) sa £ ) Lkl LS Lo dpaniia AS gl (501 aal) Tl 5 ¢ Jal) (i€ Jane dpali gl
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