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Abstract:

The present paper studies the generalized ® —recurrent of Kenmotsu type manifolds. This is done to
determine the components of the covariant derivative of the Riemannian curvature tensor. Moreover, the
conditions which make Kenmotsu type manifolds to be locally symmetric or generalized & —recurrent have
been established. It is also concluded that the locally symmetric of Kenmotsu type manifolds are generalized
@ —recurrent under suitable condition and vice versa. Furthermore, the study establishes the relationship
between the Einstein manifolds and locally symmetric of Kenmotsu type manifolds.
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Introduction:

The locally & —symmetric property studied D) =0; né) =1, nod=0; &2
by Takahashi ' for Sasakian manifolds is a weak =—id+nQ¢;
version of the locally symmetric property. In 1993, g(@X, dY) =gX,Y) —n(X)n(Y); VXY
Jiménez and Kowalski * classified the locally € X(M).
& —symmetric Sasakian manifolds. Conversely, the In the present article, the components of the

recurrent property studied by Walker ° is also a  Riemannian metric g of ACR —manifold M2"+1 can

weak version of the locally symmetric property, one be established as follows &:

of its generalization is & —recurrent property that 9o =1, Gao = Yao = Jab = 9ap =

was studied by Venkatesha * for the generalized 0; gar =65 9ij =9 (1)
Sasakian ~ space  forms. There are other  \where q b =1,2,...,n and @& = a + n. Moreover,

generalizations and extensions of recurrent from ° the components of the endomorphism @ are
curvature studied by researchers like Tamassy and given by

Pk 5 6 PSR 7
Blnh_ ,_Ven!<at.esha et al. ” and Siddigi et al. ". D0 = b = b = D = D = 0; DY
Preliminaries: b . 8

The notations M2"*1 X (M), d, V and 8 were X =V-16f; @} =-9j
used to denote the smooth manifold M of dimension where 1 = i and 0 = 0. So, for all X,Y € X(M), the
2n + 1, the Lie algebra of smooth vector fields of  following relations are attained:
M, the exterior differentiation operator, the X =X'; g(X,Y)=g;X'V/; ®X)=djXg,
Riemannian connection and the Riemannian  over A —frame (p;ep = &, &y,...,5,) OF M27HL,
connection form with components 6; respectively,  \yhere xi € C® (M),
where i,j = 0,1,...,2n. 1.
Definitién 18 A smooth manifold M2"*1 with the ~ V—1®)ea, o= (d+ V=1®)e,, and
quadruple (®,&,1n,9) is called an almost contact  {ey,...,e,} is a complex basis of the distribution
metric manifold or briefly ACR —manifold, where  ker(n). A set of all such A —frames given above is
® is (1,1) —tensor, & is a characteristic vector field, called an associated G —structure  space
g is a Riemannian metric and n(-) = g(, &), such (AG —structure space). For more detail, citations ®
that the following conditions hold: and ° may be referred to.

p EM, £a=\/ii(id—
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Definition 2 l‘_) An ACR —manifold such that the 1. R§,=—-6% Rf,=2(B%q -
following identity: 5[% 5‘11;]); RS ;= Babd _ gab  phd.
VX(q))Y - VQDX(CD)CDY = —T](Y)CDX, v X'Y 2 R% . =2A% . a _ Aad _ Bah B d _
€ X(M) ' bcdd— bed’  fped ~ “be ¢ Bbh
hold is called a Kenmotsu type manifold. 8¢ by,

Suppose that {w, w,..., w?"} are coframe ~ Where  R(X,Y)Z = R} X*Y'Zlg;, and  the
over AG —structure space of Kenmotsu type remaining components of R are given by the first

manifold such that w® = we = w®, where @ is the  Bjanchi identity or the conjugate (i.e. Rhy = R;)
tcr?erq‘zll?())(vx(/:i%m l:r?:éie% iC; (?tr)]\?i(;)JS'_ w. Then from =, to the above components or identical to zero.
g i Theorem 4 ' The components of r for the

2n+1 ;
:hiorrir:ni%‘olguptﬁlﬁe E[?]aet AC/:Iartan'sls ]Eir;itK:t?Sl?;Srg Kenmotsu type manifold over the AG — structure
yp ’ space are given as follows:

equations are given by

1. dw = 0: 1. 790 h: _ch; Tab = _ZAfle + Bca% -
' ’ B B,
2. do® = —02 A w? + B 0 A wp — 0t A w; ca “hb
3. dag = 0 Awp + By 0o A® — w0 Aw 2. Tao =05 Tap = =2(n8y + Bpe)) + Ach —
. a .
Bafll) Bchcr

From ' the components of the Where r(X,Y)=r;X'Y/, nr;=r; and the
Riemannian connection form 6 of the Kenmotsu  remaining components of r are given by the
type manifold are given by property ry; = 7;.

0 =0; 6¢=0w% 0% 6f=-B% w5 (2) Definiton 3 *° An  ACR-manifold
and the others components can be established from ~ (M?™*1, ®,¢,7, g) with Ricci tensor r, is called

the relations 9]; n eij —0 and 9]_1- _ 9_} where L Einstein manifold, if ;; = 1g;;, where 1 is an

; Einstein constant.
c=1,...,n, while B® are the components of the

. S . X . 2. has @ —invariant Ricci tensor, if r,g = 14, = 0.
11 ) a0 ab
first Kirichenko tensor that mentioned in = with the Definition 4 > * © An_ ACR —manifold

properties B4, = —Bb% and B2 = B¢ (M?"*1 @, &,m,9) with R as Riemann curvature
Theorem 2 !° On the AG —structure space, the tensor, is called
Kenmotsu type manifold M?"*1 has the following 1. Locally symmetric, if Vy(R)(Y,Z)W =0,

Cartan's second structure equations: where X,Y,Z,W € X(M).

1. dOf =—03 NOF + ALY wé Awg + A% w°A 2. Generalized ® —Recurrent, if there are nonzero
0 + A¥? W, A wg; 1 —forms a and g such that

2. dB® =B g — pdb g% — pad gb 4 ®2(Vyx (R)(Y, )W)
B, w®+ B @, — B w; = a(X)R(Y,Z)W

3. dBgf = —Bgl 05+ Byt 62 + B,f 0f + +BX){g(Z W)Y — g(¥Y,W)Z}.
Buy® wq + Bagy @ — Boy w,

Locally symmetric Kenmotsu type manifolds and

such that . .
Aed _pgad _pah p d _ . its weakened version:
[bc] . [cb] . ¢[1b |hlc] ’ In this section, the Cartan's second structure
Aped — B“Ef Lt Ba[ffB| ,L I=yo; Alpea) = 0; equations in Theorem 2 are differentiated exteriorly
Ag’;] + Bad[cb] + Bah[b Blhcllc] =0 at the beginning. Then on AG —structure space of

b b o pohp b _ . albcd] _ the Kenmotsu type manifold M?"*1  suitable
hA“Cd :l.;a([;d] I;a[cBW'd] _fO’ A{l =0; | smooth functions exist such that:
where all indexes have range from 1 to n, an A = A% ol + A% o — 242 o 3
[ |- | -] denotes the anti-symmetric operator of the Abjg _ Aé’édh h Aaé’ﬁd " 5 AaSCd , (4)
involving ind bc = Apcn W+ Apc” wp — 24pc w; (4)
involving indexes except | - |. ABSb = Bab . h { Babh , _ppab . (5)
Denote R and r the Riemann curvature whe?gh— 1“”‘ . and cd Fh cd 7

tensor with components Rj,; and Ricci tensor with A

AAS., = dA% ., + AR, 02 —
components r;; of the ACR —manifold respectively, a ph_ aa thid a ebff,i bed “h
where k,l = 0,1,...,2n hed TbTbha BC 4PN 0% ha na
' 10 o AApe = dApe + Ape Op +
Theorem 3 The components of R for the ah nd ad nh ad oh
Apc On — Apc O — App 05

Kenmotsu type manifold over the AG — structure
space are given by . . ABC:éd = %Ba%ﬁ +B"an Of +
Bacd eh _Bahd 9C _Bach ed'
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Now, the components of VR on ACR —manifold
M?"*1 can be established with respect to the metric
g from the following identity (12):

dRijir — Rejir 0f — Rigra 6] — Rijur 6 —
Rijie 6f = Rijrie (6)
where R(X,Y,Z,W) = g(R(Z,W)Y,X), Riju =
e £ =0,1,...,2n and
Rijire = g(Ve, (R) (ex, 1)), €1)-
Theorem 5 The components of VR on

AG —structure space of the Kenmotsu type manifold
M?"*1 are given by

1. Rgobo,o = Raovo,n = Raopor = 0;
2. Raobo,o = Raovor = Raopoi = 0;
3. Raobeo = Raoven = 0; Raoper = 240pc;
4. Raobco =0; Raobcn = —2A%pe; Raopen =
_ZBai[lbc];
5. RaOEc,O =0; RaOEc,h 2Acah' RaOBcﬁ =
—AGe +B"¢ By
6. Rapcao = Rabcan = 0; Rgpeai =
B AL +B AT Y
fla “*blcd flc “*dlab
7. Rapcao = —4AGcas Rabcdh 2A3 can;
8. Rapcasi = 2{Afeq + [cd] be +
Apfe Bipfey + Byl By B )
9. Rapcao = Z{Aag —B‘”Z Bbfd 5
10. Rgpean = 24% bey B’ — 244, B -
B B4 — B, BY, + A%d,;
11. Rgpear = A%" — B, B — BY, B, A"
243 B — 24 B M,
12. Rapeao = —4B*cap Rapean = 2B*capn +
flb 4a] .
4B h Afcd’
b.
13. Rapean = 2By + 4Byl Afla :
Proof. The results follow from the equation (6) by
taking
(iljl kJ l) = (al OJ bJ 0); (aJ O) bl O)) (a) 01 b; C)l

(@,0,b,¢),(a0, b, ¢),(a,b,c,d),

(a,b,c,d),(@,b,c,d),(,b,c, d);
and using the Theorem 3 and the equation (2). For
instance, if (i,j,k,1) =(a,0,b,0), then the
equation (6) given by

dRaopo — Rrobo Qé — Ratpo 95 — Raoto ng

— Raobe 86 = Raobor w°.

The above equation can be simplified by using the
Theorem 3 and the equatlon (2) as the followmg

Raobo,t wt = —Rpop0 9 aOhO Qb,
= 6,, 9[} + 66’} 9,,,
=0 +0f=0.
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S0, Raopon @™+ Ryopoi Wh + Raopoo @ =0
and then
Raobo,n = Raopoi = Raono,o = 0
The same technique was used for the other cases,
while for some cases, the equations (3), (4), or (5)
must be used. For example, if (i,j, k1) =
(4, b, c,d), then the equation (6) given by
dRapca — Revea 9(% — Ratca HZE — Rapta ect
— Raper 84 = Ravear 0"
From the Theorem 3, it follows that

Rdbcd,t ot = 2dAgcd thcd eh — Ranea 9{)1
— Rafica 9b Rapna 08
~ Rapa 9 — Raven 04
Rabch gd' N
= 20A3.q — Rafca 6’b abhd 9 Rapcn Hciili
= 20A3cq — Rajea o] + R“bdf 9 — Rapef 9({'
where f =1,2,...,n. According to the equation

(2), 9{ = —be’l wy. So regarding Theorem 3, the
equation (3) and the previous results, the following
is obtained:

—_ a .
Rapcao = —4Apcas

— a .
Rapcan = 24pcans
Rapean =

2{Ajtq + Ba][ch] Bpy* + Agj[cc Byflay +
Byt B, B,/ 3
Now, smce the proof of the remaining results
becomes obvious, it is deleted.
Theorem 6 The Kenmotsu type manifold M2"+1 is
locally symmetric if and only if, the following
conditions hold:

fea=0; B4 =0; AZ% =B B,
Proof. Suppose that M2"*1 is locally symmetric,
then V,(R)(Z, W)Y = 0, thus giving:

g(Vy(R)(Z,W)Y,X)=0; V X,Y,Z,W,U

€ X(M).
Therefore, the components R;j;. are identically
zero for all i,j,k,t=0,1,...,2n. Regarding
Theorem 5 gives Af, =0; B, =0; and
A4 = pah g 4 Conversely, if A}, =
0; B*q=0; Afd =B By, then AAG., =

0; AB%} 4 = 0; and
A4S = (BY, B, & +B,* BY Yo"
+ {Bbfd BY" + B B, Mw,
—24% w.
Therefore, regarding the equations (3), (4), and (5)
and Theorem 5, R;j;. =0 is obtained. Then

M?"*1 s locally symmetric.
Theorem 7 The locally symmetric Kenmotsu type
manifold M?"*1 is an Einstein manifold with
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A= —-2n if and only if the following condition
holds:

Beap = Bcah Buy -
Proof. Suppose that M2™*1 is an Einstein manifold
with A = —2n, then, from Definition 3 and equation
(1), the following is obtained:

Too = —2N; Tao =Tqp =0; 14 = —2n67.
Since M?™*1 is locally symmetric Kenmotsu type
manifold, Theorem 4 and 6 and the above relations
lead to the following condition. Conversely, if the
condition is valid, then the conditions of the
Theorem 6 with the Theorem 4 lead to the result.
Corollary 1 The locally symmetric Kenmotsu type
manifold M?"*1 is an Einstein manifold with
A= -=2n if and only if M?"*1 has & —invariant
Ricci tensor.

Proof. The assertion of this corollary follows from
the Definition 3 and Theorem 7.

Now, suppose that (M2"*t1 ®,&,n,9) is
generalized @ —recurrent ACR —manifold, then
v U,W,Y,Z € X(M) gives the following:

D2(Vy (R)(Z,W)Y)
= a(U)R(Z, W)Y
+ BUY{g(Y,W)Z — g(¥, )W},
Since for all X € X(M), the following holds true:
g(@*(Vy(R)(Z,W)Y),X)
= g(Vy(R)(Z, W)Y, ®?(X));
= —g(Vy(R)(Z, W)Y, X) +
then the components of the
@ —recurrent ACR —manifold are:
—Rijire + i Rojrie = @ Rijia + Bel9i 9ji —
9ir 9jk}- (7)
So, if M?™*1 js the manifold of Kenmotsu type,
then regarding Theorem 3 and equation (1),
equation (7) becomes as follows:
1. Raopor = 0;

generalized

2. Raopot =t Op — B 6p;

3. RaObc,t =0,

4. Raopcet = 0;

5. RaOBc,t =0;

6. Rabcd,t =0,

7. Rﬁbcd,t =2 Agcd;

8. Rapcar = ac(—Afe + B Byt + 8¢ 85) —
B 8¢ 685

9. Rabear = Za’t(_Balfcd] + 5[% 53]) -

2B, 6f 83
Regarding Theorem 5, from item 2 in the
above discussion, a; = B; is obtained, implying that
the 1-forms a and B must be equal. Moreover,
combining the above items again with Theorem 5
leads to deducing the following theorem:

Theorem 8 The Kenmotsu type manifold M2"*1 js
a manifold of generalized ® —recurrent curvature if
and only if the following conditions hold:

a=p; Apea=0; Balfcd] =0; Al

= B By,

Corollary 2 The Kenmotsu type manifold mM2n+1
is locally symmetric if and only if M2"*1 is a
generalized @ —recurrent with a = 8.
Proof. The result follows from Theorem 6 and
Theorem 8.
Theorem 9 The Kenmotsu type manifold M2"+1
satisfies the following relations:

1. gV (R)(Z, W)Y, X) = —2g(R(Z,W)Y +
g, W)z — g(¥,Z2)W, X),

2. 9(Vy(R)(Z,W)E,X) = —g(R(Z,W)U +
gUW)z —gWU,Z2)W,X),

3. 9(VyR)(Z, )Y, X) = —g(R(Z,U)Y +
g,z —-g(Y,Z)U,X).

Proof. Since the components of

g(Ve®REZ, W)Y, X), g(Vy(R)(Z, W), X) and
9(Vy(R) (Z,9)Y,X) are Rijrio, Riokr,e and Ryjo,e,
respectively, the claim of the present theorem is
achieved from Theorem 5, Theorem 3 and equation

).

Conclusion:

The present paper concludes that the locally
symmetric, ® — recurrent and the generalized ® —
recurrent properties can be studied for any ACR —
manifold in a simple way, represented by AG —
structure space. Also, the axis of the present study
required components of the Riemannian curvature
tensor which computed on the AG — structure space
and the remaining results were established from
them.
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