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ABSTRACT

In this paper We introduce some new types of almost bi-periodic points in
topological bitransformation groups and their effects on some types of minimaliy in

topological dynamics.

INTRODUCTION

Let X be a topological space, A
be any subset of X. the sets A. A and
A" denote the interior, closure and
complement  of A respectively. A s
called semi-open in X il AgA {10]
then AY s called semi-closed |6] such
that every open selin X is semi-open
set and cvery closed setin X is semi-
closed set . A subset Ny of X is called a
semi-neighborhood {s.nbd} of a point
xeX if there exists a semi-cpen set A
in X st xeAgN, [2] . every nbhis
semi-nbh. The smaltest semi-closed set
containing A is called the semi-closure
of A {scl AY[2] 5.t A is semi-closed set
i AsselA and sclAc AL pe X s called
a  semi-limit
AU {ph#@for cach semi- open set
UcX which is contaming p [2] . A
family (@ of semi-open subsets of X is
called a semi-open cover of X i X is a
subset of the union of clements of (@
and X is called a semi-compact space
if  every  semi-open  cover of X
containing a inite sub cover |31, every

point  of A i

semi-compact set is compact, X is
called locally semi- compact space if
for every xe X there exist a s.nbh Ux is
compact sct. {I'G is a topological group
and AcG then A is called a left
syndatic sct i there exists a compacl
sel KcG sl G=AK and BcG is called
a right syndatic set iIfG=KB [4],is
called left semi- syndatic set il there
exists a scmi-compact set KG st
G=AK similar B is called right semi-
syndatic sct if G=KB [1] ,every semi
syndatic set is syndatic. 1f (X, G,n) is
a right (opological transformation
group (0, 11 X) is a left topological
transformation  group then (I, X, (3) is

called right-left topological
bitransformation group (T.B.G) if
satisfy the condition:

{(hx)e=(0(hx1.g)n=0(h,(x,g)n=h(xg)
forevery xe X hell peG .
Definition 1: Let (I1. X, G) be a
T.B3.G and AcX then A is called a bi-
invariant sct under G and 11 if
HAGCA.
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Definition 2: Let (FLX.Gybe a1 3.G
and xeX then the sel TIxG=hxg |
peGhel} iscalled thebi-ovbit of x
under G and I, the set HxG s called
the bi-orbit elosure of x under G and
H and scl (HxG)is called an bi-orbit
semi-closure of x under G and 1,
Lemma 1: bet(LX.Gybeal .G,
AcX and geG heH thenTiAg=hAg.
Proof: Ii is obvious.

Lemma 2: et (X, G)bea ILB.G,
AcX and A is bi-invariant sct then A
is bi-invariant sel .

Proof: BBy using lemma L.
Proposition 11 Let (ILX,G) be a
1.13.G  then the ollowing stateiments
arc true:

1Y I xeX then the bi-orbit ol xisa

smallest  bi-invarianl  subset ol X
contain x.
2y xeX and yellxG. then

HxG=11yG. L

33} I xe X then the bi-orbit closure of x
is a smallest bi-invariant subsct of X
conlain x.

4) I xeX
HxGohyG.
5yThe class of all bi-orbit closure under
G oand H covered X,

Proof:

(1) Let HxG o be the bi-erbii of x then
HEIGG=TxGooe HxG s bi-invariant
sel. Lot AcHxG and A is bi-invariant
st xeA, lel aellxG - A then there
exist a pe@, hell st a=hxg but this
contradiction.

(2) Since yellxG then there exst a
pe(i sl y=hxp e, x=htap this
maians  xellyG oand NGy G othen
HxG=11yG. —
(3) Since HxG cixG then Hx@risa
smaltest closed set contain x and the
closed ol br-invariant set 1s bi-invarian
set then HxG i1s smallest closed bi-
Invariant set conlain x.

(4) It is obvious.

and ye!Z\I‘r then

uma for Scienee .
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(5) lLet du={1IxG] then
X=UlIxGel G =l
Definition 3: Lot (11, X, G) be a

TB.G and McX then M s called a by-

N

Xe

minimal set {by-minimal set} In
TBR.G i satisly  the  following
conditions:

(DM=2E, M is closed {semi-closed}
bi-invariant  set. (2} M is not
containing  closed  {semi-closed}
bi-invariant subsel.

Proposition 2: Let (1, X, G) be a

T.B.G, and McX then the following

statements are equivalient:

(1) M is by-iminimal sct.

(DM M-+ IxG [or every xeM.

(3IM=Z, M s closed and M={IUG

for every nonempty  open subsct U of

M.

Proof:

(1}>(2) Since M is bj-minimal set

then M s h-invariant sctand closed,

this_means [IxGeM and HxGeM. I

HxG#M means M is not bj-minimal

sel then TExG =M.

(231} Since MG and M=11xG then

M is b-invariant set, i AcM closed by~

invariant then there exist a €A st

M- Tal, this lead to MoA e Mo AL

()y->(1y N s by-mvariant  set

(HIMG=H11UGG=HUG=M). Let AcM

and A= | ciosed and bi-invariant set

then M-A s open set in M and (M-

AG=M 1. there exist x,yeM st

xeAyeM-A and geG.hell st y=hxg

this means ve A and M=A.

(=) M is b= minimal set and

UeM non-cmpty  open  set,  then

HUGCHMG =M and M-HUG M s

closed set. [ xeM-HUG and geG,

hell st hxzeltUG then HTHIUGE™

this means M Is contain UG by-
minimal  set but this contradiction then
M=HUCG .

Lemma 3: Let (I, X.G)ybeuTB.G.
AB.CeX are compact sets then ABC
is compact subset of X.
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Proof: Since 0:1D(Xx(ha X is
continuous  map and since, A, B3, C are
compact sets and Q(CxAB) =CAB s
compact set under continuous map.
Remark: We  con the  ahove
proposition 1o ba-minimal set with take
difference o by-minimal.

Definition 4:1ct (ILX.G) be a
TB.G and xeX then x is called by-
almost periodic point (by) if for every
nbh U of x there exist aleft syndalic
sei A Gand right syndatic set B3]
s BxActh

Proposition 3: lct (11L.X.()
T.B.G X s T locally compact space
and xeX  then x 15 by HTTING is by-
minimal compact subset of X,

Proof: > lLetxheab point. Ux be a
nbh ol x then there exist a left syndatic

usce

be @

set AcG and right svndatic set BgG
sl BxACUL Since AL B are svadaltic
set this means there exist two compact
set KexGl It s G AR TT--HY and
NG IBx ARG By enuma (3)
JULK s compact subset of Ih-space
then it s closed  sel
[xGeJUK and 1TxG s compact.
It yellxG o then  HyGalIxG
yelU K this means there cxist uelly
kel and jel st v=juk and s
elly then HyGmill =260 hence. x isa
limit point of TIvG and xalTvG then

[fence.

1.€.

HxGrois be-minmmal compact subset of

X. ‘

Lot HxG o be o by-minimal compacl
subset of X . 1et Uy be a nbh ol x in X,
CSmee TINGEHXGCHUG then there
exist n sets BoGulicil s,
HIxGIUE. tlencer HUG is an open
cover HxGo then ils contain a linfte
subcover FLIE.

[inite

For every geG and hell there exist a
nelllel and el s.4. hxe=lue.

Let A={glhxpgelll. B={hlhxgell! we
prove A w1 are right lelt syndatic
scts respectively.  Since hxg=lue this
leads to Mhxge ' =u then Mhxae! et

N ) ko )]

and geAll and helD then G=AL,
H=FDB. Since [T and I are {inite set then
A s left syndatic set and B is right
syhdatic sel.

‘Then x is by-ulmost periodic point.
Definition B:ilct (M, X, G) be a
T.B.G and ~xeX then x is called by-
almost periodic point (by) if for every
nbh U of x there exist a {efl semi-
syndatic st Ag G and right semi-
syndatic set B s.t. BxAc:U.
Proposition 4. lct (Il, X, G) be a
THB.G, X is Ta locally semi-compact
space  and  xeX is by point then
scl(1xG) s by-minimal semi-compact
subset of X .

Proof: Similarly of first part of
proposition 3 by supposing xeX isab;
point and using the statement “every
nbh is semi-nbh and change compact
sel by semi-compact™,

Proposition 5: let (H. X, G) be a
T.13.3, sel{Hx(is  ba-minimal
semi-compacel subset of X then xe X is
hz 5

and

Proof: Simularly of second part of
proposition 3.

Definition é: Let (11, X, G) be a
TB.G and xeX then x is called by-
almost periodic point (b;) if for every
nblh U of » there exist a left semi-
syiddatic set A G and right syndatic
set Bol st BxAc UL

Proposition 6: Let (H, X, G) be a
TBR.G, Xois 1 locally compact space
and xeX 1s by point then HxG is by-
minital compact subset of X.

Proof: Sinilarly of first parts of
proposition > by use the statement in
introduction “every semi-syndatic set
is syndatic™.

Proposition 70 Let (H, X, G) be a
T.83.G, scl{HxGlis  by-minimal

semi-compacl subset of X then xeX is
by

and



Proof: Similarly
proposition 3 by usc the stalement
“every apen set s semi-open’.

The definition of by point (bi-almosl
periodie point) is similar of by point by
suppose A s lell syndatic set and B s
righl - semi-syndatic set and we can
satisly propositions 6,7 by usc it.
Definition 7: Let (I, X, G) be a
T .G and xeX then x is called bs-
almost periodic point (b if for every
semi-nbh U of x there exist a tell semi-
syndatic sel Ag G and right semi-
syndatic set Bl .t ByAct,
Proposition 8: l.cl (1, X. () be a
TB.G, Xos T locally semi-compact
space  and  xeX is bs point then
scl{lxG) i3 by-minimal semi-compact
subsct ol X .

Proof: Similarly ol
proposition 3.
Proposition 9: let (H, X, G) be a
TB.G, and  scl(FIxGiis bz-minimal
semi-compaed subset of X then xe Xois
bs .

[irst

Proof: Similarly of sccond purl of

“

proposition 3 by suppose sel{HxG) be

a ba-minimal semi-compact subset off

X oand let Uy be a semi-nbh of x in X
Definition 8: Let (11, X, ()
TBR.G and xeX then x ts calted bg-
almost periodic point (be) il lor every
scmi-nbh U of x there exist a lell
syndatic set Ag G oand right syndalic
sct BCH st BxAgUL

Proposition 10: lel (1. X, Gibea
TA3.G, X s Ty ocally semi-compact
space  and  xeX is b, point then
scl(iIx(h) 15 br-minhmal scmi-compact
subset of X .

Proof: L.et x be a b, poinl, Uxbea
semi-nbh semi-compact of x then there
exist a lelt syndatic set A and right
syndatic set BcG st BxAcU, Since
A, B are syndatic set this means there
exist two compactl set K, Jell s

G=AK, H=J113 and

be a

of sccond purt of

parts of
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HxG=IBxANcIUK. By Lemma (3)
JUK  is compact subset ol Tr-space
then it 1 closed FHence,
scH{x(Hc)U (K and sclitIxG) is semi-
caompict.

sel,

I yescl(dIxG) then scl(llyG) csel
(1xG) 1.c. yelUK this means there
exist uell, keK and jel s.t. y=juk
and u= 'y €Uy then HyGrU =@
JBenee, x s cosemi-limit points of Ty G
and xescl(liyG) then scl(1IxG) is ba-
minimal senui-compact subset of X,
Proposition 11: Let (I, X, G) be a
T.B.G, and  scl{tsG)is  by-minimal
semi-compuet subset of X Jthen xe X is
bi .

Proof: Let sci{Hx(G) be a by-minimal
semi-compact subsct of X . Let Ug be a
semi-nbh ol ~ in X,
HxGesel(HIxOyc UG then
there exist & finite sets EcGl'cll s
HxGoPUL. Hence, HUG 15 an semi-
open cover ol scl(fxG) then its contain
a finite subcover FUE.

sSince

For every @G oand hell there exist a
ueUfel” and celi s hxg=luc.l.ct
A=lplhxgelt},  B={hlhxgel] we
prove A and B3 are right, lelt semi-
syndalic respectively.  Since
hxg=fue this leads to [Mhxge'=u then
flhxge! et’ and geAL and helB
then G=ALL H=I'B. Since I and I are
finite set then A s lefl semi -syndatic
set and B is right semi syndatic set.
Then x 1s be-nlmost periodic point.
Definition 9:let (1, X. G) be a
TB.G and ~eX then x s called by-
almost periodic point (b2 il for every
scmi-nbh U olx there exist a left semi-
syndatic sel Ac G and right syndatie
sel Bl s BxAcU.

Proposition 12: Lt ¢ll. NX. G)bea
T.B.G, X is T locally semi-compact
space and  xeX is b» poun then
scl{1{xG) is ba-minimal semi-compact
subset of X .

sels
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Proof: Similarly of first part of
proposition10 by suppose A is syndatic
sct.

Proposition 13: Let (11, X,
.G, and  scl(HxGYs bz-minimal
semi-compact subset of X then xe X is
hy .

Proof: Similarly of second part of
proposition 11.

the definition of bg point (bg-aimost
periodic point) is simifar of by point by
stuppose A i3 Jeft syndatic st and B is
right semi-syndatic set and we can
satisfy propositions 12,13 by use it

(i) be a
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