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Abstract: 
          The present paper studies the generalized Φ −recurrent of Kenmotsu type manifolds. This is done to 

determine the components of the covariant derivative of the Riemannian curvature tensor. Moreover, the 

conditions which make Kenmotsu type manifolds to be locally symmetric or generalized Φ −recurrent have 

been established. It is also concluded that the locally symmetric of Kenmotsu type manifolds are generalized 

Φ −recurrent under suitable condition and vice versa. Furthermore, the study establishes the relationship 

between the Einstein manifolds and locally symmetric of Kenmotsu type manifolds. 
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Introduction: 
         The locally Φ −symmetric property studied 

by Takahashi 
1
 for Sasakian manifolds is a weak 

version of the locally symmetric property. In 1993, 

Jiménez and Kowalski 
2
 classified the locally 

Φ −symmetric Sasakian manifolds. Conversely, the 

recurrent property studied by Walker 
3
 is also a 

weak version of the locally symmetric property, one 

of its generalization is Φ −recurrent property that 

was studied by Venkatesha 
4
 for the generalized 

Sasakian space forms. There are other 

generalizations and extensions of recurrent 

curvature studied by researchers like Tamássy and 

Binh 
5
, Venkatesha et al. 

6
 and Siddiqi et al. 

7
. 

Preliminaries: 

   The notations 𝑀2𝑛+1, 𝑋(𝑀), 𝑑, ∇ and 𝜃 were 

used to denote the smooth manifold 𝑀 of dimension 

2𝑛 + 1, the Lie algebra of smooth vector fields of 

𝑀, the exterior differentiation operator, the 

Riemannian connection and the Riemannian 

connection form with components 𝜃𝑗
𝑖 respectively, 

where 𝑖, 𝑗 = 0,1, . . . ,2𝑛.  

Definition 1 
8
 A smooth manifold 𝑀2𝑛+1 with the 

quadruple (Φ, 𝜉, 𝜂, 𝑔) is called an almost contact 

metric manifold or briefly ACR −manifold, where 

Φ is (1,1) −tensor, 𝜉 is a characteristic vector field, 

𝑔 is a Riemannian metric and 𝜂(⋅) = 𝑔(⋅, 𝜉), such 

that the following conditions hold:  

Φ(𝜉) = 0;     𝜂(𝜉) = 1;     𝜂 ∘ Φ = 0;    Φ2

= −𝑖𝑑 + 𝜂 ⊗ 𝜉; 
𝑔(Φ𝑋, Φ𝑌) = 𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌);    ∀𝑋, 𝑌

∈ 𝑋(𝑀). 
In the present article, the components of the 

Riemannian metric 𝑔 of 𝐴𝐶𝑅 −manifold 𝑀2𝑛+1 can 

be established as follows 
8
:  

𝑔00 = 1;    𝑔𝑎0 = 𝑔�̂�0 = 𝑔𝑎𝑏 = 𝑔�̂��̂� =
0;    𝑔�̂�𝑏 = 𝛿𝑏

𝑎;     𝑔𝑖𝑗 = 𝑔𝑗𝑖 ,                                 (1) 

 where 𝑎, 𝑏 = 1,2, . . . , 𝑛, and �̂� = 𝑎 + 𝑛. Moreover, 

from 
3
 the components of the endomorphism Φ are 

given by  

Φ0
0 = Φ0

𝑎 = Φ0
�̂� = Φ�̂�

𝑎 = Φ𝑏
�̂� = 0;    Φ𝑏

𝑎

= √−1𝛿𝑏
𝑎;     Φ𝑖

𝑗
= −Φ�̂�

�̂�, 

 where 𝑖̂̂ = 𝑖 and 0̂ = 0. So, for all 𝑋, 𝑌 ∈ 𝑋(𝑀), the 

following relations are attained:  

𝑋 = 𝑋𝑖𝜀𝑖;     𝑔(𝑋, 𝑌) = 𝑔𝑖𝑗𝑋𝑖𝑌𝑗;     Φ(𝑋) = Φ𝑗
𝑖𝑋𝑗𝜀𝑖, 

over 𝐴 −frame  (𝑝; 𝜀0 = 𝜉, 𝜀1, . . . , 𝜀2𝑛) of 𝑀2𝑛+1, 

where 𝑋𝑖 ∈ 𝐶∞(𝑀),  𝑝 ∈ 𝑀, 𝜀𝑎 =
1

√2
(𝑖𝑑 −

√−1Φ)𝑒𝑎, 𝜀�̂� =
1

√2
(𝑖𝑑 + √−1Φ)𝑒𝑎, and 

{𝑒1, . . . , 𝑒𝑛} is a complex basis of the distribution 

ker(𝜂). A set of all such 𝐴 −frames given above is 

called an associated 𝐺 −structure space 

(𝐴𝐺 −structure space). For more detail, citations 
8
 

and 
9
 may be referred to.  
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Definition 2 
10

 An ACR −manifold such that the 

following identity:  

∇𝑋(Φ)𝑌 − ∇Φ𝑋(Φ)Φ𝑌 = −𝜂(𝑌)Φ𝑋,    ∀  𝑋, 𝑌
∈ 𝑋(𝑀) 

 hold is called a Kenmotsu type manifold.  

 Suppose that {𝜔, 𝜔1, . . . , 𝜔2𝑛} are coframe 

over 𝐴𝐺 −structure space of Kenmotsu type 

manifold such that 𝜔�̂� = 𝜔𝑎 = 𝜔𝑎, where 𝛼 is the 

complex conjugate of 𝛼 and 𝜔 = 𝜔. Then from 
10

, 

the following theorem is obvious:  

Theorem 1  Suppose that 𝑀2𝑛+1 is the Kenmotsu 

type manifold, then the Cartan's first structure 

equations are given by   

1.  𝑑𝜔 = 0;  

2.  𝑑𝜔𝑎 = −𝜃𝑏
𝑎 ∧ 𝜔𝑏 + 𝐵    𝑐

𝑎𝑏   𝜔𝑐 ∧ 𝜔𝑏 − 𝜔𝑎 ∧ 𝜔;  

3.  𝑑𝜔𝑎 = 𝜃𝑎
𝑏 ∧ 𝜔𝑏 + 𝐵𝑎𝑏

    𝑐   𝜔𝑐 ∧ 𝜔𝑏 − 𝜔𝑎 ∧ 𝜔.  

  

 From 
10

, the components of the 

Riemannian connection form 𝜃 of the Kenmotsu 

type manifold are given by  

𝜃0
0 = 0;    𝜃0

𝑎 = 𝜔𝑎;     𝜃𝑏
𝑎;     𝜃�̂�

𝑎 = −𝐵    𝑐
𝑎𝑏   𝜔𝑐;     (2) 

 and the others components can be established from 

the relations 𝜃𝑗
𝑖 + 𝜃�̂�

�̂�
= 0 and 𝜃𝑗

𝑖 = 𝜃�̂�
�̂�, where 

𝑐 = 1, . . . , 𝑛, while 𝐵    𝑐
𝑎𝑏 are the components of the 

first Kirichenko tensor that mentioned in 
11

 with the 

properties 𝐵    𝑐
𝑎𝑏 = −𝐵    𝑐

𝑏𝑎 and 𝐵    𝑐
𝑎𝑏 = 𝐵𝑎𝑏

    𝑐.  

Theorem 2 
10

 On the AG −structure space, the 

Kenmotsu type manifold 𝑀2𝑛+1 has the following 

Cartan's second structure equations:   

1. 𝑑𝜃𝑏
𝑎 = −𝜃𝑐

𝑎 ∧ 𝜃𝑏
𝑐 + 𝐴𝑏𝑐

𝑎𝑑   𝜔𝑐 ∧ 𝜔𝑑 + 𝐴𝑏𝑐𝑑
𝑎   𝜔𝑐 ∧

𝜔𝑑 + 𝐴𝑏
𝑎𝑐𝑑   𝜔𝑐 ∧ 𝜔𝑑;  

2.  𝑑𝐵    𝑐
𝑎𝑏 = 𝐵    𝑑

𝑎𝑏   𝜃𝑐
𝑑 − 𝐵    𝑐

𝑑𝑏   𝜃𝑑
𝑎 − 𝐵    𝑐

𝑎𝑑   𝜃𝑑
𝑏 +

𝐵    𝑐𝑑
𝑎𝑏   𝜔𝑑 + 𝐵    𝑐

𝑎𝑏𝑑   𝜔𝑑 − 𝐵    𝑐
𝑎𝑏   𝜔;  

3.  𝑑𝐵𝑎𝑏
    𝑐 = −𝐵𝑎𝑏

    𝑑   𝜃𝑑
𝑐 + 𝐵𝑑𝑏

    𝑐   𝜃𝑎
𝑑 + 𝐵𝑎𝑑

    𝑐  𝜃𝑏
𝑑 +

𝐵𝑎𝑏
    𝑐𝑑   𝜔𝑑 + 𝐵𝑎𝑏𝑑

    𝑐   𝜔𝑑 − 𝐵𝑎𝑏
    𝑐   𝜔,  

such that  

𝐴[𝑏𝑐]
𝑎𝑑 − 𝐵    [𝑐𝑏]

𝑎𝑑 − 𝐵    [𝑏
𝑎ℎ   𝐵|ℎ|𝑐]

    𝑑 = 0;     

𝐴𝑏
𝑎𝑐𝑑 − 𝐵    𝑏

𝑎[𝑐𝑑]
+ 𝐵    ℎ

𝑎[𝑐
𝐵    𝑏

|ℎ|𝑑]
= 0;    𝐴[𝑏𝑐𝑑]

𝑎 = 0; 

𝐴𝑎𝑑
[𝑏𝑐]

+ 𝐵𝑎𝑑
    [𝑐𝑏]

+ 𝐵𝑎ℎ
    [𝑏

  𝐵    𝑑
|ℎ|𝑐]

= 0;     

𝐴𝑎𝑐𝑑
𝑏 + 𝐵𝑎[𝑐𝑑]

    𝑏 − 𝐵𝑎[𝑐
    ℎ𝐵|ℎ|𝑑]

    𝑏 = 0;    𝐴𝑎
[𝑏𝑐𝑑]

= 0; 

where all indexes have range from 1 to 𝑛, and 

[⋅ | ⋅ | ⋅] denotes the anti-symmetric operator of the 

involving indexes except | ⋅ |.  
 Denote 𝑅 and 𝑟 the Riemann curvature 

tensor with components 𝑅𝑗𝑘𝑙
𝑖  and Ricci tensor with 

components 𝑟𝑖𝑗 of the 𝐴𝐶𝑅 −manifold respectively, 

where 𝑘, 𝑙 = 0,1, . . . ,2𝑛.  

Theorem 3 
10

 The components of 𝑅 for the 

Kenmotsu type manifold over the AG − structure 

space are given by   

1. 𝑅0𝑐0
𝑎 = −𝛿𝑐

𝑎;     𝑅�̂�𝑐𝑑
𝑎 = 2(𝐵    [𝑐𝑑]

𝑎𝑏 −

𝛿[𝑐
𝑎   𝛿𝑑]

𝑏 );    𝑅�̂�𝑐�̂�
𝑎 = 𝐵    𝑐

𝑎𝑏𝑑 − 𝐵    ℎ
𝑎𝑏   𝐵    𝑐

ℎ𝑑;  

2.   𝑅𝑏𝑐𝑑
𝑎 = 2𝐴𝑏𝑐𝑑

𝑎 ;     𝑅𝑏𝑐�̂�
𝑎 = 𝐴𝑏𝑐

𝑎𝑑 − 𝐵    𝑐
𝑎ℎ   𝐵𝑏ℎ

    𝑑 −

𝛿𝑐
𝑎   𝛿𝑏

𝑑,  

where 𝑅(𝑋, 𝑌)𝑍 = 𝑅𝑗𝑘𝑙
𝑖 𝑋𝑘𝑌𝑙𝑍𝑗𝜀𝑖, and the 

remaining components of 𝑅 are given by the first 

Bianchi identity or the conjugate (i.e. 𝑅𝑗𝑘𝑙
𝑖 = 𝑅

�̂��̂�𝑙
�̂� ) 

to the above components or identical to zero.  

Theorem 4 
10

 The components of 𝑟 for the 

Kenmotsu type manifold over the AG − structure 

space are given as follows:   

1. 𝑟00 = −2𝑛;    𝑟𝑎𝑏 = −2𝐴𝑎𝑏𝑐
𝑐 + 𝐵𝑐𝑎𝑏

    𝑐 −
𝐵𝑐𝑎

    ℎ  𝐵ℎ𝑏
    𝑐;  

2.   𝑟𝑎0 = 0;    𝑟�̂�𝑏 = −2(𝑛𝛿𝑏
𝑎 + 𝐵    [𝑏𝑐]

𝑐𝑎 ) + 𝐴𝑐𝑏
𝑎𝑐 −

𝐵    𝑏
𝑎ℎ   𝐵𝑐ℎ

    𝑐 ,  

where 𝑟(𝑋, 𝑌) = 𝑟𝑖𝑗𝑋𝑖𝑌𝑗 , 𝑟𝑖𝑗 = 𝑟𝑗𝑖 and the 

remaining components of 𝑟 are given by the 

property 𝑟�̂��̂� = 𝑟𝑖𝑗.  

Definition 3 
10

 An ACR −manifold 

(𝑀2𝑛+1, Φ, 𝜉, 𝜂, 𝑔) with Ricci tensor 𝑟, is called   

1. Einstein manifold, if 𝑟𝑖𝑗 = 𝜆𝑔𝑖𝑗, where 𝜆 is an 

Einstein constant.  

2. has Φ −invariant Ricci tensor, if 𝑟𝑎0 = 𝑟𝑎𝑏 = 0.  

Definition 4 
3, 4, 6

 An ACR −manifold 

(𝑀2𝑛+1, Φ, 𝜉, 𝜂, 𝑔) with 𝑅 as Riemann curvature 

tensor, is called   

1. Locally symmetric, if ∇𝑋(𝑅)(𝑌, 𝑍)𝑊 = 0, 

where 𝑋, 𝑌, 𝑍, 𝑊 ∈ 𝑋(𝑀).  

2. Generalized Φ −Recurrent, if there are nonzero 

1 −forms 𝛼 and 𝛽 such that  

Φ2(∇𝑋(𝑅)(𝑌, 𝑍)𝑊)
= 𝛼(𝑋)𝑅(𝑌, 𝑍)𝑊
+ 𝛽(𝑋){𝑔(𝑍, 𝑊)𝑌 − 𝑔(𝑌, 𝑊)𝑍}. 

 

Locally symmetric Kenmotsu type manifolds and 

its weakened version: 

In this section, the Cartan's second structure 

equations in Theorem 2 are differentiated exteriorly 

at the beginning. Then on 𝐴𝐺 −structure space of 

the Kenmotsu type manifold 𝑀2𝑛+1, suitable 

smooth functions exist such that:  

Δ𝐴𝑏𝑐𝑑
𝑎 = 𝐴𝑏𝑐𝑑ℎ

𝑎   𝜔ℎ + 𝐴𝑏𝑐𝑑
𝑎ℎ   𝜔ℎ − 2𝐴𝑏𝑐𝑑

𝑎   𝜔;       (3) 

 Δ𝐴𝑏𝑐
𝑎𝑑 = �̃�𝑏𝑐ℎ

𝑎𝑑   𝜔ℎ + �̃�𝑏𝑐
𝑎𝑑ℎ  𝜔ℎ − 2𝐴𝑏𝑐

𝑎𝑑   𝜔;          (4) 

Δ𝐵    𝑐𝑑
𝑎𝑏 = 𝐵    𝑐𝑑ℎ

𝑎𝑏   𝜔ℎ + 𝐵    𝑐𝑑
𝑎𝑏ℎ   𝜔ℎ − 2𝐵    𝑐𝑑

𝑎𝑏   𝜔;    (5) 

 where ℎ = 1, . . . , 𝑛, and  

  Δ𝐴𝑏𝑐𝑑
𝑎 = 𝑑𝐴𝑏𝑐𝑑

𝑎 + 𝐴𝑏𝑐𝑑
ℎ   𝜃ℎ

𝑎 −

𝐴ℎ𝑐𝑑
𝑎   𝜃𝑏

ℎ − 𝐴𝑏ℎ𝑑
𝑎   𝜃𝑐

ℎ − 𝐴𝑏𝑐ℎ
𝑎   𝜃𝑑

ℎ; 

   Δ𝐴𝑏𝑐
𝑎𝑑 = 𝑑𝐴𝑏𝑐

𝑎𝑑 + 𝐴𝑏𝑐
ℎ𝑑   𝜃ℎ

𝑎 +

𝐴𝑏𝑐
𝑎ℎ   𝜃ℎ

𝑑 − 𝐴ℎ𝑐
𝑎𝑑   𝜃𝑏

ℎ − 𝐴𝑏ℎ
𝑎𝑑   𝜃𝑐

ℎ; 

 Δ𝐵    𝑐𝑑
𝑎𝑏 = 𝑑𝐵    𝑐𝑑

𝑎𝑏 + 𝐵    𝑐𝑑ℎ
ℎ𝑏   𝜃ℎ

𝑎 +

𝐵    𝑐𝑑
𝑎ℎ   𝜃ℎ

𝑏 − 𝐵    ℎ𝑑
𝑎𝑏   𝜃𝑐

ℎ − 𝐵    𝑐ℎ
𝑎𝑑   𝜃𝑑

ℎ. 
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 Now, the components of ∇𝑅 on 𝐴𝐶𝑅 −manifold 

𝑀2𝑛+1 can be established with respect to the metric 

𝑔 from the following identity (12):  

𝑑𝑅𝑖𝑗𝑘𝑙 − 𝑅𝑡𝑗𝑘𝑙   𝜃𝑖
𝑡 − 𝑅𝑖𝑡𝑘𝑙  𝜃𝑗

𝑡 − 𝑅𝑖𝑗𝑡𝑙   𝜃𝑘
𝑡 −

𝑅𝑖𝑗𝑘𝑡   𝜃𝑙
𝑡 = 𝑅𝑖𝑗𝑘𝑙,𝑡   𝜔𝑡;                                         (6) 

 where 𝑅(𝑋, 𝑌, 𝑍, 𝑊) = 𝑔(𝑅(𝑍, 𝑊)𝑌, 𝑋), 𝑅𝑖𝑗𝑘𝑙 =

𝑅𝑗𝑘𝑙
�̂� , 𝑡 = 0,1, . . . ,2𝑛 and  

𝑅𝑖𝑗𝑘𝑙,𝑡 = 𝑔(∇𝜀𝑡
(𝑅)(𝜀𝑘 , 𝜀𝑙)𝜀𝑗, 𝜀𝑖). 

Theorem 5  The components of ∇𝑅 on 

AG −structure space of the Kenmotsu type manifold 

𝑀2𝑛+1 are given by   

1. 𝑅𝑎0𝑏0,0 = 𝑅𝑎0𝑏0,ℎ = 𝑅𝑎0𝑏0,ℎ̂ = 0;  

2. 𝑅�̂�0𝑏0,0 = 𝑅�̂�0𝑏0,ℎ = 𝑅�̂�0𝑏0,ℎ̂ = 0;  

3. 𝑅𝑎0𝑏𝑐,0 = 𝑅𝑎0𝑏𝑐,ℎ = 0;    𝑅𝑎0𝑏𝑐,ℎ̂ = 2𝐴𝑎𝑏𝑐
ℎ ;  

4. 𝑅�̂�0𝑏𝑐,0 = 0;    𝑅�̂�0𝑏𝑐,ℎ = −2𝐴ℎ𝑏𝑐
𝑎 ;  𝑅�̂�0𝑏𝑐,ℎ̂ =

−2𝐵    [𝑏𝑐]
𝑎ℎ ;  

5. 𝑅𝑎0�̂�𝑐,0 = 0;    𝑅𝑎0�̂�𝑐,ℎ = −2𝐴𝑐𝑎ℎ
𝑏 ;    𝑅𝑎0�̂�𝑐,ℎ̂ =

−𝐴𝑎𝑐
ℎ𝑏 + 𝐵    𝑐

ℎ𝑑   𝐵𝑎𝑑
    𝑏;  

6. 𝑅𝑎𝑏𝑐𝑑,0 = 𝑅𝑎𝑏𝑐𝑑,ℎ = 0;    𝑅𝑎𝑏𝑐𝑑,ℎ̂ =

4{𝐵𝑓[𝑎
    ℎ  𝐴𝑏]𝑐𝑑

𝑓
+ 𝐵𝑓[𝑐

    ℎ  𝐴𝑑]𝑎𝑏
𝑓

};  

7. 𝑅�̂�𝑏𝑐𝑑,0 = −4𝐴𝑏𝑐𝑑
𝑎 ;     𝑅�̂�𝑏𝑐𝑑,ℎ = 2𝐴𝑏𝑐𝑑ℎ

𝑎 ;  

8. 𝑅�̂�𝑏𝑐𝑑,ℎ̂ = 2{𝐴𝑏𝑐𝑑
𝑎ℎ + 𝐵    [𝑐𝑑]

𝑎𝑓
  𝐵𝑓𝑏

    ℎ +

𝐴𝑏[𝑐
𝑎𝑓

  𝐵|𝑓|𝑑]
    ℎ + 𝐵𝑓[𝑐

    ℎ  𝐵    𝑑]
𝑎�̃�

  𝐵
𝑏�̃�

    𝑓
  };  

9.  𝑅�̂�𝑏𝑐�̂�,0 = −2{𝐴𝑏𝑐
𝑎𝑑 − 𝐵    𝑐

𝑎𝑓
  𝐵𝑏𝑓

    𝑑  };  

10.  𝑅�̂�𝑏𝑐�̂�,ℎ = 2𝐴𝑏𝑐𝑓
𝑎   𝐵    ℎ

𝑓𝑑
− 2𝐴𝑐𝑓𝑏

𝑑   𝐵    ℎ
𝑓𝑎

−

𝐵    𝑐
𝑎𝑓

  𝐵𝑏𝑓ℎ
    𝑑 − 𝐵𝑏𝑓

    𝑑   𝐵    𝑐ℎ
𝑎𝑓

+ �̃�𝑏𝑐ℎ
𝑎𝑑 ;  

11.   𝑅�̂�𝑏𝑐�̂�,ℎ̂ = �̃�𝑏𝑐
𝑎𝑑ℎ − 𝐵𝑏𝑓

    𝑑  𝐵    𝑐
𝑎𝑓ℎ

− 𝐵    𝑐
𝑎𝑓

  𝐵𝑏𝑓
    𝑑ℎ +

2𝐴𝑐
𝑑𝑎𝑓

  𝐵𝑓𝑏
    ℎ − 2𝐴𝑏

𝑎𝑓𝑑
  𝐵𝑓𝑐

    ℎ;  

12.   𝑅�̂��̂�𝑐𝑑,0 = −4𝐵    [𝑐𝑑]
𝑎𝑏 ;     𝑅�̂��̂�𝑐𝑑,ℎ = 2𝐵    [𝑐𝑑]ℎ

𝑎𝑏 +

4𝐵    ℎ
𝑓[𝑏

  𝐴𝑓𝑐𝑑
𝑎]

;  

13.   𝑅�̂��̂�𝑐𝑑,ℎ̂ = 2𝐵    [𝑐𝑑]
𝑎𝑏ℎ + 4𝐵𝑓[𝑑

    ℎ  𝐴𝑐]
𝑓𝑎𝑏

;  

Proof. The results follow from the equation (6) by 

taking  

(𝑖, 𝑗, 𝑘, 𝑙) = (𝑎, 0, 𝑏, 0), (�̂�, 0, 𝑏, 0), (𝑎, 0, 𝑏, 𝑐), 
                                   

(�̂�, 0, 𝑏, 𝑐), (𝑎, 0, �̂�, 𝑐), (𝑎, 𝑏, 𝑐, 𝑑), 
                                            

(�̂�, 𝑏, 𝑐, 𝑑), (�̂�, 𝑏, 𝑐, �̂�), (�̂�, �̂�, 𝑐, 𝑑); 
 and using the Theorem 3 and the equation (2). For 

instance, if (𝑖, 𝑗, 𝑘, 𝑙) = (𝑎, 0, 𝑏, 0), then the 

equation (6) given by  

𝑑𝑅𝑎0𝑏0 − 𝑅𝑡0𝑏0  𝜃𝑎
𝑡 − 𝑅𝑎𝑡𝑏0  𝜃0

𝑡 − 𝑅𝑎0𝑡0  𝜃𝑏
𝑡

− 𝑅𝑎0𝑏𝑡  𝜃0
𝑡 = 𝑅𝑎0𝑏0,𝑡  𝜔𝑡. 

The above equation can be simplified by using the 

Theorem 3 and the equation (2) as the following:  

𝑅𝑎0𝑏0,𝑡  𝜔𝑡 = −𝑅ℎ̂0𝑏0  𝜃𝑎
ℎ̂ − 𝑅𝑎0ℎ̂0  𝜃𝑏

ℎ̂; 

    = 𝛿𝑏
ℎ  𝜃𝑎

ℎ̂ + 𝛿𝑎
ℎ  𝜃𝑏

ℎ̂; 

    = 𝜃𝑎
�̂� + 𝜃𝑏

�̂� = 0. 

 So, 𝑅𝑎0𝑏0,ℎ  𝜔ℎ + 𝑅𝑎0𝑏0,ℎ̂  𝜔ℎ + 𝑅𝑎0𝑏0,0  𝜔 = 0 

and then  

𝑅𝑎0𝑏0,ℎ = 𝑅𝑎0𝑏0,ℎ̂ = 𝑅𝑎0𝑏0,0 = 0. 

The same technique was used for the other cases, 

while for some cases, the equations (3), (4), or (5) 

must be used. For example, if (𝑖, 𝑗, 𝑘, 𝑙) =
(�̂�, 𝑏, 𝑐, 𝑑), then the equation (6) given by  

𝑑𝑅�̂�𝑏𝑐𝑑 − 𝑅𝑡𝑏𝑐𝑑   𝜃�̂�
𝑡 − 𝑅�̂�𝑡𝑐𝑑   𝜃𝑏

𝑡 − 𝑅�̂�𝑏𝑡𝑑   𝜃𝑐
𝑡

− 𝑅�̂�𝑏𝑐𝑡  𝜃𝑑
𝑡 = 𝑅�̂�𝑏𝑐𝑑,𝑡  𝜔𝑡. 

From the Theorem 3, it follows that 

𝑅�̂�𝑏𝑐𝑑,𝑡   𝜔𝑡 = 2𝑑𝐴𝑏𝑐𝑑
𝑎 − 𝑅ℎ̂𝑏𝑐𝑑   𝜃�̂�

ℎ̂ − 𝑅�̂�ℎ𝑐𝑑  𝜃𝑏
ℎ

− 𝑅�̂�ℎ̂𝑐𝑑   𝜃𝑏
ℎ̂ − 𝑅�̂�𝑏ℎ𝑑  𝜃𝑐

ℎ

− 𝑅�̂�𝑏ℎ̂𝑑   𝜃𝑐
ℎ̂ − 𝑅�̂�𝑏𝑐ℎ  𝜃𝑑

ℎ

− 𝑅�̂�𝑏𝑐ℎ̂   𝜃𝑑
ℎ̂; 

 = 2Δ𝐴𝑏𝑐𝑑
𝑎 − 𝑅�̂�ℎ̂𝑐𝑑   𝜃𝑏

ℎ̂ − 𝑅�̂�𝑏ℎ̂𝑑  𝜃𝑐
ℎ̂ − 𝑅�̂�𝑏𝑐ℎ̂   𝜃𝑑

ℎ̂; 

 = 2Δ𝐴𝑏𝑐𝑑
𝑎 − 𝑅�̂��̂�𝑐𝑑  𝜃𝑏

�̂�
+ 𝑅�̂�𝑏𝑑�̂�  𝜃𝑐

�̂�
− 𝑅�̂�𝑏𝑐�̂�  𝜃𝑑

�̂�
; 

 where 𝑓 = 1,2, . . . , 𝑛. According to the equation 

(2), 𝜃𝑏
�̂�

= −𝐵𝑓𝑏
    ℎ  𝜔ℎ. So regarding Theorem 3, the 

equation (3) and the previous results, the following 

is obtained:  

 𝑅�̂�𝑏𝑐𝑑,0 = −4𝐴𝑏𝑐𝑑
𝑎 ; 

 𝑅�̂�𝑏𝑐𝑑,ℎ = 2𝐴𝑏𝑐𝑑ℎ
𝑎 ; 

 𝑅�̂�𝑏𝑐𝑑,ℎ̂ =

2{𝐴𝑏𝑐𝑑
𝑎ℎ + 𝐵    [𝑐𝑑]

𝑎𝑓
  𝐵𝑓𝑏

    ℎ + 𝐴𝑏[𝑐
𝑎𝑓

  𝐵|𝑓|𝑑]
    ℎ +

𝐵𝑓[𝑐
    ℎ  𝐵    𝑑]

𝑎�̃�
  𝐵

𝑏�̃�

    𝑓
  }. 

 Now, since the proof of the remaining results 

becomes obvious, it is deleted.  

Theorem 6  The Kenmotsu type manifold 𝑀2𝑛+1 is 

locally symmetric if and only if, the following 

conditions hold:  

𝐴𝑏𝑐𝑑
𝑎 = 0;    𝐵    [𝑐𝑑]

𝑎𝑏 = 0;    𝐴𝑏𝑐
𝑎𝑑 = 𝐵    𝑐

𝑎ℎ   𝐵𝑏ℎ
    𝑑 . 

Proof. Suppose that 𝑀2𝑛+1 is locally symmetric, 

then ∇𝑈(𝑅)(𝑍, 𝑊)𝑌 = 0, thus giving:  

𝑔(∇𝑈(𝑅)(𝑍, 𝑊)𝑌, 𝑋) = 0;    ∀  𝑋, 𝑌, 𝑍, 𝑊, 𝑈
∈ 𝑋(𝑀). 

Therefore, the components 𝑅𝑖𝑗𝑘𝑙,𝑡 are identically 

zero for all 𝑖, 𝑗, 𝑘, 𝑙, 𝑡 = 0,1, . . . ,2𝑛. Regarding 

Theorem 5 gives 𝐴𝑏𝑐𝑑
𝑎 = 0; 𝐵    [𝑐𝑑]

𝑎𝑏 = 0; and 

𝐴𝑏𝑐
𝑎𝑑 = 𝐵    𝑐

𝑎ℎ   𝐵𝑏ℎ
    𝑑. Conversely, if 𝐴𝑏𝑐𝑑

𝑎 =

0;    𝐵    [𝑐𝑑]
𝑎𝑏 = 0;    𝐴𝑏𝑐

𝑎𝑑 = 𝐵    𝑐
𝑎ℎ   𝐵𝑏ℎ

    𝑑, then Δ𝐴𝑏𝑐𝑑
𝑎 =

0; Δ𝐵    [𝑐𝑑]
𝑎𝑏 = 0; and  

Δ𝐴𝑏𝑐
𝑎𝑑 = {𝐵    𝑐

𝑎𝑓
  𝐵𝑏𝑓ℎ

    𝑑 + 𝐵𝑏𝑓
    𝑑   𝐵    𝑐ℎ

𝑎𝑓
}𝜔ℎ

+ {𝐵𝑏𝑓
    𝑑  𝐵    𝑐

𝑎𝑓ℎ
+ 𝐵    𝑐

𝑎𝑓
  𝐵𝑏𝑓

    𝑑ℎ}𝜔ℎ

− 2𝐴𝑏𝑐
𝑎𝑑   𝜔. 

Therefore, regarding the equations (3), (4), and (5) 

and Theorem 5, 𝑅𝑖𝑗𝑘𝑙,𝑡 = 0 is obtained. Then 

𝑀2𝑛+1 is locally symmetric.  

Theorem 7  The locally symmetric Kenmotsu type 

manifold 𝑀2𝑛+1 is an Einstein manifold with 
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𝜆 = −2𝑛 if and only if the following condition 

holds:  

𝐵𝑐𝑎𝑏
    𝑐 = 𝐵𝑐𝑎

    ℎ  𝐵ℎ𝑏
    𝑐. 

Proof. Suppose that 𝑀2𝑛+1 is an Einstein manifold 

with 𝜆 = −2𝑛, then, from Definition 3 and equation 

(1), the following is obtained:  

𝑟00 = −2𝑛;    𝑟𝑎0 = 𝑟𝑎𝑏 = 0;    𝑟�̂�𝑏 = −2𝑛𝛿𝑏
𝑎. 

Since 𝑀2𝑛+1 is locally symmetric Kenmotsu type 

manifold, Theorem 4 and 6 and the above relations 

lead to the following condition. Conversely, if the 

condition is valid, then the conditions of the 

Theorem 6 with the Theorem 4 lead to the result.  

Corollary 1  The locally symmetric Kenmotsu type 

manifold 𝑀2𝑛+1 is an Einstein manifold with 

𝜆 = −2n if and only if 𝑀2𝑛+1 has Φ −invariant 

Ricci tensor.  

Proof. The assertion of this corollary follows from 

the Definition 3 and Theorem 7.  

 Now, suppose that (𝑀2𝑛+1, Φ, 𝜉, 𝜂, 𝑔) is 

generalized Φ −recurrent 𝐴𝐶𝑅 −manifold, then 

∀  𝑈, 𝑊, 𝑌, 𝑍 ∈ 𝑋(𝑀) gives the following:  

Φ2(∇𝑈(𝑅)(𝑍, 𝑊)𝑌)
= 𝛼(𝑈)𝑅(𝑍, 𝑊)𝑌
+ 𝛽(𝑈){𝑔(𝑌, 𝑊)𝑍 − 𝑔(𝑌, 𝑍)𝑊}. 

Since for all 𝑋 ∈ 𝑋(𝑀), the following holds true:  

𝑔(Φ2(∇𝑈(𝑅)(𝑍, 𝑊)𝑌), 𝑋)
= 𝑔(∇𝑈(𝑅)(𝑍, 𝑊)𝑌, Φ2(𝑋)); 

             = −𝑔(∇𝑈(𝑅)(𝑍, 𝑊)𝑌, 𝑋) +
𝜂(𝑋)𝑔(∇𝑈(𝑅)(𝑍, 𝑊)𝑌, 𝜉), 
 then the components of the generalized 

Φ −recurrent 𝐴𝐶𝑅 −manifold are: 

−𝑅𝑖𝑗𝑘𝑙,𝑡 + 𝜂𝑖  𝑅0𝑗𝑘𝑙,𝑡 = 𝛼𝑡   𝑅𝑖𝑗𝑘𝑙 + 𝛽𝑡{𝑔𝑖𝑘  𝑔𝑗𝑙 −

𝑔𝑖𝑙   𝑔𝑗𝑘}.                                                                (7) 

 So, if 𝑀2𝑛+1 is the manifold of Kenmotsu type, 

then regarding Theorem 3 and equation (1), 

equation (7) becomes as follows:   

1.   𝑅𝑎0𝑏0,𝑡 = 0;  

2.   𝑅�̂�0𝑏0,𝑡 = 𝛼𝑡   𝛿𝑏
𝑎 − 𝛽𝑡   𝛿𝑏

𝑎;  

3.   𝑅𝑎0𝑏𝑐,𝑡 = 0;  

4.   𝑅�̂�0𝑏𝑐,𝑡 = 0;  

5.   𝑅𝑎0�̂�𝑐,𝑡 = 0;  

6.   𝑅𝑎𝑏𝑐𝑑,𝑡 = 0;  

7.   𝑅�̂�𝑏𝑐𝑑,𝑡 = −2𝛼𝑡  𝐴𝑏𝑐𝑑
𝑎 ;  

8.   𝑅�̂�𝑏𝑐�̂�,𝑡 = 𝛼𝑡(−𝐴𝑏𝑐
𝑎𝑑 + 𝐵    𝑐

𝑎ℎ   𝐵𝑏ℎ
    𝑑 + 𝛿𝑐

𝑎  𝛿𝑏
𝑑) −

𝛽𝑡   𝛿𝑐
𝑎  𝛿𝑏

𝑑;  

9.   𝑅�̂��̂�𝑐𝑑,𝑡 = 2𝛼𝑡(−𝐵    [𝑐𝑑]
𝑎𝑏 + 𝛿[𝑐

𝑎   𝛿𝑑]
𝑏 ) −

2𝛽𝑡  𝛿[𝑐
𝑎   𝛿𝑑]

𝑏 .  

 Regarding Theorem 5, from item 2 in the 

above discussion, 𝛼𝑡 = 𝛽𝑡 is obtained, implying that 

the 1-forms 𝛼 and 𝛽 must be equal. Moreover, 

combining the above items again with Theorem 5 

leads to deducing the following theorem:  

Theorem 8  The Kenmotsu type manifold 𝑀2𝑛+1 is 

a manifold of generalized Φ −recurrent curvature if 

and only if the following conditions hold:  

𝛼 = 𝛽;    𝐴𝑏𝑐𝑑
𝑎 = 0;    𝐵    [𝑐𝑑]

𝑎𝑏 = 0;    𝐴𝑏𝑐
𝑎𝑑

= 𝐵    𝑐
𝑎ℎ   𝐵𝑏ℎ

    𝑑. 
Corollary 2  The Kenmotsu type manifold 𝑀2𝑛+1 

is locally symmetric if and only if 𝑀2𝑛+1 is a 

generalized Φ −recurrent with 𝛼 = 𝛽.  

Proof. The result follows from Theorem 6 and 

Theorem 8.  

Theorem 9  The Kenmotsu type manifold 𝑀2𝑛+1 

satisfies the following relations:   

1.  𝑔(∇𝜉(𝑅)(𝑍, 𝑊)𝑌, 𝑋) = −2𝑔(𝑅(𝑍, 𝑊)𝑌 +

𝑔(𝑌, 𝑊)𝑍 − 𝑔(𝑌, 𝑍)𝑊, 𝑋);  

2.  𝑔(∇𝑈(𝑅)(𝑍, 𝑊)𝜉, 𝑋) = −𝑔(𝑅(𝑍, 𝑊)𝑈 +
𝑔(𝑈, 𝑊)𝑍 − 𝑔(𝑈, 𝑍)𝑊, 𝑋);  

3.   𝑔(∇𝑈(𝑅)(𝑍, 𝜉)𝑌, 𝑋) = −𝑔(𝑅(𝑍, 𝑈)𝑌 +
𝑔(𝑌, 𝑈)𝑍 − 𝑔(𝑌, 𝑍)𝑈, 𝑋).  

Proof. Since the components of 

𝑔(∇𝜉(𝑅)(𝑍, 𝑊)𝑌, 𝑋), 𝑔(∇𝑈(𝑅)(𝑍, 𝑊)𝜉, 𝑋) and 

𝑔(∇𝑈(𝑅) (𝑍, 𝜉)𝑌, 𝑋) are 𝑅𝑖𝑗𝑘𝑙,0, 𝑅𝑖0𝑘𝑙,𝑡 and 𝑅𝑖𝑗𝑘0,𝑡, 

respectively, the claim of the present theorem is 

achieved from Theorem 5, Theorem 3 and equation 

(1). 

 

Conclusion: 
 The present paper concludes that the locally 

symmetric, Φ − recurrent and the generalized Φ − 

recurrent properties can be studied for any 𝐴𝐶𝑅 − 

manifold in a simple way, represented by 𝐴𝐺 − 

structure space. Also, the axis of the present study 

required components of the Riemannian curvature 

tensor which computed on the 𝐴𝐺 − structure space 

and the remaining results were established from 

them.   
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𝚽 تعميم متكرر حول  لمنطويات من نوع كينموتسو −

 
محمد يوسف عباس

1
حبيب مطشر عبود                

2
 

 
1

 .كلية العلوم، جامعة البصرة، البصرة، العراققسم الرياضيات،  
2

 .كلية التربية للعلوم الصرفة، جامعة البصرة، البصرة، العراققسم الرياضيات،  

 

 الخلاصة:

Φتعميم متكررالبحث الحالي يدرس  لمنطويات من النوع كينموتسو. هذا البحث عمل على تحديد مركبات المشتقة الاتجاهية لتنسر  −

Φمتكررالانحناء الريماني. بالإضافة الى ذلك، استنتجت الشروط التي تجعل المنطويات من نوع كينموتسو متناظرة محلياً او تمتلك تعميم  − 

Φمتكررمن النوع كينموتسو المتناظرة محلياً تكون تعميم البحث ايضاً استنتج بان المنطويات  تحت شرط مناسب والعكس بالعكس. أضف  −

 الى ذلك، استنتاج الدراسة للعلاقة بين منطويات اينشتاين ومنطويات متناظرة محلياً من نوع كينموتسو. 

 

Φمنطويات متكررمنطويات اينشتاين، تعميم كلمات المفتاحية: ال ، منطويات كينموتسو.−

 

 

 


