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Abstract:

Some relations of inclusion and their properties are investigated for functions of type "&-valent that
involves the generalized operator of Srivastava-Attiya by using the principle of strong differential
subordination.
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Introduction:
Let Ap be the class of &-valent and analytic ~ equations (5) and (6) yield

functions defined on U={z e C:|z |<1}: Jesnf(Z )
f(Z)_Z£+ZaZT (a; =0,E€eN p+Z( 1+h )S T 7
B oo —7 r—eri+m) =2 - D
T=E+1 T=E+1
={1,2,..}). (D from (7) we get
Now," let ®(z,s,a) denote the Hurwitz-Lerch z(Jesnf(2))
zeta function defined as follows"(1): =+ Dfes_1pf(2)
o z® ) —(b+1-8Eesnf(2). (8)
(z,s “)Z(T+a)s ’ @) The function f is said to be subordinate to g, if
=0

there exists Schwarz function w analytic in U,

(@€C\2 5 =1{0,—1,..};s ECwhen]|z | < also w(0) =0 and |w(z )| <1 for all z €U.

1;Re{s}>1when|z |=1). "Lyp: A =

. ) : , Such that
Ay is defln_ed by Srivastava and Attiya (2), (3), f(z)= g(w(z ),2€U. Can be written
A1=A(1)_|ntheformof f<gor flz)<g(z) (2€l).
Lepf(z) = Gsp(z ) *f(2),

If g(z ) isunivalentin U", then from [1] we have

(z EU;bEC\z2 ;s "f(z)<g(z)e f(0)=g(0) and f (U)c

€0), (3) Wy
where Definition @) ((8).cf.(L9)) Let H(z,€) be
Gesp = (be‘:;) [q)(z’s’bz;)b IC analytic in UxU and let f(z ) be analytic and

univalent in U. Then the function H(z ,<€) is said
to be strongly subordinate tof(z), written
H(z ,€)<<f(z)iffor €€U , H(z,€) asa
function of z is subordinate to f(z ).

We note that H(z ,€) << f(z ) if and only if

H(0,€) = f(0) and (UxU) c f(U)".
. Definition (2):((9),cf.(10)) "Let ¢:C3xUxU - C

1 \ ) .
®.(z,5b =_+Z (6 and let h(z ) be univalent in U If p(z) is
el ) b* (t—&+1+Db)* ©) analytic in U and satisfies the (second-order)

Analogously to" Lgp , Liu(4),(5,6,7) defined the
operator ¢ gop:As = Ag by
}E,s,lb)f(Z ) = Gp,s,lh;(Z )*f(Z );
(z €eU;belC\zy;5€CE
eEN), (5
where Gggp = (b +1)°[Pe(z,s,b) —b~°], and
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The univalent function g(z ) is called a domainant _ _ KA @Q+m+1-6)4@) (e c N pe
of the solutions of the strong differential u=q@), v (b+1) » ( ’
subordination, or more simply a dominant, if € —{0,—1, - ) and ,

p(z ) < q(z ) forall p(z ) satisfying (9) . Re (1+b)u; —(A+b—-8Eu 2b+1

A dominant q( z ) that satisfies g(z ) < q(z ) for A+bu, —(1+b-8u,

all dominant q(z ) of (9) is said to be the best q" (O

dominant". - 5)} > kRe {m + 1},

Definition (3): (9) "Let 2 be asetin C,q(z ) € Q
and n be positive integer. The class of admissible
functions ¥,[0,q] consists of these functions
PiCixUXT > C that satisty the admissibility  (PUe1esnf (2 ) Jesnf (2 ) Jesoanf (2 ); 2 ):2

vV zeU,{ €dU\E(q) and T = €.
Theorem (2): Let ¢ € ¢4[02, q] .If f € AE satisfies

condition. €EU€eU}lcn (10)

W(r, s t;z,€) &0, whenever r=q((), s= Thenfeionf(2z) <q(z).

¢q'({) and Proof: suppose
t €9 (9) F(2z)=1e14snf(2) (11)

Re {; + 1} > rRe{ %) + 1}, equations (8) and (11) give

Z (}E,S,]h)f( Z )),

for z€U,{€dU\E(q),€€U and 7>n We = (b+ Dfesrnf(2)
= -

write ¥, [Q2,q] as ¥[2,q] "

Theorem (1):(8) "Let ¥ € ¥, [12,q] with (0) = a . — (b 1-Eespf(2 ).

If p € H[a, n] satisfies Jps-1nf(2) ,

w((p(z )’ % p’(Z )‘ 7 Zp"(Z ); Z ’€) € 0. Then — Z (}E,S,Ih)f(z )) + (]b) +1- S)}S,S,lbf(z )’ (12)
p(z)<q(z)." (b+1)

2-"" Strong subordination results(3)"" Yesnf(2) ,

Now we prove the "subordination theorem  _ % (eivspf(2))' + (b +1—Efervsnf(2)
involving with the generalized Srivastava-Attiya (b+1) ’
operator(4) Jesp- (13)

Definition (4): The class of admissible functions  from (11) we get
#3[0,q] satisfy the admissibility condition if booof(z) =2 F'(z)+(b+1-8F(z)

consists of those functions ¢: C3xUxU — C when (b+1)
NeEC,qeQy,NnM[0,E],beC—-{0,—-1,..},s€C.

o(uy,uy,us; z,€) & 2, whenever

22F(z2)+[14+2(b+1-8)]z F'(2)+(b+1—&)?F(z)

}S,s—l,lb)f(z ) = (]h) + 1)2
Let u,, u,and us take the transformation from €3 to ~ Assume that
C by Y(is,rt; 2z )= @u,uy,us z)
s+(b+1-8&r

U =1,u; = (lb)+1) , Uz

t+[1+2(b+1-8)]s+ (b +1-E)?%r

B (b + 1)2 '

s+(Mb+1-8r t+[1+2(b+1-8)]s+(b+1-E)>%r
=@ (T, (]h) n 1) B (]b) n 1)2 ;Z,€>. (14)

By using equation (11),(12),(13), from (14), we get

Y(F(z),zF' (2 ),z°F (2 ); 2 ,€) = 0(Je1450f (2 ) Iespf (2 )Ies—1pf(2); 2 ,€) (15)

Therefore, (10) becomes and since the admissibity condition for ¢ € ¢;[1, q]
Y(F(z),zF'(z) 2% (2)2,€) €N. is equivalent to the the admissibity condition for 1
Note that by Definition(3) ,then ¥ € ¥[N,q], and by
t (b+1)%u; —(b+1-8&72%u, Theorem(1), F(z ) < q(z ). Or
§+ = b+ Duy — (b+1- 8y —2(b+1 e 1+spf(2) < q(2) , and the proof is complete.
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If 0+ C is a simply connected domain, then

) = h(U) for some conformal mapping h.

In case, the class ¢;[h(U), q] is written as ¢;[h, q].

Theorem (3): Let ¢ € ¢y[h,q] . If f € AE satisfies

O(Fe14snf (2 ) Iespf (2 )Ies—1pf(2 ); 2 ,€)

<<h(z). (16)

Thenfe ispf(2) <q(z).

Corollary (1): Let 2 < C and g be univalent in U

with q(0) =1. Let ¢ € ¢4[2,q,] Vpe (0,1)

where q,(z ) = q(pz ) If f € AE satisfies

P(Fea+snf (2 )iespf(2 )Ies—1pnf(2 ); 2 ,€)
eEN.

Then Jpsiiwf(2 ) <q(z).

Proof: Theorem (2) yields then fgi45pf(2 ) <
q,(z ). Theresultis q,(z ) <q(z ).0
Theorem (4): U contains the univalent h and q such
that q(0) =0 and set q,(z)=q(pz) and
h,(z)=h(pz ). Let ¢:C3xUxU - C satisfies
one of the following conditions

1- 9 € ¢4[2,q,] V p € (0,1), 0r

2-3 po€(01) such that ¢ € ¢ylh,q,] v
p € (po,1).

If f e Ap satisfies (16), then
q(z ).

Proof: "similar to Theorem 2.3d (11)".00
Theorem (5): Let U contains the univalent h and

}8,1+s,lbf(z ) <

The differential equation

Let @: C3xUxU - C .

z2q'(z2)+(Mb+1-8)q(z) z2%q (z2)+[1+2(b+1-8)]zq @) +b+1-E)?%q(z)
¢ (q @ b+ 1) ' (b + 1)?
h(z ) a7 Corollary (2): Let ¢ € ¢;[2,M]. If f€AE

has a solution g with g(0) = 0 and satisfies one
of the following
1- q € poand ¢ € ¢y[h,q],
2- q is univalent in U and ¢ € ¢4[h,q,] ¥V p €
(0,1) ,or
3- q is univalent in U and 3p, € (0,1) such
that ¢ € d)}[h ,qp] for all p € (py,1). If f € AE
satisfies (16) and
U contains the analytic
P(Fer+snf (2 )espf (2 )Ies—1nf(2 ) 2 ,€)t
hen Je14spf(2)<q(z) and q is the best
dominant.
Proof: By "Theorem 2.3¢" (11) and from Theorem
(3) and Theorem (4) q is dominant.
q is satisfies (17), it is also a solution of (16) so g
is the best dominant.0
when q(z) = Mz, M > 0, the class of admissible
functions ¢4[f2,q], denoted by ¢,[2,M], is
described below .
Definition (5): Let 2 beasetinC,se(C,beC —
{0,—1,..}, and M > 0.The class of admissible
functions ¢,[2, M] consists of those functions
@: C3xUxU - C such that
0 (T+b+1-&)Mel®
Me??, N

¢ L+[(1+2(b+1-&)T+(b+1-E)2|Met® ¢
;%2 ,€
(b+1)2
0, (18) whenever z €U,€E€
U,Re{Le™®} > (k— 1)kM,0 €R, T = E.

satisfies

@(}8,1+s,lb)f( z )Jesnf(2 ) Jes—1pf(2 ) 2 ,€)
€

Then fe14spf(2) <Me2.

Corollary (3): Let ¢ € ¢5[M] . If f € AE satisfies

lo(e1+spf (2 ) Iesnf (2 tes—1pf(2 )i 2 ,€)|
<M.

Then [fe1+sf(2 )| <M. For the special case

qU) ={w:|w| <M}, the class ¢[0,M] is

denoted by ¢;[M].

Corollary (4): Let

analytic function C(€)

V€ € dU. If f € AE satisfies

[0+ 1% Jespf(2) = (b+ Digsnf(2)
—(b+1-8)%es-1pf(2)
+CE|<Bd+1-&M.

Then [fe s+ 1uf(2 )| <M.

Proof: From corollary (2) by taking

o(uq,up,us;2€) = (b + D%uz — (b + Duy —

(b+1—p)?u; +C(€) and 0 = h(U), where

h(z)=Mb+1-&Mz By corollary (2), to

prove ¢ € ¢5[2,M], that is  admissible

condition(18) is satisfied. We get

M >0 and U contains the
with Re{€C(€)} =0

‘ <M o @b +1—Me® L+[1+2b+1-E)t+ (b+1—E)2|Me®
@ | Me",

(b+1) ’
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=[L+[1+20+1-8)r ' Then ;gmb;:; a(z).
+b+1- S)Z]Mele . Proof: chéﬂnﬁe the function F in U
~(@+b+1-EMe® F(z)
— (b +1-£)*Me +C(6)| feassnf(2)
=L+ b+1-8)(Q2r—1Me” + C(€) “Yeprenf(2)
2(b+1-8)Cr-1DMr from (20) and computations that, show that
+ Re {Le™ + Re{C(€)e~?}} 2F'(2 ) 20erssnf(2))
>Mb+1-8Qt— DM+t — 1M F(2)  Jeassnf(2)
+Re{C(€)e™®} = (b+1-EM . (}SMHJ( . ))’
Definition (6): Let 2 be a set in,q € Q; N M[1,1]. — — ) (21)
The class of admissible functions ¢;,[02,q] Yearsnf(2)

contains the functions ¢: C3xUxU - C that satisfy g}lglimg(?(e Zre;a)lt,lon(8) e get
N

the admissibility condition:

o(uq,uy,us;z ,€) € 2, whenever Yeassnf(2) Fi(z)

789" () +(b+1)(q(§)* _ 2T (%
w =q(), up = =2 (bﬂ)q@q , and _W+(b+1)F(z)

- —(b+1-¢). 22
ke {(b +1 <(u2 - Zi) Uy~ (us = 3u1)>} Therefore, b ) @

4" Jesnf(2 )
= TRe { 7' + 1} fea+.snf(2) ,
for z €U,{ € AU\E(q);€€Uandt > E. 2 F'(2)+ b+ D(F@) 23)
Theorem (6): Let ¢ € ¢5,[2,q] If fedE (b+1)F(z)
satisfies by computations show that
{ <}£1+slb)f(z) }Eslb)f(z) }Es lbf(z) >Z
Je2+spf (2 )’ }61+slb)f(Z )’ }Ssbf(z )’
€ U} cn. (19)
Jeamssf (2) _ 2 2F (2) + 143+ DFG2 )2 2D+ B+ P(FC2D)
Yesnf (2 ) (b+1)z F'(z )+ (b+1)2(F(z))’ '
Define C3toC by Y(s,1,t; %) = @(uy,uy, us; z)
B s+ (b+Dr?
Uy =71 ,up —W , Uz
+[1+3(b+ Dr]s + (b + 1)%r3
(b+1)s+ (b+ 1)2r?
Assume that
B s+ b+ Dr? t+[1+30b+Drls+(b+1)*r° ’c
“\" T orr (b+ 1)s + (b + 1)2r2 2 (25
The proof by Theorem (1), using equation  (F(z ),z F'(z), 2 2F (2 ); 2 ,€)
(20),(23),(24), from (25), we get
<}51+su»f(z) Jespf(2) Jes—1pf(2) €>
;2,€ ). (26)
Jepesmf(2) feavsnf (2 )’ Jeswf(2)

Therefore, (19) becomes Because the admissibity V ¢ € ¢y,[02,q] is
V(F(z),zF(z) 2% (2)2,€) €N equivalent to the admissibity V 1 as given in
Note that Definition(3), then Y e¥[N,q], and by
t B (uz —uyq) B B Theorem(1), F(z ) < q(z ).Or
sT1= (b + 1)< Uy —u, 2 (us 3u1)> ’ fearsnf(2) g(z ), and the proof is complete. O

}£,2+s,lh)f( z )
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For some conformal mapping 2 = h(U) of U  Jhenleassef(z) <q(z) (z€U).

onto, if 2 # C is a simply connected domain. i.e, fez+spf(2) o

the class ¢y, [h(U), q] written by ¢;,[h, q]. If q(= )_—.1 +Mz,M >0 then by Definition (6)
The prove of Theorem (7) is immediate by the admissible functions ¢;,[f2,q], denoted by
Theorem(6). ¢52[42, M], is described below.

Theorem (7): Let ¢ € ¢y,[hq]l. If feAe  Definition (7):.The class of admissible functions
satisfies ¢;.[02, M] contains the functions ¢:C3xUxU - C

<}£1+slh>f(z) }Sslb)f(z) }Es 1lb>f( ) €> s.t
fe2+spf (2 ) Ferespf (2) Feopf(2)

<< h(z). 27)
/ L+ Mo 1 T+ 1+ Me®® Moi®
| MY e DA T M) ¢ P
PLL+Me® + (b + 1)(1+ Me®) {3cMe® + (b + (1 + M)’ €028
\ (b+ D[tMe® + (b + 1)(1 + Me®)2] 2, €
whenever z €U,€€U,Re{le™®} >  Corollary (7): Let M>0 and U contains the
(t—1)TM,0 €R and T = E. analytic  function C(§)and Re{€C(€)} =0
if 2 beasetinC,seC,beC—1{0,—-1,..}, and VE€€IU.If f € AE satisfies
M>0 fe14spf (2 ) Jesnf(2)
b+1)2 =—————(b+1)—"——
Corollary (5): Let ¢ € ¢5,[02,M]. If f€AE ’( +1 Jea4snf(Z) (b + )Ts,1+s,bf(z)
satisfies Jes—inf(2)
<f51+sbf<z ) Jesnf(2) fesmrnf(2) €) —b+1-8 =y
,S,bb
}82+s1bf(z) }81+s1b>f(z) }Ssbf(z)
en +CE) -1 <b+1-EM.

Then (M) —1< Mz
]p,s+2,1bf(Z ) )

Corollary (6): Let ¢ € ¢;,[M]. If f € AE satisfies
| <}81+s1b>f(z) }Sslbf(z) }Ss 11b>f(z) €>

Jea+sp(z)
Then Jez+spf(2) 1| <M.

Proof: From corollary (5) by taking
o, uyusz; z,€) = (b+ 1D)%u; — (b + Du, —
(b+1—-8)2%u; +C(€)—1 and 2 = h(U), where

Je2espf (2 )’ }£1+s1b>f(Z )’ }Sslef(Z )’

-1l <M, h(z )= (b+ 1 — E)Mz, and corollary (5),to prove
@ € ¢y,[0, M], that is admissible condition (28) is
Then [featss/(2) 1‘ <M. satisfied. We get
]‘E 2+slb>f(Z )
For the special case q(U) = {us: lu; — 1| < M3},
the class ¢;,[2, M] is denoted by ¢;,[M].
i6
1+ Me', 1+ rHitMe” Me®,

(b + 1)(1 + Mei?)

. . . . 1
Pl L+ mMe® + b+ D1+ Me®®) {BTMe“g +(b+1)(1+ Mele)z}
- - ;% €
(b + 1)[tMe® + (b + 1)(1 + Mei?)2]

{b+ 1)1+ Me') + 7} - Ethical Clearance: The project was approved by
€ (b + 1)(1 + Me®) the local ethical committee in Al-Karkh

University of Science.
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