Um-Salama Science Journal

N

Yol 2 (2) 2440

Oscillation of The Per Capita Growth Rate

Adil Mahmood

R

Hussain A. Mohamad

&R A

Njlaa L. Tawfiq

Date of acceptance 11/10/2004

Abstract

In this paper, equations ol the per capita growth rate are considered. Sutlicient
conditions for Oscillation of all solutions are obtained. The asymptotic behavior of the

nonoscillatory solutions ts investligated.
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Introduction.

In this paper we discussed the
Oscillation  of the per capita growth
rate” which is o delay dilferential
equation transformed to a neutral delay
differential equation of first
order. Consider the classical delay
logistic equation [10].
W@ =rNon -

which investigated in this paper,
per capita growth rate

the
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where  N(f)  denotes the density of

population at time ¢, r is the growth

rale and K is the carrying capacity of

the environment. r{f) denotes Lhe

feedback mechanism, which responds
to  changes in the size of the
population. In {10} assumed that the
per capita growth rate A(f) is given by
h(ty=h, ()= h, (1), where

Iy ()= r]1~ N(i( ).

, 15 the per
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capita  prowth raie associated  with
density dependence, and
o Neun ;
h (1) ¢ .18 the per capita
N{z(())

growth rate  assoctated with per capita
growth rate at time o). This feads to

the neutral delay ditierential cquation
N
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Where
rok e (0w, oty e Ol 0,m) 0.0,
and ¢obowney s An alternatlive:

model may be obtaimed by considering

the  growih rates rather than the per

capita growth ratcs, this leads to the

neutral delay differential equation
Ny =

\{.run N )
S

Nyl -
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with Eq. (1) and (2) one associates an
initial condition of the form

N =¢@1), —y(0)<t<0 with
y{t) = max{c (1), 7(£)}, where  the
initial function #(1) satisty the

following condition :
#OeCI-rOOLRY). $(n)>0 lor
-y(1)s1<0,
.......................................... (3)

and @(s) is absolutely continuous with
locally  bounded  derivative on
~7{t} <t < 0. By uniqueness theorcm
the initial value problem (1) and (3)
has unique solution which exists and
remains positive on  [0,%). The same
is true for the initial value problem (2)

and (3). By introducing the change of

: N ,
variable  x(t)=1In [é) Eg. (1) and
(2) transformed to
d
—Ix()+exir(e) ]+ r[er(cr(l)) -t]=0, t =0
di
.......................................... (4)
And
. .
—xtny+ el O L,
di
.......................... SRR i
respectively.  In o this  paper we
considered the oscillatory propertics

of the positive solutions of equations
(1) and (2) about the unique positive
steady state K. Clearly;

every positive solution of (1) and (2)
oscillatory about X
cvery solution of (4) and (5) oscillutes
about zero, We can extended Liy.(4)
and (5) by making r is a funciion of ¢
and so Eq. (4)and (5) can be wrillen
in the form

)
-i-[ Y ex{rleN L+ (o) flx(a(n)) =0, fz0
ot

et

il and only if

1z0

respectively, where
) e C{Jt,.w) {0, m0)). We  will
establish  necessary  and  sulficient

condittons for the oscillation of every

sotution  of b (4) and  suflicient
conditions  for  the nonoscillalory
soluwtions  of Eq. (4) to converge to

LCrous f —» w

Main Results.

In this section we will obtain the
suflicient conditions for the oscillation
of every solution of Iiy.(4%, where the
function /' satislies the condition
x /(x) >0, where

x>0, and sullicient conditions for
the nonoscitlatory solution ol equalion
(4 1o converge 1o 0. We define the
function o) - xir) 1 ex(e)). Then
cquation (4" will be as Tollows:

ZHY = =] fAe ) s snssiisnn (6)

Now we prove the following theorems.

Theorem 1. Suppose that, f isan
increasing function,
Oge<l, rlt) =0, ety =1 for (214,
and

}.."{ Shelv = (7)

Then all solutions ol equation (4') are
oscillalory.

Proof. Assume that  x(f)  is a
nonoscillatory  solution of equation {4')
and x(1) > 0 forlarge . for ¢, 21, we
X)) aind x{r(1)) arc
(24, 24y, and f 1san
increasing function. Then by equation
(6) we have ondy the case )
Y0, z()y >0 1o discuss.

We can see that  -(7) =z x(1) amd (1)
15 decreasing. that heads o

ArUN< ()€ Aty + cAole))

From the st mopsity we obtam
eIl -y < xry .

have

positive tor

e
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that is  z(z(o () (1~ ¢) < x(a(1)) so,
equation (6) will be .

') +r@) f{r(cOM-c)<0
Integrating the last inequality from /,
to ¢

z(}—z{i)} + ;i;r(S)f{Z(r(a(S))))(l —c)ds 20

But f increasing so

i

() =2 )+ Sl - e} Jris)ds < 0
!
I

As ¢—>o we get a contradiction.
Then x(#) can not be eventually
positive and in the same way we can

proof that x(f) can not be eventually
negative, and so x{#) can not be
nonoscillatory.

Theorem 2. Suppose that, f is an
increasing function, c¢20, r{)>0
for t2¢,,and

(7) holds. Then all solutions of

equation (4') are oscillatory.

Progfl  Let x(r) be an eventually
positive solution of equation (4"), so we
can choose f, such large that x(o (1))
and x(r(¢)) are positive for 1 > ¢,, we
have [ isan increasing function. By
equation (6) we can see that z'(1) < 0
then we have only the possible
z()>0, 124 214,, to discuss.

Integrating equation (6) from £, to ¢
z(¢) — z(!l }y=

{ f
— [r(s) flz(atsNyds < - flzlaty) fris)ds
d i

as 1 — o0 we get  limz{f)=-w ,
{0

which is a contradiction .

Remark 1. According to the two
Theorems (1) and (2) we can conclude
that all solutions of equation (1) are
oscillatory about a unique positive
steady state K under the conditions of
these theorems.

Theorem 3. Suppose that
c20, r(t)y>r>0, and

329

|f(u) | 2 a| i | ¢« >0
For 2z1,. Then every nonoscillatory
solution of cquation (4') tends to zero
a8 [ —» 0. '

Proof.  Assume thal  x(¢) be an
eventually positive solution of equation
4%, and  x(o()) > 0, x(z()) > 0, for

121 214,. Then we have only the case
z'(1) <0, =z(n>0

to discuss, which means  z() is
bounded, then there exists M > 0

such that =z(/) € M, this implies that
x()S M, let '
limz(t)=L2z20,

-3

suppose that L =90 L>0.
Integrating cquation (6) f{rom !, 10 w0

we pet

) - L= [ 1) [ (2o (s)) ds

then

by (8) we pct
) -L2ru J {a{a)) dy

h

that means x(f) € L, [¢,,0), since z(¢)

is  bounded, we  conclude  that
z(t)e Ly [1,,0) !
by integrating  the inequality

z(}2 L>0. from f, oo weget
J-:(.';):/.s‘ 2L I s,
f h

which leads (o

J--z(.s')cls' =0

Y

and this is  umpossible
z(tye Lyt %) then ,l“,],} zZ(H) =0

since
bui Sy = i), and  so
timsup x(r) <0

f—rw

which implies that

limx(t) = 0. The prool’is complete.

1=

Remark 2. According (o Theorem (3)'
we can  conclude  that every
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