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Abstract

In this paper, we introduce the concept of almost Quasi-Frobenius fuzzy ring as a
generalization of Quasi-Frobenius ring. We give some properties about this concept
with qoutient fuzzy ring. Also, we study the fuzzy external direct sum of fuzzy rings.

Introduction

Quasi-Frobenius rings have been
investigated in [14] and [15]. In this
paper, we introduce almost Quasi-
Frobenius fuzzy ring of a ring by
extending the (ordinary) notion Quasi-
Frobenius rings. Zadeh introduced the
concepts of fuzzy set [1] and
introduced concepts of fuzzy ring of a
ring and fuzzy ideal ofaring[2].We
shall investigate the notion of an
almost Quasi-Frobenius fuzzy rings.
We give some characterization of this
concept.We study the quotient fuzzy
ring of almost Quasi-Frobenius fuzzy
ring.Also, we consider the behavior of
a fuzzy ring if it is a quotient fuzzy
ring is almost Quasi-Frobenius
ring.Next, we prove that the fuzzy
external direct sum of almost Quasi-
Frobenius fuzzy rings is an almost
Quasi-Frobenius fuzzy ring. Also, we
prove that a direct sum of and of

almost Quasi-Frobenius fuzzy ring is
an almost Quasi-Frobenius fuzzy ring.
In our work and for easiness, we
assume A is a fuzzy ideal in X if Aisa
fuzzy ideal of R and A < X, where X
is a fuzzy ring of R and R is
commutative ring with identity.

S.1 Preliminaries:

In this section, we give some
definitions and results which will be
used later.Let S be anon empty set. A
fuzzy subset of § is a function from S
to [0,1],([3],[4]). Let A and B be fuzzy
subsets of S. We write AcB if
A(x)<B(x) for all xeS. If AcB and
there exists xeS such that A(x)<B(x),
then we write AcB and wesay Aisa
proper fuzzy subset of B, [3]. Note that
A=B iff A(x)=B(x) for all xeS, [1].We
let Im(A) denote the image of A. We
say that A is a finite-valued if Im(A) is
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finite, ([3], [5]).For each te[0,1], the
set 4, = {x e S|A(x) 2 ¢} is called a level

subset of S, ([3],[5]). We let supp(A)
denotes {x e 8| A(x) > 0}, the support of

A and A4, = A 40y = {x - S|A(x) = A(O)},

[5].If xeS and te[0,1], we let x, denote
the fuzzy subset of S defined by
x(y)=0 if x£y and x(y)=t if y=x for all
yeS. x¢ is called a fuzzy singleton of
S([2], [SD.If x; and ys; are fuzzy
singletons of R, then x+ys=(x+y); and
X0ys=(X.y), where A=min{ts}, ([1],
[5]).We let ¢ denote ¢(x)=0 for all
x € S, the empty fuzzy subset of S, ([1],
[2]).Let A and B be two fuzzy subsets
of R. The product A o B defined by:

sup{min{A(y).B(z)}} if x is expressible as x =y.z (a)
A-:B(x)=={0 herwise (t)

y,zeR, for all xeR,([2],[4]). If R is a ring with
identity or more generally if R.R=R,
then the case (b) in the definition of
(AoB)(x) does not arise, [4].The
addition A+B is defined by:
(A+B)(x)=sup{min{A(y).B(2)} [x=y+z
} y.zeR, for all xeR,([6].[7]). Note
that AoB and A+B are fuzzy subsets
of R.Let A be a non empty fuzzy
subset of R, A is called a fuzzy
subgroup of R if for all x,yeR,A(x-
y)2min {A(x),A(y)} and A(-x)=A(x),
([2], [7]). Note that A(0)>A(x) for all
xeR.We begin with the following
definition of fuzzy ring and fuzzy
ideal.

Definition 1.2 '} 2D
Let R be any ring and Acl®, A#j. Then A is a
fuzzy ring of R iff for all x,yeR;

1. A(x-y)zmin{A(x),A(y)}

% A(x.y)z min{A(x),A(y)}.

Defination 1.3 1*)

A fuzzy ring A of R issaid to be an
integral domain if xy = 0 and
min {A(x). A(y)} > 0 implies that x =
Qory=0foreachx,y € R.

Defination 1.4°H)
A fuzzy subset A of a field F is a fuzzy field of
Fif:

L, A(l)=1.

2 A(x —y)2min {A(x), A(y)} foreach
X,y €F.

3. A(x+y™") >min {A(x), A(y)} foreach
x,yeF,y#0.

Let A be a fuzzy field of F.Ifx e F, x#0,

then

A(0)=A(1) = A(x) = A(-x) = A(x D).

Defination 1.512/6)
A non empty fuzzy subset A of R is
called a fuzzy ideal of R iff for all x,y
eR

(1) Alx-y)zmin{A(x),A(y)}
(2)  A(x.y)z max{A(x),A(y)}.

Remark 1.6")

It is clear that every fuzzy ideal of R is
a fuzzy ring of R, but the converse is
not true.

Proposition 1.7M5)

Let R be aring and A be a fuzzy ideal
of R. Then A+={xeR|A(x)=A(0)} and
supp(A) are ideals of R.

Proposition 1.8 1'% 1'1D
Let A be a fuzzy ideal of R. Ift € [0,
A(0)], then A, is an ideal of R.

Proposition 1,9 (')

Let A be a fuzzy subset of R. If for all t
€ Im(A), Atisanideal of R, then A is
a fuzzy ideal of R.

Proposition 1.10'"""  Let A and B be
two fuzzy ideals of R. Then (A + B) is
a fuzzy ideal of R.

Now , we give the concept of
Annihilator of a fuzzy ideal A ofa
ring R and Annihilator fuzzy ideal A
of aring R.

Defination 1.11"""
Let A be a nonempty fuzzy ideal of R.
The Annihilator of A denoted by (F-

AnnA) is defined by {x;:x € R, x¢A
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c 0},t € [0, A(0)] and (F-AnnA)(a) =
sup {t:t e [0,A(0)],arA c 0;},a € R.

Defination 1.12"")

Let A be anonempty fuzzy ideal of a
ring R. A is called an Annihilator fuzzy
ideal if and only if A =F-AnnAnnA.
Now we give the following definition:

Defination 1.13""]

Let X be afuzzy ring of R and A be a
fuzzy ideal in X Define
X/A : RIA«—— [0, 1] such that:

X/A(a + As) -
if ae Ay

1
{sup{X(a+b)} ifbe Ag,a & Ay

for all a + A« € R/A«. X/Ais called a
quotient fuzzy ring of X by A.

Proposition 1.141"Y

If X is afuzzy ring of R, A and B are

fuzzy ideals in X such that A < B.

Then B/A : R/As —— [0, 1] such that:

B/A(a & As) =
ifae A,

1
{sup{B(a +b)} ifbe Ay,ag A,
is a fuzzy ideal in X/A.

Defination 1.15!""!

Let X be a fuzzy ring of a ring R, and
Y be a fuzzy ring of a ring R,. Define
T:Ri®Rr—> [0,1] by T(ab) =
min{X(a),Y(b)} forall (a,b) € R;®R..
T is called a fuzzy external direct sum
of Xand Y, denoted by X @ Y.

S.2 ALMOST QUASI-FROBENIUS
FUZZY RING

In this section, we define almost quasi-
Frobenius fuzzy ring and we give some
examples to explain this concept.
Moreover, we give some
characterizations and properties of this
concept.

Definition 2.1
Let X be a fuzzy ring of R. X is called
an almost quasi-Frobenius fuzzy ring if

1AR

and only ifR is a Noetherian ring and
every non empty fuzzy ideal A in X is
an Annihilator fuzzy ideal.

Examples and Remarks 2.2

1. For any Noetherian ring R, the
fuzzy

rring X : R—— [0, 1] such that:

X(a) = {c if a=0

0 otherwise
where ¢ € (0, 1].
X is an almost quasi-Frobenius fuzzy
ring of R, since any non empty fuzzy
ideal A in X is of the form:

A(x)={d if x=0

0 otherwise
for some d € (0, c].
A is an Annihilator fuzzy ideal by
[11,corollary (2.3.7)].
2. Let R be a Noetherian ring,

X be
a fuzzy ring of R. Then X is an
almost quasi-Frobenius fuzzy
ring
if any non empty fuzzy ideal
Ain
X is of the form:
Ale)= {c if x=0
0 otherwise

for some ¢ € (0, X(0)].

It follows directly by [11, theorem
(2.3.4)] and definition (2.1)].

1 ifael

0 ifacQ\Z
Then X is a fuzzyring of Q. IfAisa
fuzzy ideal in X, then A« is an ideal of
Q and hence either A« = Q or A+ ={0}.
But As# Q by definition of X, so A« =
{0}, Let A(0) = ¢ where
¢ € (0, X(0)]. Note that A(x) = 0 for all
x €Q\Z (since A c X).

Now, suppose that there existsa e Z
such that A(a) =d where 0<d<c.

On the other hand, there existsr € Q
such that ra € Q\Z and so A(r-a)=0.
But A(r-a) > max {A(r), A(a)} = d.
Hence 0 >d which is a contradiction.

3. Let:X(a) = {
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It follows that A(a) =0 forall a e Z a
#(. Thus:

A(a) = {

Hence X is an almost quasi-Frobenius
fuzzy ring by (2.2, (2)).
4. Let X : Z; —— [0, 1] such that:

X(a)={l if a=0

c ifa=0

0  otherwise

3/4

X is afuzzy ring of Z,, but X is not an
almost  quasi-Frobenius fuzzy ring
since there exists a fuzzy ideal A in X
such that:

1 if =0

Alx)= {1/2

But A is not an Annihilator fuzzy ideal
by [11, (2.3.2, (6))].

3. Any fuzzy ring of non-
Noetherian ring is not an almost quasi-
Frobenius fuzzy ring.

6. A fuzzy field X of a field F may
not be an almost quasi-Frobenius fuzzy
ring see [11, (3.1.2, (6))].

& Since every fuzzy field of a field
F is a fuzzy integral domain 1.
(3.1.2, (6))], we can use the same
example in (6) to show that a fuzzy
integral domain may not be an almost
quasi-Frobenius fuzzy ring.

8. If X is an almost quasi-
Frobenius fuzzy ring of R, then it is not
necessarily that R is a quasi-Frobenius
ring as the following example shows.

otherwise

otherwise

Example
Let X be a fuzzy ring of Z such that:

1 ifa=0

X(a) = { v

0 otherwise
It is clear that X is an almost quasi-
Frobenius fuzzy ring of Z, see
(2.2,(1)), but Z is not a quasi-Frobenius
ring.

9, Let X be a fuzzy ring of a ring
R. If R is a quasi-Frobenius ring, then
it is not necessarily that X is an almost
quasi-Frobenius fuzzy ring of R as the
following example shows.

169

Example
The ring Z, is a quasi-Frobenius ring.
However, the fuzzy ring X of Z, such

that:
1 if a=0
X =
) {3/4

is not an almost quasi-Frobenius fuzzy
ring, see (2.2, (4)).

We shall give some characterizations
of almost quasi-Frobenius fuzzy rings.

otherwise

Proposition 2.3

Let X be a fuzzy ideal of R. If X is an
almost  quasi-Frobenius fuzzy ring,
then X is of the form:

X(a)={c if a=0
0

for some ¢ € (0, 1].
Proof:
Let X(0) =c, suppose that there exists
a € R, a#0 such that X(a)=d=0. Hence
eitherd<cord=c.Ifd <c, let:
c if xe<0>
Alx)=<d
0  otherwise
Then A is afuzzy ideal in X, but A is
not an Annihilator fuzzy ideal of R by
[11,  proposition (2.3.3)], which
contradicts the hypothesis X is an
almost quasi-Frobenius fuzzy ring.
Ifd =c, then:

A(x)= {

It follows that, for any k < ¢, there
exists a fuzzy ideal B of R such that
Bc A and

¢ if xe<0>
B(x)= <%
0  otherwise
Hence B is a fuzzy ideal in X and B is
not an Annihilator fuzzy ideal, which
is a contradiction.

Thus X(a) = Oforallae R,a#0 and
SO

otherwise

if xe<a>\<0>I

¢ if xe<a>

0 otherwise

if xe<a>\<0>
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¢ if xe<a>
X(a) ={

0 otherwise
Theorem 2.4

Let X be a fuzzy ring of Artinian ring
R. Then the following are equivalent:

1. X is an almost quasi-Frobenius
fuzzy ring.

2. Every fuzzy ideal of R is a finite-
valued and any fuzzy ideal in X is an
Annihilator fuzzy ideal.

3. Every fuzzy ideal in X is an
Annihilator of finite-valued fuzzy ideal
of R.

4. Every finite-valued fuzzy ideal in
X is an Annihilator fuzzy ideal.

Proof:

(1) = (2) Risartinian ring, so by [10,
theorem 3.2], every fuzzy ideal of R is
a finite-valued. But X is an almost
quasi-Frobenius fuzzy ring, then any
fuzzy ideal A in X is an Annihilator
fuzzy ideal.

(2) = (3) Since any fuzzy ideal A in X
is an Annihilator fuzzy ideal, then A =
F-AnnAnnA. Let B = F-AnnA. Then B
be a fuzzy ideal of R, so B is a finite-
valued fuzzy ideal of R. Thus A is the
Annihilator of finite-valued fuzzy ideal
of R.

(3) = (4) Let A be a fuzzy ideal in X,
then A =F-AnnB, where B is a finite-
valued fuzzy ideal of R. F-AnnA = F-
AnnAnnB and F-AnnAnnA = F-AnnB
= A. Thus F-AnnAnnA = A, that A is
an Annihilator fuzzy ideal in X.

Hence every finite-valued fuzzy ideal
in X is an Annihilator fuzzy ideal.

(4) = (1) R is artinian ring, so by [10,
theorem 3.2], every fuzzy ideal of R is
a finite-valued. Thus every fuzzy ideal
A in X is a finite-valued and every
fuzzy ideal A in X is an Annihilator
fuzzy ideal. But R is Artinian ring, so
R is a Noetherian ring by [12, theorem
8.5].

Hence by definition (2.1), X is an
almost quasi-Frobenius fuzzy ring

Theorem 2.5
Let X be an almost quasi-
Frobenius fuzzy ring of R, A be a
non empty fuzzy ideal in X. Then
A;={0} forall t € (0, A(0)].
Proof:
Suppose there exists t € (0,A(0)] such
that A= {0}. That is A(a) >t for some
a € R,a#0.Now,letB:R—>[0,1]
defined by:

AW0) if x=0
B(x) = 4k if xe 4, \{0}
0 otherwise

where 0 <k <t.

It follows that B is a fuzzy ideal of R
and B < A, hence B is a fuzzy ideal in
X.

But B is not an Annihilator fuzzy ideal
of R, by [11, proposition (2.3.3)],
which is a contradiction since X is an
almost quasi-Frobenius fuzzy ring.
Thus A; ={0} for all t (0, A(0)].

Corollary 2.6

Let X be an almost quasi-Frobenius
fuzzy ring of R, A be a non empty
fuzzy ideal in X. Then

(1) A is of the form:

A(x)={c if =0

0 otherwise
for some ¢ < (0, X(0)].
(2) A. ={0}.
Proof:
It is easy and hence omitted.

Remark 2.7
The converse of theorem (2.5) and
corollary (2.6) are not true see (2.2,

(3))

Remark 2.8

Let X be a fuzzy ring of a Noetherian
ring R. If Supp(X)={0}, then X is an
almost quasi-Frobenius fuzzy ring.

Proof:
It follows directly by (2.2, (1)).
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Remark 2.9
By (2.2, (3)) the converse of remark
(2.8) is not true.

S.3 Some Relationships Between
Almost Quasi-Frobenius Fuzzy ring,
Quotient Fuzzy Ring and External
Direct Sum Fuzzy Ring.

In this section, we shall study some
relationships between almost quasi-
frobenius fuzzy ring and quotient fuzzy
ring and external direct sum fuzzy ring.
Firstly, we consider the following
questions:

1. Is the homomorphic image of
almost quasi-Frobenius fuzzy ring
almost quasi-Frobenius fuzzy ring ?.

2. If XisafuzzyringofRandAisa
fuzzy ideal in X such that X/Aisan
almost quasi-Frobenius fuzzy ring of
R/A+«. Is X almost quasi-Frobenius
fuzzy ring of R?.

The answer of the first question is
provided by the following proposition:

Proposition 3.1

The homomorphic image of almost
quasi-Frobenius fuzzy ring X is an
almost quasi-Frobenius fuzzy ring.
Proof:

X is an almost quasi-Frobenius fuzzy
ring of R, so any non empty fuzzy

ideal A in X has the form:
if x =0
A(x) = {C ¥
0 otherwise

for some ¢ €(0,X(0)] by theorem (2.5).
Thus A« ={0}. But any fuzzy ideal B/A
in X/A where B is a fuzzy ideal in X
such that A < B is defined by B/A :
R/A« —— [0,1] such that:

B/A(a + As+) =

| if ae Ay
sup{B(a+b)} if be Ay, a¢ Ax

ifa=0 (ie,a+ Ay
_A* —{0

sup{B(a)} ifa#0 (le,a+ Ay # Ay)

874 |

1 ifa=0

“lo ifazo

Also, R is a Noetherian ring, then R/A«
is a Noetherian ring. Hence by (2.2,
(2)), X/A is an almost quasi-Frobenius
fuzzy ring of R/Ax.

We consider the second question. The

answer is provided by the following
remark:

Remark 3.2

Let X be afuzzyring of R and A be a
fuzzy ideal in X. If X/A isan almost
quasi-Frobenius fuzzy ring, then itis
not necessarily that X is an almost
quasi-Frobenius fuzzy ring as the
following example shows:

Example
Let X : Z,—> [0,1] such that

1 ifae<2>
X(a) =
0 otherwise

X is a fuzzy ring of Z4, but X is not an
almost quasi-Frobenius fuzzy ring by
[11, proposition (2.3.3)].
Let A : Z,—— [0,1] such that:

112 if xec2>
A(x) =

0 otherwise

A is a fuzzy ideal in X, however A+ =
<2>. Then:

{1 if a=0

X/A(a+ As) = ot

0 if a=0

On the other hand, Z, is a Noetherian
ring, so Z4/<2> is a Noetherian ring.
Hence by (2.2, (1)), X/A is an almost
quasi-Frobenius fuzzy ring of Z4/<2>.

Proposition 3.3

Let X be afuzzy ring of R and A be a
fuzzy ideal in X. If X/A is an almost
quasi-Frobenius fuzzy ring and A
={0}, then X is an almost quasi-
Frobenius fuzzy ring.

Proof:

By definition (1.13),
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X/A(a + At) —]
1 if aed,
sup{X(a+b)} if be Ay,ag Ay

But X/A is an almost quasi-Frobenius
fuzzy ring, so

sup {X(atb)|beA+}=c for some ¢ € (0,
1). Let B/A be a fuzzy ideal in X/A
such that:B/A(a + A:) =

1 if acd,
d if beAy,ae A,

where d € (0, c].

B/A is not an Annihilator fuzzy ideal,
see [11,(2.3.2,(6))], which contradicts
the hypothesis X/A is an almost quasi-
Frobenius fuzzy ring. Thus Sup {X(a +
b) | b € As} =0 which implies that X(a)
=0 forall a € R, a=0. It follows that:

{e if a=0
X(a) =

0 otherwise

for some e € (0, 1].
Also, X/A is an almost quasi-Frobenius
fuzzy ring implies that R/A« is
Noetherian ring, so R is a Noetherian
ring.

Thus by (2.2, (1)), X is an almost
quasi-Frobenius fuzzy ring of R.

Now, we study the following:

1. Fuzzy external direct sum of
almost quasi-Frobenius fuzzy rings.
2. The behaviour of fuzzy rings if
their direct sum is an almost quasi-
Frobenius fuzzy ring.

Theorem 3.4

Let X be a fuzzy ring of a ring R, and
Y be afuzzy ring of aring R;. Then T
= X @Y is an almost quasi-Frobenius
fuzzy ring of R; @ R; if and only if X
and Y are almost quasi-Frobenius
fuzzy rings of R} and R, respectively.
Proof:

If T is an almost quasi-Frobenius fuzzy
ring of R| @ Ry, then R @ R; isa
Noetherian ring which implies R, and
R, are Noetherian rings by [13, Exc.
12, p.333].

Let A and B be any non empty fuzzy
ideals in X and Y respectively. By [11,
theorem (2.4.1.8)], A @ B isa fuzzy
ideal in T. Thus
A © B = F-AnnAnn(A @ B)
= F-Ann(F-Ann A @ F-Ann B), [11,
by theorem (2.4.2.4)]
= F-AnnAnn A @ F-AnnAnn B, |11,
by theorem (2.4.2.4)]
Then A = F-AnnAnn A and B =F-
AnnAnn B. Hence X and Y are almost
quasi-Frobenius fuzzy rings of R; and
R, respectively.
Conversely, if X and Y are almost
quasi-Frobenius fuzzy rings of R; and
R, respectively, then R, and R, are
Noetherian rings. By [13, Exc.12,
p.333], Ry @ R; is a Noetherian ring.
Let A be any non empty fuzzy ideal in
T. By [l1, theorem (2.4.1.9)], there
exists B; and B, fuzzy ideals in X and
Y respectively such that A = B|® B,.
But B, =F-AnnAnn B, and B, =F-
AnnAnn By, so:
A =F-AnnAnn B; @ F-AnnAnn B,
=F-Ann(F-Ann B, @ F-Ann B;) by
[11, theorem (2.4.2.4)]
= F-AnnAnn(B; @ B,)
theorem (2.4.2.4)]
=F-AnnAnn A.
Hence T = X @Y is an almost quasi-
Frobenius fuzzy ring of R; @ R,.

by [11,

Remark 3.5
We can give another proof of theorem
(3.4) by using corollary (2.6), and [11,

theorem (2.4.1.8) and theorem
(2.4.1.9)].
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