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Abstract:

In this work, two different structures are proposed which is fuzzy real normed space (FRNS) and
fuzzy real Pre-Hilbert space (FRPHS). The basic concept of fuzzy norm on a real linear space is first
presented to construct (V, Nf,Ac) space, which is a FRNS with some modification of the definition
introduced by G. Rano and T. Bag. The structure of fuzzy real Pre-Hilbert space (FRPHS) is then presented
which is based on the structure of FRNS. Then, some of the properties and related concepts for the suggested
space FRN such as 3-neighborhood, closure of the set A named GCL(A), the necessary condition for
separable, fuzzy linear manifold (FLM) are discussed. The definition for a fuzzy seminorm on VV /A is also
introduced with the prove that a fuzzy seminorm onV /A is FRNS. The relationship between the I-
convergent sequence, [-Cauchy sequence and [-completeness is then investigated in this work. The structure
of FRPHS with some important properties concerning on this space are introduced and proved. In addition,
the property of orthogonality with some important properties for these spaces is included, for example the
annihilator of the set A. The relation between FRPHS and FRNS is investigated in the present work. Finally,
after introducing the structure of FRPHS, it leads naturally to the definition of the most important class of
FRPHS, namely the fuzzy real Hilbert space (FRHS).

Keywords: Fuzzy Inner Product (FIP), Fuzzy Norm (FN), Fuzzy Real Hilbert Space, Fuzzy Real Normed
Space, Fuzzy Orthogonality.

Introduction:

The concept of fuzzy set is a generalization linear space has been effectively introduced by G.
of classical set theory which is first introduced by ~ Rano and T. Bag °. A new modification of the
zadeh '.Triangular conorms are an indispensable  structures fuzzy real normed space FRNS and fuzzy
tool for the interpretation of the conjunction in real Pre-Hilbert space FRPHS which can be
fuzzy sets. They are binary operations on the closed considered as a generalization of real normed space
unit interval [0, 1] with neutral element 0 which is  and real Pre-Hilbert space are introduced to find
very interesting to introduce a special class of real ~ fuzzy analogies of classical mathematics and help
monotone operations. There are many applications  us to develop more results of functional analysis in
of fuzzy set in different areas such as multicriterion ~ fuzzy setting. That’s why creating a suitable
decision making %3, rough sets theory *°, sociology  structure of FRNS and FRPHS which is flexible
® etc. Numerous applications have emerged from  enough and study some basic properties of these
fuzzy sets theory. This approach may potentially ~ spaces. Felbin '* introduced the fuzzy norm on a
improve some recent results in chaos theory linear space by using fuzzy numbers. Cheng and
application, e.g., designing chaotic sensors, see . Mordeson ' introduced another idea of fuzzy norm
Also, applications of fuzzy set theory may be  on a linear space, and in 2003 Bag and Samanta '?
considered within the actual scope of neuroscience  defined a more suitable notion of fuzzy norm. In '3
like in ® First a parameter some families of  the idea of fuzzy antinorm was introduced. On the
continuous triangular conorm is recalled. This idea  basis of this idea, Jebril and Samanta "* introduced
allows us to generalize the intersection and the  the concept of fuzzy antinorm on a linear space,
union in a Lattice, or disjunction and conjunction in  first applied in investigation of probabilistic metric
Logic. An interesting concept of fuzzy norm on a  spaces . Following their concept, R. Biswas *° and
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A. M. El-Abyed & H. M. Hamouly * first tried to
give a structure of fuzzy Pre-Hilbert space and
associated fuzzy norm function. Later on many
author viz. Mazumdar & Samanta 8, Hasankhani,
Nazari & Saheli '°, Mukherjee & Bag *° have
introduced the structure of fuzzy Pre-Hilbert space
from different points and studied a few properties
and some of applications. Induced norms of these
spaces may have very important applications in
quantum particle physics for more details; see %,
In recent past lots (more advanced reader),
numerous references to the application of these
spaces have been done in this direction on fuzzy
functional analysis 2.

Structurally, the paper comprises the following:
after this introductory section, In Section 2 gives
basic definitions and preliminary results which are
used in the sequel. In Section 3 a structure of fuzzy
norm defined on a real linear space of type
v, Nf,AC) as well as different properties and ideas
related to this structure are presented. Section 4
devotes a structure of fuzzy inner product defined
on a real linear space of type (V,Pf, A.), and
studies some results for this space. The implications
between the given modifications structures is
discussed in Section 5.

Background and Preliminaries

Some important definitions and preliminary results
are presented which will be utilized in the next
sections.

Definition 1 > A triangular conorm is a binary
operation 4. on the interval 1= [0,1] which is
satisfying the following conditions, for all
aq, 5,03 €[0,1]

(H1) a; A.ay = a5, A, @y (Commutative)

(H2) o (a1 Ac(az Acaz)) = (a1 Ac az) 4; as)
(Associative)

(H3) @y 4, @z < @y Acaz whenever ,a; < az
(Monotone)

(H4) ay 4.0 = a4 (has 0 as neutral element)

If, in addition, H is continuous then H is called a
continuous triangular conorm.

The  following  theorem introduces
characteristics of a triangular conorm

the

Theorem 1 % Let A, be a triangular conorm on the
set I. Then

(1)o 4.0 =0
(2)14,0 =1
(3)04c1 = 1
4)14,1 =1
(5) If a<a,,a3<a,, then a;4.a3<

forall ay, ay, a3, a4 € [0,1]
for all ¢y € [0, 1]

ay Ac ay
6) g 4. a1 = a4
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Example 1°

Q) let ay 4, a, =(ay+a, —a;a, ) for all
a,a, €0,1] where(ay +a, —aa, ) is a
triangular conorm, and called the probabilistic sum
(2) leta; A; @y = min(aq + ay,1) forall aq, a, €
[0,1] wheremin( a; + a3, 1) is a triangular
conorm, and named the bounded sum

Remark 1 ° For any y it can be find § such that
64,8 =y, wherey,§ € (0,1)

Fuzzy Real Normed Space (FRNS) and Main
Results

A real linear space is considered and a structure of
fuzzy (real) normed space is introduced with a new
characterization triangular conorm. In addition,
some properties and subsequent results of a fuzzy
real normed space are introduced and proved in this
section.

Definition 2 Let A4, is a triangular conorm, V be a
linear space over the field R .Let a fuzzy subset
Nf :V x[0,00) into I is a mapping called fuzzy
norm on V if its following conditions are holds for
all z;,z, e V,andforall a; €1I:

(RN1) N¢(zy, ;) >0, foralla; >0

(RN2) N¢(zy,a;) =1 if and only if z; = o, for all
a; >0

(RN3)\7’~r +#0€ER, Nf(zzl, ) = Nf~(zl,;x71|)
(RN4) Nf(z1 + 73, a1) < Np(zq, 1) Ac Np(z3, a4)
(RN5) Nf(zy,.):[0,1] - [0,1] is continuous with
respect to a;

Then (V, Nf,AC) is called fuzzy real normed space
(FRNS).

In some theorems, the following condition is
considered.

Lemma 1 Suppose that (V, Nf, 4.) is a fuzzy real
normed space.Then

IVf(21 —Zy,Q,) = Ivf(zz —zy,aq) for all z,z, €
Vanda; >0

The following example demonstrates the concept of
a fuzzy real normed space which is necessary in this
process.

Example 2 Let (R?,||.||) be a normed space, where
V = R? is a linear space which is obtained if the set
of ordered pairs of real numbers z; = (py,p,) € R?
is taken with a function

1
llz:ll = (Ip1|* + |p21?)2.  Define  Np(zy, ;) =
Izl = a1l /ey + llze]l for —  ay < |zl and
N¢(zg,a1) =0 for a; > ||z]|. Also adcb=a+
b —ab forall a,b € I.Then (V, N¢, 4;) is FRNS
Proof:
(RN1) Since ||z]| > 0,Vz; = (p1,p2) € R? and
forall a; > 050 N¢(zy,a1) >0
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Zyl|l—aq| _

(RN2) N (z;, 1) = 1 if and only if =1if
_ _ " a i
and only if ||z;|| = O ifand only if z; = 0
. ~ ~ a
(RN3) To verify Ne(rzj,a;) = N¢ (Zl’ﬁ) for
allz; € R?, a; >0andr #0 € R
~ Tz 4 Tz 4
7z ay < Ml —al _Jirllzl = e
ay + [[rz|| ay + |r|llzl
a
lzell = 75 «
|7 - N “1
7 = Np | 21, 7|
it Il |
(RN4) let z,z, €Vand a; € L.If  a; = ||z]|
implies Np(zy,a;) =0 also when  a; > ||zl
implies Nf(zy, 1) = 0.

So Nf(zy, 1) Ac Ne(2zp,1) = 0. On the other
hand, it was concluded a; = ||z;|l+ |lz;]| =
llz; + z,|| which implies that Nf(21 +25,a,) =0
= Nf(eral) Vip Nf(ZZI a,)

Now, If [zl > a; and ||zy|| > @; which are
implies N (z; + 7,, ) = atzela

ay+l1z1+2;l
|z | +l1Z2 || —a1
T agtHlzg I +lz |l
[|Z1 -1 IZz2]l—aq _ lz1ll—a1 llZz2]l—aq
T oagtllzall T agtlzll ayt|zell aq+lz2|l

< Np(z1, 1) Ac Np (22, 1)

(RNS) It is clear that Nr(zy,.) is continuous with
respect to a;

Therefore, (V,N;,4.)isFRNSonV.

Definition 3 Let (V,Nf,4.) be a FRNS on V.
Define a 3-neighborhood of u by B(zy,3, a1)={22 €
V,Nf (21 — z5,01) > 1— 3} with center z €
V,radius 3,a; > 0 where 3 € (0,1)

Definition 4 Let (V, N, 4.) be a FRNS on V. The
set A of V is called a neighborhood of z; if it
contains a 3-neighborhood of z;.

Definition 5 Let (V,N;,4.) be FRNS on V. A
vector z; is called an interior vector of aset AinV
if A is a neighborhood of z;.

Definition 6 Let (V,N;,4.) be FRNS on V.The set
A of V is called open if for any point z; € V, there
exists an3 € (0,1) such that the sphere with center
z; and radius 3,B(zy,3,@1) ={z, €V, N; (2, —
Zy,0,) =1— 3} is contained entirely in A. The set
A of V in a FRNS on V is called closed if A€ is
open.

Definition 7 Let (V, N;, 4.) be FRNS on V.The set
A of V is called closure of A and denoted by
GCL(A) if it contains the smallest closed set.
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Definition 8 Let (V, Nf,A.) be FRNS on V.The set
A of V is said to be a dense in V if it GCL(A) is
equal to V.

Definition 9 A FRNS (V, N, 4.) on V is separable
if it contains a dense subset that is countable.
Proposition 1 Let (V,N;,4.) be FRNS on V.Then
[ = {A: A is the subset of V, z; is an interior vector
of A if and only if there exists a neighborhood of z,
contained in A}.

The following definition describes the behavior of
[-convergent sequence in a fuzzy real normed space.

Definition 10 A sequence {z,} in a FRNS
v, Nf,AC) is said to be [-convergent if there exists
a vector z in V such that Ne(z, —z a;) > 1 as
n — oo, forall a; > 0.

Lemma 2 let (V, Nr,4.) be a FRNS and {z,} be an
[-convergent sequence in V. Then the limit of {z,,} is
unique
Proof:
Consider {z,} be a sequence in FRNS which is I-
convergent to z and Z. Then by (RN4)

Nf(Z +
Z,ay) =Ne(z— 2z + 2y + Z, ;) forall a; >0

< Nf(Z —Zp, Q1) AcNf(Zn —(=2),a1)

= Nf(Zn -7, al) ACNf(Zn — (—Z,), al) by lemma
(3-2)

- 14,1 - 1 by theorem ((2-2)-4)
Thus, it follows that N¢(z + %, ;) = 1. From (RN2)
Ne(z+ %,a,) = 1 if and only if z+ 2 = 0, which
implies that z = —Z. Therefore the limit is unique.
Definition 11 A sequence {z,} in a FRNS
(V,Np, 4 is said [-Cauchy sequence
if im N¢(z, — Zp4s @) = 1@ n > oo,s >0, for
all @y > 0.
Definition 12 A FRNS (V, Ny, 4,) is said to be I-
complete if every [-Cauchy sequence in V is I-
convergent.
Definition 13 A set A in FRNS on V is called a
fuzzy linear manifold A of (V,N,4.) if 4 is a
linear manifold of V considered as a vector space,
with the fuzzy norm obtained by restricting the
fuzzy norm on V to the set A
Definition 14 A set A is called closed fuzzy linear
manifold of (V, N, 4,) if A is closed in V
The following theorem describes the behavior of a
fuzzy seminorm on V/A in a fuzzy real normed
space.
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Theorem 2 If (V,N;,4,) is FRNS on V with a

closed linear manifold A and let

N:([z], ¢y) = inf{Np(z — m, o), m € A, a; >

0} forall [z] eV/A

This defines a fuzzy seminorm on V /A, then this

fuzzy seminorm is a fuzzy anormon V/A.

Proof: Let z€ V .Clearly Ny([z], ;) = Np(z —

A,a;) >0. Suppose that Np([z],ay) = Np(z-—

A,a;) =1, from the definition (3-12) there is a

sequence {z,}in A such that N¢(z, —za;) - 1

and since Ais closed henceze Aand 0+ A=z +

A=A

If r0€R,z€ Vthen

Nf(r[z], ) = IVf(r(Z —A),a;) = Ivf(rz —A )
= inf{IVf (rz—rz;,aq),2, € A]

= inf{ﬁf (z - Zl'%)'zl € A}
N ([z],%)

f
= Ne([z + z1], 1) <

Also it is known that
Ny (2] + [z1], ar)
Ne(z+2z; — (a+ay)a)
<
Nf((z —a)+(z; —a), 0(1)
<
Nf((Z —a),a) AcNf((Zl —a),a)
for all a,a; € A. Taking the infimum over such a
and a, gives the inequality
Ne([z] + [21], @1) < Ne([2], @1) AcNr([24], 1)
Finally, it is clear that N¢([z],.) from (0,1] into [
continuous function
The proof is complete

Fuzzy Real Pre-Hilbert Space (FRPHS) and
Main Results

The main general interesting results which hold in
any fuzzy real Pre-Hilbert space will be proved. So
the structure of fuzzy real Pre-Hilbert space is
introduced initially.

Definition 15 Let A.be a triangular conorm, V be a
linear space over the field R, then Py :V xV x
[0,00) into I is called a fuzzy real inner product on
V.if for all z; ,z,, z3 € V,a; €1 the following
conditions are holds:

(RPH1) Pe(z1,25,01) D, Py (23,25, 01) =
Pr(zy + 23,25, 1)

(RPH2) Pf(Z1;Zz'a1) = Pf(zz;ZL%)

(RPH3) VreRr
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Pf(r 74,22, A1)

(

( al)
Z1,Zy,—
1,42, r

! 1—Pf(zl,zz,%) ifr<o0

ll ifr=0anda; >0, 0 if r=0,a;,=0

(RPH4) a- fora; = 0 then Py(zy,z1,a;) =0
b- for a; # 0 then Pr(zy,21,a;) >0

(RPH5) Pr(z1,21,01) APy (2,25, 1) 2
Pe(zy + 23,21 + 25, a1)
(RPH6) Pr(zy,21,a;) = 1for all a; >0 if and
onlyif z; =0
(RPH7) Pr (24,24, 1):[0,1] - [0,1] is continuous
with respect to a,
Then (V, P, A.)is called a fuzzy real Pre-Hilbert
space (FRPHS).
According to the previous definition, the following
illustrate example is proved.
Example 3 Space L?[a, b].The vector space of all
continuous real-valued functions on [a, b]forms
pre-Hilbert space (V,<.,.>) with inner product
defined by  <z,z, >= [ 2, (X)z(x)dx.

o 1
Define Pr (2,25, a1) = Wfor

74,293,723 €V,a; >0 and 13; (z1,273,a1) = 0 for
a;=0. Then (V,P;,A.) is a FRPHS. Where
A ap = +a, —aqay forall aq, a, €1.
Proof:
(RPH1) Pf (21,22, 1), Pf (23,22, 1) =
Py (21,25, a1) + Pr (23,2, 1)

- Pf(zpzz' a) ﬁf (23,22, 1)

all

1 1 1 1

exp(—qip) exp(—qi’ip) eXp(<Z:}ZZ>) 'exp(<zit'?>)
3 exp(—<zf‘x'j2>) + exp(<zl'12>) 3 1
exp(<zllx,jz> + <Z_~;,iz>) exp(<zl+azl3,zz>)

_ exp(ffifzz)i—exp(ffgflz)—-1

exp(<21+;13,22>)
=eXp(<ZZh>) +

1
exp (<ZZZZ>) _ —<z1+23,2,> > ex —<21;z3,zz>

1 1

1 ~
" ) - )

= 1 1
(RPH2) Pf(erzz'Cﬁ) <Z122>) <72.715)

)~ )

a
Pf(ZZ: 7y, 1)
(RPH3) V r € R, the following cases are considerd

a- If r >0,then Pr(rzy, zp,a1) = - L

<rZzq1,Z3>
a1
()

1 ) ]

1<z1,Z2>
ay

1

) B exp<5£%§lz> 4

T

exp(
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b- If r < 0,then Pi(rzy,z;,a1) =
1 _ 1 _ 1 _
<(-1)z1,22>\ ~ (-1)<z1,22>\ — -
exp(%) exp(aillz) Xp(<21 zz>)
-r

1-P (Zl, Zz,%)~
c-Ifr =0, then Pr(rz;,z;,a,) = 1fora; > 0and
ﬁf(rzl,ZZ, al) =0 fOF al > 0
(RPH4) a-for a; = 0 itis clear that Pr(zy, 2y, ;) =
0

b- for
that Pf(Zl,Zz, al) =

it is clear

>0

a; # 0,
1
e <z1,Z3>

xp(<52)
(RPH5) ﬁf(Z1:Z1'a1) Acﬁf(zz'zz' a) =
Pr (21,21, 01) + Pp(25, 25, 1) —

Isf(zl:zlral) ﬁf (22,22, 1)

1 1

exp(F2) exp(222) - exn(SHZ) ex(

1 1 1
= + —
] exp(<21{,il>) e)?)(<zi,i2>) exp(<21,21>;1<22,22>
Pf(ZIJ Z1, 0.’1) ACPf(ZZJZZJ arl):
eXp(<ZiZZ>) + eXp(<Z;f1>)_1
<z1,21>+<22,22>
=
Pf(Zl + Zy,7Zq + Zy, 0(1)
For a“ Z1,2y € V, aq >0
(RPH6) suppose Pr(z1,2;, 1) = 1 Vay > 0,
~ 1 . .
Pr(z4,21,1) = W =1 if and only if
ay
exp (ZE12) =1 if and only if< zy,z, >=0if
1
andonlyifz; =0
(RPH7) Let a, be a sequence in [0,1] such that

a, = a.Now for every zL €V,
1
lim,,_ 0 Pf(zl,zz,an) = lim —(<zl_22>) =

an

n—oo exp
exp( 11m n an

1

) = exp(<21;2>) = Pf( 71,2, Q).
So ﬁf(zl'zz; a) = Pf(zl,zz, a).Hence
N¢(zy,.):[0,1] - [0,1] is continuous with respect
to a.
Therefore, (V, P, 4.) is FRPHSon V.
Lemma 3 Assume that (V, By, 4.) is a FRPHS then
pf(—Zl,—Zl,al) =Pf(Z1,Z1,a1) fOI’ a.“ Al EV,
a; >0

1 1
<Z3,Z3>

ay

)

)

1
<z1+22,z1+2Z2>
aq

=

exp(

1
llm 0, <z1,22>

Proof: To prove the equality, let

pf(—Z1'—Z1;a1) =1- ISf(th —z,a1) =1—

[1- P (24,24, a)| = P;(z4,21,a1) by (RPH3)
Remark 2 If (V,P;,A.;)is a FRPHS, then for all

74,25, Z3 € V, the following properties are satisfied
@) ifr >0,5s >0, a; > 0, then
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Pe(rzy + sz3,25, 1)
aq
<Pf(Z1,Zz, )A Pf(Z3,Zz,S)
@iif r>0,s=0, a; >0, then
Pf(TZ1+SZ3,Z2,a1) <Pf (Zl,Zz, )A 1

@) if r>0,s <0, a; > 0, then
Pe(rzy + sz3,25, 1)

< Pf (Zl,Zz, )AC (

)

(ivyif r<0,s<0, a; > Othen
Pe(rzy + 523,25, 1)

< (1 — B, (zl,zz,%)) A, (1
- P (23,22,%))

Proposition 2 Let (V,Pg, Ac) be a FRPHS, Ac is a
continuous triangular conorm. Then

- Pf Z3,Z9,—

Pe(z1 — 23,21 — 23, a1 )ACPe(21 + 25,21 +
Zy, 1) < ﬁf(zl,221,%)Acﬁf(22,222,%) for all
71,z €Vand alla; >0
Proof: Assume that A = Pe(zy — 2,2, —
Zy, 01 JACPe(zy + 25,2, + 2, ;) and

Ay = ﬁf(Zl' 221'%)Acﬁf(22: 222'%)

Since Pe(z1 — 23,21 — 73,1 ) < Pe(zy, 2 —
Zy, a1 )AcPe(—25,21 — 23,04 ) _

_ _ < Pf({1:z1: a )
AcPe(zy, =23, a1 )AcPi(—23, 21, @1 )AcPe(—2,,
By the condition (PRH2) and lemma (4-3):
ﬁf({1 22,21~ 23, “1~) < Pi(zy, 24, 0-’12
AcPe(—23, 21, a1 )AcPi(—23, 21, @1 )AcPi(23, 22, a4)
Similarly,

Pe(zy + 23,21 + 23,01 ) < Pe(2, 21, 1)

ACij(ZZIZL ay )Acﬁf(ZZIZL ay )Acﬁf(zz»zz» ap).
Thus by Theorem ((2-2)-6), the conditions (PRH3)
and (PRH5) give the following result:

A<AAA= [ﬁf(zl — 23,21 — Zy, 1 )AcPe(z4

+ 25,21 + 25, al)] Ag[ﬁf(zl
— 73,7y — Z3, Q1 )AcPe(z1 + 23,24
+ z,, al)]

< Pr(224, 22, a1 )AP(225, 225, ;)

Since r=2>0, then Pe(224,22, 01 ) =
Pf(Z1,2Z1,7) B N
Therefore, A= Pf(21 - Zz,Zl - Zz, al )Acpf(zl +

25,71 + Z3, al) <
Pf (Zl, 221, )ACPf (ZZ, 2221 ) = Al
The proof is complete

—Z3, 01 )
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Definition 16 A FLM A of FRPHS V is defined to
be a linear manifold of V taken with the fuzzy real
inner product on V restricted to A x A.

Similarly, A FLM A of FRHS V is defined to be a
linear manifold of V, regarded as the fuzzy real
inner product.

Remark 3 A FLM A need not to be FRHS because
A may not be [-complete.

The concept of fuzzy orthogonal in a FRPHS is
introduced in the following definition:

Definition 17 An element z; €V in a FRPHS
(V,P;,Ac) is said to be fuzzy orthogonal to an
element z, € V if Pe(zy, 25,1 ) =1, foralla; >0
and P¢(zy,2,,0) = 0. Put z; and z, are orthogonal,
this means z; lp, z,. Similarly for two sets
A,BinV ifzy, Lp_z, then z; Lp B for all z, € B
and A Lp B forall z; in Aand z, in B.

Lemma 4 Let (V, P, Ac) be a FRPHS. If z; 15, 2,
then

Pe(zy + 23,21 + 25,01 ) <

Pe(z1, 21, a1 )Ac 1 AcPe(zy, 25, a1 ) forall a; > 0.

Proof: Pe(zy + 2,21 + 25,01 ) < Pz, 2, +
Zy, 01 )¢ Pe(23, 21 + 2,21 ) _
= Pf(Zl +

Z, 21,1 )Ac Pe(zy + 22,23, Q1 )

_ SNPf(ZLZLal) _
Ac Pi(z3, 21, @1 )Ac Pe(24, 75, a1 ) AcPi(23, 25, a4 )
Since z; Lp 2z in a FRPHS, hence (RPH2) and
Theorem ((2-2)-4) give
Pe(z) + 25,21 + 25,07 ) <
Pe(zy, 21, a1 )Ac1 Ag Pe(23, 25, 1)
Definition 18 Let A be FLM of FRPS, then the
orthogonal complement of A is AP =
{z1 €V | z; 1, A} which is the set of all vectors
fuzzy orthogonal to A. An orthogonal complement
is a special annihilator of a set, which defined as
follows:
Definition 19 Let (V,Pg, Ac) be a FRPHS and let A
be a non-empty set in V then the annihilator of A4 is
defined by APr = {z, € V | z, 1p, A}.Thus z; € A
if and only if P¢(z,, 2, a; ) = 1, for all a; > 0 and
P(z1,2,,0) = 0, for all z, € A.
Next, the orthogonal complement set in a fuzzy real
Pre-Hilbert space implies a fuzzy linear manifold is
proved.
Lemma 5 A™Pr is a FLM of FRPHS
Proof: To prove that 0 € APt the following cases
are considered:
Case-a Since P;(0,z,,a,) =1foralla; > 0,2, €
A
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Case-b Since P¢(0,2z,,0)=0for allz,z, €A
then 0 € A™P
Now, let 2,75 € AP, @, > 0 and r € R
Pe(zy + 23,25, ) <
T)’f(ZLZz: a; )Ac ?f(z3’zz’ a )
=1Ac1
=1
For every z, € A. S0 z; + z3 € APt

Also To prove that rz, € Alisf, the following cases
are considered:

Case-a ifr > 0,; > 0andz, € AP
Since ij(rzl’ZZ!al) = fl\j{f(z1122;%)
’p'f(rZ1FZZIa1 ) = fl\jf (ZleZ;%) = 1
Zy € A.

Case-b if r<0,a¢y >0andz; € AP then

Fﬁf(r21'22ﬁa1 ) =1- Flsf (21'22;%)

then

for all

=1-1=0 forall z, € A.

Case-c if r=0,a;,>0andz, € APt then
Pe(rzy,zy,a; ) = 1 forall z, € A.
It is clear that P¢(rz;,2,,0) =0
AThusrz, € AP,

Therefore, APt is a FLM

The Relation between FRPHS and FRNS

This result explains the relationship between fuzzy
real Pre-Hilbert space and fuzzy real normed space
in this section.

Theorem 3 Every FRPHS is a FRNS

Proof: Let (V,P;A;) be a FRHPS. Define
N¢(zy, 1) = Pr(z1,2,4%)  for each z €V,
a; > 0and Np(z;,0) = 0.Let z;,z, €V, a; >0

for all z, €

(RN].) Nf(zl' al) = ﬁf(Zl,Zl, a’lz) >0
since Pr(zy,21,a1) > 0
(RN2)  Nf(z,a;)=1 if and only if

ﬁf(zllzll alz) =1 |f and Only if Isf(Zl,Zl,al) =1

ifandonly ifz; =0

(RN3) Vr €R, Nf(rzl,al) = ﬁf(rzl,rzl,alz) =

p 2’ _ p @* _ (g 2

Pf (lerzll 7| ) - Pf (211211 |T|2) - Nf(le |T|)

(RN4) Nf(z1 + z5,a1) = Pr(21 + 25,21 + 25, a;%)
3 < Pf(zl,zl +

2y, 12)AcPr (23,21 + 2,21 %)

=Pr (21 + 23,21, 1) AP (21 + 2, 25, 1 %)

< Pr(z1, 21, 0 APy (25,21, 01 %)
ACPf(Zl' 22, 0512)Acpf(22: Zp, 01 %)

=Pf(z1'z1' ‘{12)Acpf(zz'z1' ‘{12)
ACPf(ZZIZII 0512)Acpf(22: Zp, 01 %)
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> Pr(z1, 21, 01 D) AcPr (25, 21, a1 *)AcPr (22, 25, 24 ?)
Theorem ((2-2)-6)

and Theorem (4-5) give Pr(zy,25,a;%) <
Pf(Zli Z1, alz)ACPf(ZZIZZI alz)'
Hence

Nf(zl + Zy, al) <
Pf(Zl'Zl'alz)ACPf(ZZ'ZZ'alz) =
Nf(Z1;a1)ACNf(Zz;a1)
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dual A parg g (mlaal) Adal) & pula G slad
S dana )3 Balia

Gl i dn 5] S Aadlal) kel lall and

:ladAl)

A oy | laall Al e g g slmdy luall sl (Ll cliad Lay uilide culSa o~ ) &3 cJaall 128
el Gl Al sl ce 5 e s s (V, Np, 4,) sbaill slid Yl iiall Jhaall claill Jsa el Quloll sV 5 sgiall
ainy 8 5 (ludall Baall Gola (g bl Al am pe o8 A5 @by gl Gfialll J8 (e adall Ciy el e CObaal) any ae
s Jie Aa i)l luall ida) bl eliadl Aloall <l aliall § Gaibadll ey LBl ¢ 23 oluall Jadal) Gl olad e
Ak Cay ya i o Lyl | dudaslall 4 30l de ganall § Juaill (5 )5 puall Jodll Ll 5 (4)  GCL slawsall 4 de sanall 332)5 ¢ 3
adandl 28 4 i B Gulelad 2 V /A Jaad) o Sl Galdll aal o g o e V /A sl e (Sl Gualall
O g (el sl <ola (5 elad ISl ana Q¢ [ —JlaS, 5 [ — o€ Alubes ¢ [ — o 5BY) Al (g 383D A )
il das o dalgdl (atladll (ammy ae el dpals oy ) AlaYL eladll 13e dileidl degall gailiaddl (e
JAa) aay o)l (sl Aaall ) sliad g Sluall &8sl & s (g g eliad G A8l Al 3l a4 4 4e sanal) annihilator
¢ ol REN & la (5 slaad (he Apeal VI A Cay jad U Jlall dapday (g5 s ol B8N e (5 slind S
k;'\_ual\ @.\s;.“ Gala eliad o L..Smj
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