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Abstract:

The Detour distance is one of the most common distance types used in chemistry and computer
networks today. Therefore, in this paper, the detour polynomials and detour indices of vertices identified of
n-graphs which are connected to themselves and separated from each other with respect to the vertices for
n>3 will be obtained. Also, polynomials detour and detour indices will be found for another graphs which
have important applications in Chemistry.
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Introduction:

Let ® = ®(V(®),E(P)) be a connected  There is another concept related to the detour
graph without muliedges and loops (which write distance which is called the connected detour
short @ be a conn.graph) such that order of ® is numbers,5’. Also, there is another concept of
[V(®)| = p(P) and size of @ is |E(P)| = q(P). numbers in graph theory which is called domination
The distance function ¢ from V(®) x V(®) in to  and chromatic number,*2,
non-negative integer is the number of edges

between u and v in the shortest u — v path in &, “The detour polynomial D[d,x] of a
u # v; it is denoted by a(u,v),? but there are  conn.graph &, is defined” by
other types of distance between any two distinct D[P, x] = Xuvicv ) x®WY) or D[d,x] =

vertices u and v in a conn.graph. @ is called detour 3, . ¢ (®, k)x*, where Cy(®, k) be the number
distance and it has been defined by the length of &  of unordered pairs u and v such that D(u, v) = k .
longest u — v path in ®; it is denoted by D(u, v),>.

We note that D(u,v) = 1 iff the edge uv which In 1995, the authers introduced definition
removel resulted d_isconnedted graph of &, and the detour index of a conn.graph D(®) which
D(u,v) = o(u,v) iff the graph @ is a connected defined as D(d) = Zfz(f)_l p(P) dij where [dij]

without cycles. From clearly that D(u,v) = p(®) | ) ; JziH . :
minus one iff ® contains a “Hamiltonian u — v 1S & matrix of detour distance. The detour index is

oo : . : 13
path”. The eccentricity of this distance of a vertex v horrlbl_y Important in applle_d sciences, . After t.h at

o . _ Lukovits tested the detour index on the correlation
which is denoted eq(v) and defined by eq (V) =

max (Dw,w)} in a conngraph ®. The between some chemical compositions,'*. Also , the
uev(®) " -grap ' detour index can be obtained from another method
detour diameter diamg(®) = d5(P) of a conn.

. . by:
graph @ is defined by 85(®) = max,eyo){ es()} D(®) = Ypumera D@ v)

and the detour radius radg(®) =re(P) is = D(@; %) |yoq = Tens kCo (D, k)
. . ) xX= = ) .

defined by rp(®) = min,cy(e){ es(v)}. We see Let Cp (v, ®, k) be the number of vertices

that e(v) < ep(v), Vv € V(®), since d(u,v) < (y # v) such that D(u, v) = k.

D(u,v), Yu,v € V(®P). This requires us to be

diam(®) < diamy(®) and rad(®) < rady(P),*S.
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The detour polynomial of a vertex v in & is define
as:

D[y, d,x] = Ziﬁg;(m Co(v, D, k)xk,
where my (v) = minyey @) {2 (v, u)}. We note
that:

1
D[q)'x] = EZUEV(QD)D[UI D, x] '

The detour index of a vertex v which denoted by
D(v, ®) and defined as:

D, @) = Yyev) D, u).

Theorem1: %
L DKy x] = (h) 21,

2
2. o, = ()
3. [g,,,x] pxz(”——) where p is even.
4. DGy x] = px'z [”],wherepls odd.

A number of writers had obtained detour
polynomials, restricted detour polynomials and
indices of detour for many graphs, applications in
graph theory and graphs resulting from the
synthesis of other graphs under operations defined
in graph theory,'*?2, In 1993, Gutman,? constructed
new graph from two graphs not connected to each
other. The two vertices wu and v of any two
conn.graphs ®; and &, with disjoint vertex sets
respectively, then the vertex identified graph @, -
@, is obtain from &, and @, by two vertices

identiclally u and v. Mohammed Saleh,?* obtained
D(P, - Py;x), as specified in the following
theorem.

Theorem2: Let u, (v) be any vertex of ®,,(P,),
then
D[P, - Py, x] = D[Py, x] + D[P,, x]
+D[u, Py, x|D[v, Py, x] . #

See the books,*?, there are certain classes of
graphs that occur for their definitions. The detour
polynomials and detour indices will be determined
of a conn. graphs resulting from others graphs using
the idea of vertex identification.

Main Results:

In the following sections, polynomials of
detour distance are found from the graphs by
identified their vertices with examples of the
important special graphs.

Detour Polynomial of Vertex Identified Graphs
Let (P4, Dy, ..., D,) be the set of pairwise
disjoint graphs to vertices u;v; € V(®;),i =
1,2,...,n,n = 3, then the vertex identified graph
i VI (@) = (1 - Dy - .o @)
= (D, Dy, ..., Ppi Vg Uy ; Uy - Uz} e Upq - Up)
of {&;}I-, with respect to the vertices {Uu Uipr o7
is the graph obtained from the graphs @, ®,, ..., ®,
by identifying the vertex v; with the vertex u;,, for
alli =1,2,...,n— 1. (See Fig. 1).

Figure 1. Graph [TiL, VI, (®;) , ®; = G;.

From clearly that :
p([li=1 VI, (@) = Xz p(®) —n + 1,
qI=1 VL, (9) = X1 q(P)).

Proposition: diamg([Ti=, VL, (®;)) =
max{eb(vl) +ep(y;) + Zr l+1®(vr,ur)}.
Proof Obviously. #

Now, the detour polynomial will be given
of [Tv, I,(®;) for all n > 2 in the following
theorem.

Theorem3:Vn e N — {0,1},there will be:
D[Tizq VI (®)), x] i=1 D[Py, x]
+ X021 Dwp, [T, VI (cb)x] [Un+1, Pr1, X].

Proof: The theorem is proved using mathematical
induction on, n > 2.
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For n = 2, then the formula in this theorem is true .
The theorem is assumed that is true for each
value less than n, n > 3 and prove it for all n.
Then, using Theorem 2, will be got the following:
DT, VI (97), x] = DIAT VI (D7) - @y, x]
= DT VI, (@), x] + D[Py, x]
+D[Wn—1, [T VI, (@), X] D[y, Py, X].
Using the mathematical induction hypothesis, the
following is obtained:
®[ ?=1 VI‘U((DL')' X] = Z:Ln=_11 ®[¢i' X]
+ 2ROy, [Ty VI (@), X]D[up 41, Prs, X]
+D[D,,, x]
+D[vp-1, H?z_ll L,(®;), x]D[uy, Py, x].
Thus,

D[ ?=1VI,,(CI>i),x]= ?=1®[¢i:x]
+ X021 Dvp, [Ty VI, (@), x] Dlupsr, Prya, x]-
#

Lemmad4: Forall u;,v; € V(®;),i =12,..,t,
t = 2, there will be:
b[vb H%:l VI‘U (CDL')J x] = D[vb q)t: x]
+ 1Dy, @, x] xZh=i+1 DOUR),

Proof: The mathematical induction will be used on
t,t = 2. From Fig.1, the following is noticed that,
when t = 2.
Q[UZ' 12=1 Vlv(cbi)' X] = :D[UZ'CDZ'x]
+D[vy, Py, x] xP@2%2) |
Thus , the lemma is true for t = 2.

Now, the theorem assumed that is true for
all value less than ¢, t = 3. For all t, there will be

D[vt, §=1 VL, (®;),x] = D[ve, Py, x]

+D[vi_1, Hf;% VL, (®;),x] xP@ee)

= D[vg, ¢, x] + {D[vp_q, Pr_1, x]

+ Y2 D[v;, dy, x] xZhmia1 DR} DWeur)

= b[vb q)t' X]

+ BIZE D[, By ] ks Dn)

#

From Theorem 3 and Lemma 4, the
following theorem will be obtained.

Theorem 5: For all € N, n > 3, there will be:
@[ ?:1 VIU((Di)'x] = ?=1®[Cl)i,x]
+ X1 D[y, Py, x] D[4, Pigr, X]

+ X1 Y D[vp, Pry X]D[Uig g, Pigy, X] xZema DWekD),

Proof: From Theorem 3, there will be:
DL, VI, (@), x] = XL, D[Py, x]
+D[vy, Py, x]D[uy, Py, x]
+ Z:‘ln=_21 D [vl" H;l=1 VIU (Gh)l X] D[ui-i—lJ Gi+1! X],
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where [T}-; I,(®,,) = ®4. Using Lemma 4, it is got
the following:

DIz, VI, (@), x] = Xis D[Py, X]

+D[vy, Py, x]D[uy, d>2,_x] + XI5 (D[vy, @, x]

+ Xhz1 Dlvp, P, x] xﬁ:"'“g(vt'ut)]b[uiﬂ' Dy, x].
= Yi=1 D[P, x]

+ Z?;ll D[vi' (I)l-, X]D[ui+1' (Di+1' X]

+ X715 B Dlvp, @, x]D[r, Pira, X] xZthia Dete),

#

Remark: Taking the derivative of
DML, VI, (®;),x] given in Theorem 5 with
respect to x and for x = 1, the detour index will be
gotten of [[i~, VI, (®;) .

IfG;=¢G,foralli =12,..,n,n > 2,then

VI (D), is denoted by VI}(P). It is obvious

that p(VI}(®)) = np(®) —n+1, q(VIHD)) =

ng(®) and ifu; =u,, v; =v, 1 <i<n,thenthe
following result will be got:

Corollary 6: For any conn.graph. ® and forall n €
N, n = 3, there will be:

DVIF(D), x] = nD[P, x]
+D[v, ®, x| D[u, P, x] Z?;Oz(n — 1 —i)xPwv)

Proof: From Theorem 5, the following will be
obtained:
DIVIF(®),x] = T}, D[, x]
+ 31Dy, d, x]D[u, D, x]
+ YL il Dy, d, x]D[u, D, x] xZt=h+1 W
= nD[D,x]+ (n — 1)D[v, D, x]D[u, P, x]
+D[v, d, x]D[u, ®, x] TP it xE-mDww)
= nD[®,x] + (n — 1)D[v, D, x]D[u, d, x]
+D, D; x)D(u, ®; x) XA (n — i — 1)xPWY)
= nD[P, x]
+D[v, ®, x]D[u, ®, x] T2 (n — 1 — i)x P,
#

Corollary 7: For a conn.graph. ®and for alln € N
, n = 3, there will be:

D(VIF(®)) = nD(®) + (p — D2 D). (3)
+(p — 1).{D, ®) + D, ®)}. ()

Proof: From Corollary 6, the following will be
obtained:

DVIH(®)) = D'[VI}(®), x]lx=1
= nD(d)
+D[v, ®, 1]D[u, ®, 1] ¥Zi(n— 1 —i)D (u,v)
+{D[v, d,1]D(u, D)
+D(v, ®)D[u, @, 1} X (n — 1 - i)
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= nD(®) + (p — D*D(w,v) (3)

+(p — DD, 6) + D, 2} (),
where [v,®,1] = p — 1, forany vertex v in @ .
#

Examples:

In this section, detour polynomials and
detour indices of generalized vertex identified of
special graphs will be given a general formula such
as: complete graph %, , wheel graph W, , cycle
graph G, quadruple circle with horizontal chord G}
and quadruple circle with vertical chord G5 .

Example 1: If %, is a complete graph of order p,
p = 3, then

— (P, -
D(VIHK,);x) = n(z) xP~1 |
+(p— 1)2x?P2Y 2 (n— 1 — Dx' P,
Special case, if = 4, see Fig. 2. Then

-

Figure 2. Graph VI (¥K,4)

DUN(FH,); x) = 6nx3 + 9x° Y, — )3,

Z(n—
Example 2: If ® =W, p = 3, then
P\ ,_
DVIF(W,)ix) = n(5) P~
+(p— 1)2x?P2y 2 (n — 1 — Dx'PD,
Example 3: If =G, , p>4, and D(w,v) =
E],where u and v are identical vertices, then
Q) If pisodd,
p_+1
D(W”(gp)'x) = npx 2 []
+4xPH[22] Z n—1- L)xl(

5%~

Figure 5.a. Graph VI*(Gs)

PO -

Figure 5.b. Graph VI}}(Gz)
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in which [”T‘l] =1+x+x%+--

Special case , if p = 5, see Fig. 3,then

CO00- 00

Figure 3. Graph VI (Gs)

DUR(Gs); x) = 5nx3(1 + x)

+4x®(1 +x)2 Y2 (n — 1 — i)x3h

(2) If pisaneven, then
DV (G,)ix) = npxz ([2] - 3)
P ([2] - D? T — 1 — D

p
inwhich [2] =1+ x+x2+ - +x2".

Special case , if p = 6, see Fig. 4, then

CXAK X oD

Figure 4. Graph VI (Ge).

DU (Ge); x) = 3nx3(1 + 2x + 2x2)

+x6(1+ 2x + 2x2)2 Y2 (n — 1 — )3
Example 4:
(1) If ® = G/, see Fig. 5.a, then

DWIHGH); x) = nxz(l + 5x)
+x*(1+ Zx)2 Yr2(n—1-i)x?,
If ® = G, see F|g 5.b, then
b(w"(gi) x) = nx?(1 + 5x)
+9x6 Y 2(n — 1 — i)xsh

)

Corollary 8: For n = 3, there will be:

@ (V%)= n@-10.(})
o= D%(5) +2(2)
2 D (Vlﬂ(gp)) = gnp 2. (3p—4)

+(3). @-0.(3)+ G-
when p is an odd.
@  D(VIG))= s - 1.Gp—1)
+3 -2 (@ +D.(3)+ G- D.(3),

where p |s even
(4) D(VIFGE)) = n(3n? + 15n — 1).
6  D(VIH(GH) =3n(63n% - 81n + 52). #
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The Graphs with Equal Detour Polynomials

The two polynomials will be equal if and
only if the coefficients of x! are equal for all i, that
is, Y7 ax! =YF bix!iff a; = by, for all i.lt is
clear that if &; = &,, then D[D4, x] = D[D,, x],
but the converse is not true, for example, the detour
polynomials of complete graph %, and wheel
graph W, p = 4 are equal, but ¥, and W,, , p = 4
are not isomorphic, ¥,  W,.

Corollary 9: Let®, ®*and &** be conn.graphs.
and the vertices identification v* € V(®), v*™ €
V(®*) and v™ e V(®™). If they satisfy the
conditions:

D[P*, x] = D[P, x].

o D[v™, d*, x] = D[v™, d™, x].

Then D[P. d*, x] = D[D. ™, x].

Proof: Obviously. #

Corollary 10: Let, ®;and &;* be conn.graphs. and
the vertices identification v;,u; € V(®;) and
v ut V(P forall i =1,2,..,n, n>2. If
they satisfy the conditions for all = 1,2,...,n, n >
2.

(1) D[P, x] = D[P, x].

() D[y, P}, x] = D", ®;*, x] and
Dlul, &, x] = Dlu*, &, x].

d) D, u) =D, u"

Then[TiL, VI, (®;) =1L, VI, (®;"), see Examples
land 2.

Proof: Obviously. #

Conclusions:

The construct operation generalized by
vertices identified of n — graphs are found from any
two graphs from a sequence of n pairwise vertex
disjoint connected graphs @, ®,,..,d,, n = 3.
Moreover, the detour polynomial and detour index
will be obtained for generalized vertex identified
graphs when every &;, i =1,2,...,n, n >3 is an
isomorphic to a special graph which has important
applications in chemistry.
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