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Abstract: 
The Detour distance is one of the most common distance types used in chemistry and computer 

networks today. Therefore, in this paper, the detour polynomials and detour indices of vertices identified of 

n-graphs which are connected to themselves and separated from each other with respect to the vertices for 

n≥3 will be obtained. Also, polynomials detour and detour indices will be found for another graphs which 

have important applications in Chemistry. 
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Introduction:  
Let 𝚽 = 𝚽(𝑽(𝚽), 𝑬(𝚽)) be a connected 

graph without muliedges and loops (which write 

short 𝚽 be a conn.graph) such that order of 𝚽 is 
|𝑽(𝚽)| = 𝒑(𝚽) and size of 𝚽 is |𝑬(𝚽)| = 𝒒(𝚽). 

The distance function 𝝈 from 𝑽(𝚽) × 𝑽(𝚽) in to 

non-negative integer is the number of edges 

between 𝒖 and 𝒗 in the shortest 𝒖 − 𝒗 path in 𝚽, 

𝒖 ≠ 𝒗; it is denoted by 𝝈(𝒖, 𝒗),1,2, but there are 

other types of distance between any two distinct 

vertices 𝒖 and 𝒗 in a conn.graph. 𝚽 is called detour 

distance and it has been defined by the length of a 

longest 𝒖 − 𝒗 path in 𝚽; it is denoted by 𝕯(𝒖, 𝒗),3. 

We note that 𝕯(𝒖, 𝒗) = 𝟏 iff the edge 𝒖𝒗 which 

removel resulted disconnedted graph of 𝚽, and 

𝕯(𝒖, 𝒗) = 𝝈(𝒖, 𝒗) iff the graph 𝚽 is a connected 

without cycles. From clearly that 𝕯(𝒖, 𝒗) = 𝒑(𝚽) 

minus one iff 𝚽 contains a “Hamiltonian 𝒖 − 𝒗 

path”. The eccentricity of this distance of a vertex 𝒗 

which is denoted 𝒆𝕯(𝒗) and defined by 𝒆𝕯(𝒗) =
𝒎𝒂𝒙𝒖∈𝑽(𝚽){𝕯(𝒗, 𝒖)} in a conn.graph 𝚽. The 

detour diameter 𝒅𝒊𝒂𝒎𝕯(𝚽) = 𝜹𝕯(𝚽) of a conn. 

graph 𝚽 is defined by 𝜹𝕯(𝚽) = 𝒎𝒂𝒙𝒗∈𝑽(𝚽){ 𝒆𝕯(𝒗)} 

and the detour radius 𝒓𝒂𝒅𝕯(𝚽) = 𝒓𝕯(𝚽) is 

defined by 𝒓𝕯(𝚽) = 𝒎𝒊𝒏𝒗∈𝑽(𝚽){ 𝒆𝕯(𝒗)}. We see 

that 𝒆(𝒗) ≤ 𝒆𝕯(𝒗), ∀𝒗 ∈ 𝑽(𝚽), since 𝒅(𝒖, 𝒗) ≤
𝕯(𝒖, 𝒗), ∀𝒖, 𝒗 ∈ 𝑽(𝚽). This requires us to be 

𝒅𝒊𝒂𝒎(𝚽) ≤ 𝒅𝒊𝒂𝒎𝕯(𝚽) and 𝒓𝒂𝒅(𝚽) ≤ 𝒓𝒂𝒅𝕯(𝚽),4,5. 

There is another concept related to the detour 

distance which is called the connected detour 

numbers,6,7. Also, there is another concept of 

numbers in graph theory which is called domination 

and chromatic number,8-12. 

 

“The detour polynomial 𝔇[Φ, 𝑥] of a 

conn.graph Φ, is defined” by  

𝔇[Φ, 𝑥] = ∑ 𝑥𝔇(𝑢,𝑣)
{𝑢,𝑣}⊆𝑉(𝐺)  or 𝔇[Φ, 𝑥] =

∑ 𝒞𝔇(Φ, 𝑘)𝑥𝑘
𝑘≥1 , where 𝒞𝔇(Φ, 𝑘) be the number 

of unordered pairs 𝑢 and 𝑣 such that 𝔇(𝑢, 𝑣) = 𝑘 . 

 

In 1995, the authers introduced definition 

the detour index of a conn.graph 𝔇(Φ) which 

defined as 𝔇(Φ) = ∑ ∑ 𝑑𝑖𝑗
𝑝(Φ)
𝑗=𝑖+1

𝑝(Φ)−1
𝑖=1  where [𝑑𝑖𝑗] 

is a matrix of detour distance. The detour index is 

horribly important in applied sciences,13. After that 

Lukovits tested the detour index on the correlation 

between some chemical compositions,14. Also , the 

detour index can be obtained from another method 

by:  

𝔇(Φ) = ∑ 𝔇(𝑢, 𝑣){𝑢,𝑣}⊆𝑉(Φ)   

           = 𝔇′(Φ; 𝑥)|𝑥=1 = ∑ 𝑘𝒞𝔇(Φ, 𝑘)𝑘≥1 .              

Let 𝒞𝔇(𝑣, Φ, 𝑘) be the number of vertices 

𝑢 , (𝑢 ≠ 𝑣) such that 𝔇(𝑢, 𝑣) = 𝑘. 

http://dx.doi.org/10.21123/bsj.2022.6350
mailto:ahmedgraph@uomosul.edu.iq
mailto:gashaw.mohammed@su.edu.krd
mailto:haveen.ahmed@uod.ac
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-3712-2541
https://orcid.org/0000-0002-3794-2785
https://orcid.org/0000-0001-8192-7673


Open Access     Baghdad Science Journal                                P-ISSN: 2078-8665 

Published Online First: September 2022           2023, 20(2): 705-712                                          E-ISSN: 2411-7986 

 

705 

The detour polynomial of a vertex 𝑣  in Φ is define 

as: 

𝔇[𝑣, Φ, 𝑥] = ∑ 𝒞𝔇(𝑣, Φ, 𝑘)𝑥𝑘𝑒𝔇(𝑣)
𝑘≥𝑚𝔇(𝑣) , 

where 𝑚𝔇(𝑣) = 𝑚𝑖𝑛𝑢∈𝑉(Φ){𝔇(𝑣, 𝑢)}. We note 

that: 

𝔇[Φ, 𝑥] =
1

2
∑ 𝔇[𝑣, Φ, 𝑥]𝑣∈𝑉(Φ)  . 

                                                                

The detour index of a vertex 𝑣 which denoted by 

𝔇(𝑣, Φ) and defined as: 

𝔇(𝑣, Φ) = ∑ 𝔇(𝑣, 𝑢)𝑢∈𝑉(Φ) .                                                                         

 

Theorem1: 15 

1. 𝔇[𝒦𝑝, 𝑥] = (
𝑝
2

) 𝑥𝑝−1. 

2. 𝔇[𝒲𝑝, 𝑥] = (
𝑝
2

) 𝑥𝑝−1. 

3. 𝔇[𝒢𝑝, 𝑥] = 𝑝𝑥
𝑝

2([
𝑝

2
] −

1

2
), where 𝑝 is even. 

4. 𝔇[𝒢𝑝, 𝑥] = 𝑝𝑥
𝑝+1

2 [
𝑝

2
], where 𝑝 is odd. 

 

A number of writers had obtained detour 

polynomials, restricted detour polynomials and 

indices of detour for many graphs, applications in 

graph theory and graphs resulting from the 

synthesis of other graphs under operations defined 

in graph theory,16-22. In 1993, Gutman,23 constructed 

new graph from two graphs not connected to each 

other. The two vertices  𝑢 and 𝑣 of any two 

conn.graphs Φ1 and Φ2 with disjoint vertex sets 

respectively, then the vertex identified graph Φ1 ⋅
Φ2  is obtain from Φ1 and Φ2 by two vertices 

identiclally  𝑢 and 𝑣.  Mohammed Saleh,24 obtained 

𝔇(Φ1 ⋅ Φ2; 𝑥), as specified in the following 

theorem. 

 

Theorem2: Let 𝑢, (𝑣) be any vertex of Φ1,(Φ2), 

then 

𝔇[Φ1 ⋅ Φ2, 𝑥] = 𝔇[Φ1, 𝑥] + 𝔇[Φ2, 𝑥]  
                       +𝔇[𝑢, Φ1, 𝑥]𝔇[𝑣, Φ2, 𝑥] . #   

                       

See the books,1,2, there are certain classes of 

graphs that occur for their definitions. The detour 

polynomials and detour indices will be determined 

of a conn. graphs resulting from others graphs using 

the idea of vertex identification. 

 

Main Results: 

In the following sections, polynomials of 

detour distance are found from the graphs by 

identified  their vertices with examples of the 

important special graphs. 

 

Detour Polynomial of Vertex Identified Graphs 

Let 〈Φ1, Φ2, … , Φ𝑛〉 be the set of pairwise 

disjoint graphs to vertices 𝑢𝑖, 𝑣𝑖  ∈ 𝑉(Φ𝑖), 𝑖 =
1,2, … , 𝑛 , 𝑛 ≥ 3, then the vertex identified graph 

∏ 𝑉𝐼𝑣(Φ𝑖)𝑛
𝑖=1 = (Φ1 ⋅ Φ2 ⋅  … ⋅ Φ𝑛) 

    = ⟨Φ1, Φ2, … , Φ𝑛: 𝑣1 ⋅ 𝑢2 ;  𝑣2 ⋅ 𝑢3; … ; 𝑣𝑛−1 ⋅ 𝑢𝑛⟩  
of {Φ𝑖}𝑖=1

𝑛  with respect to the vertices {𝑣𝑖, 𝑢𝑖+1 }𝑖=1
𝑛−1 

is the graph obtained from the graphs Φ1, Φ2, … , Φ𝑛 

by identifying the vertex  𝑣𝑖 with the vertex 𝑢𝑖+1 for 

all 𝑖 = 1,2, … , 𝑛 − 1. (See Fig. 1). 

 

 
Figure 1. Graph ∏ 𝑽𝑰𝒗(Φ𝒊) , Φ𝒊 = G𝒊

𝒏
𝒊=𝟏 . 

 

From clearly that : 

 𝑝(∏ 𝑉𝐼𝑣(Φ𝑖)) = ∑ 𝑝(Φ𝑖)𝑛
𝑖=1

𝑛
𝑖=1 − 𝑛 + 1, 

𝑞(∏ 𝑉𝐼𝑣(Φ𝑖)) = ∑ 𝑞(Φ𝑖)𝑛
𝑖=1

𝑛
𝑖=1 . 

Proposition: 𝑑𝑖𝑎𝑚𝔇(∏ 𝑉𝐼𝑣(Φ𝑖)) =𝑛
𝑖=1

max
𝑖<𝑗

{𝑒𝔇(𝑣𝑖) + 𝑒𝔇(𝑢𝑗) + ∑ 𝔇(𝑣𝑟, 𝑢𝑟)}
𝑗−1
𝑟=𝑖+1 . 

Proof: Obviously.                                # 

 

Now, the detour polynomial will be given 

of ∏ 𝐼𝑣(Φ𝑖)𝑛
𝑖=1  for all 𝑛 ≥ 2 in the following 

theorem. 

 

Theorem 3: ∀ 𝑛 ∈ ℕ − {0,1},there will be: 

𝔇[∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥] = ∑ 𝔇[Φ𝑖 , 𝑥]𝑛
𝑖=1

𝑛
𝑖=1   

   + ∑ 𝔇[𝑣ℎ , ∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]ℎ
𝑖=1

𝑛−1
ℎ=1 𝔇[𝑢ℎ+1, Φℎ+1, 𝑥]. 

 

Proof: The theorem is proved using mathematical 

induction on, 𝑛 ≥ 2. 
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For 𝑛 = 2, then the formula in this theorem is true . 

The theorem is assumed that is true for each 

value less than 𝑛, 𝑛 ≥ 3 and prove it for all 𝑛. 

Then, using Theorem 2, will be got the following: 

𝔇[∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]𝑛
𝑖=1 = 𝔇[(∏ 𝑉𝐼𝑣(Φ𝑖)) ⋅ Φ𝑛, 𝑥]𝑛−1

𝑖=1   

                = 𝔇[∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥] + 𝔇[Φ𝑛, 𝑥]𝑛−1
𝑖=1                                            

  +𝔇[𝑣𝑛−1, ∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]𝔇[𝑢𝑛, Φ𝑛, 𝑥]𝑛−1
𝑖=1 . 

Using the mathematical induction hypothesis, the 

following is obtained: 

𝔇[∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]𝑛
𝑖=1 = ∑ 𝔇[Φ𝑖 , 𝑥]𝑛−1

𝑖=1   

+ ∑ 𝔇[𝑣ℎ , ∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]𝔇[𝑢ℎ+1, Φℎ+1, 𝑥]ℎ
𝑖=1

𝑛−2
ℎ=1      

+𝔇[Φ𝑛, 𝑥] 
+𝔇[𝑣𝑛−1, ∏ 𝐼𝑣(Φ𝑖), 𝑥]𝔇[𝑢𝑛, Φ𝑛, 𝑥]𝑛−1

𝑖=1 . 
Thus ,   

     

𝔇[∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥] = ∑ 𝔇[Φ𝑖 , 𝑥]𝑛
𝑖=1

𝑛
𝑖=1   

   + ∑ 𝔇[𝑣ℎ , ∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]ℎ
𝑖=1

𝑛−1
ℎ=1 𝔇[𝑢ℎ+1, Φℎ+1, 𝑥].

  # 

 

Lemma4: For all  𝑢𝑖, 𝑣𝑖  ∈ 𝑉(Φ𝑖), 𝑖 = 1,2, … , 𝑡 , 
𝑡 ≥ 2, there will be: 

𝔇[𝑣𝑡 , ∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]𝑡
𝑖=1 = 𝔇[𝑣𝑡 , Φ𝑡 , 𝑥]   

      + ∑ 𝔇[𝑣𝑖, Φ𝑖 , 𝑥]𝑡−1
𝑖=1 𝑥∑ 𝔇(𝑣ℎ,𝑢ℎ)𝑡

ℎ=𝑖+1 . 

 

Proof: The mathematical induction will be used on 

𝑡 , 𝑡 ≥ 2. From Fig.1, the following is noticed that, 

when 𝑡 = 2. 

𝔇[𝑣2, ∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]2
𝑖=1 = 𝔇[𝑣2, Φ2, 𝑥]  

                         +𝔇[𝑣1, Φ1, 𝑥] 𝑥𝔇(𝑣2,𝑢2) . 

Thus , the lemma is true for 𝑡 = 2. 

     

Now, the theorem assumed that is true for 

all value less than 𝑡, 𝑡 ≥ 3. For all 𝑡, there will be 

𝔇[𝑣𝑡 , ∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]𝑡
𝑖=1 = 𝔇[𝑣𝑡 , Φ𝑡 , 𝑥]  

+𝔇[𝑣𝑡−1, ∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]𝑡−1
𝑖=1 𝑥𝔇(𝑣𝑡,𝑢𝑡)        

= 𝔇[𝑣𝑡 , Φ𝑡 , 𝑥] + {𝔇[𝑣𝑡−1, Φ𝑡−1, 𝑥]                                      

+ ∑ 𝔇[𝑣𝑖 , Φ𝑖, 𝑥]𝑡−2
𝑖=1 𝑥∑ 𝔇(𝑣ℎ,𝑢ℎ)𝑡−1

ℎ=𝑖+1 }𝑥𝔇(𝑣𝑡,𝑢𝑡)                    

= 𝔇[𝑣𝑡 , Φ𝑡 , 𝑥]  

             + ∑ 𝔇[𝑣𝑖 , Φ𝑖, 𝑥]𝑡−1
𝑖=1 𝑥∑ 𝔇(𝑣ℎ,𝑢ℎ)𝑡

ℎ=𝑖+1  .     

                                                                # 

 

From Theorem 3 and Lemma 4, the 

following theorem will be obtained. 

 

Theorem 5: For all ∈ ℕ , 𝑛 ≥ 3, there will be: 

𝔇[∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥] = ∑ 𝔇[Φ𝑖 , 𝑥]𝑛
𝑖=1

𝑛
𝑖=1    

+ ∑ 𝔇[𝑣𝑖, Φ𝑖 , 𝑥]𝔇[𝑢𝑖+1, Φ𝑖+1, 𝑥]𝑛−1
𝑖=1      

+ ∑ ∑ 𝔇[𝑣ℎ, Φℎ , 𝑥]𝔇[𝑢𝑖+1, Φ𝑖+1, 𝑥]𝑖−1
ℎ=1

𝑛−1
𝑖=2 𝑥∑ 𝔇(𝑣𝑡,𝑢𝑡)𝑖

𝑡=ℎ+1 .  

  

Proof: From Theorem 3, there will be: 

𝔇[∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥] = ∑ 𝔇[Φ𝑖 , 𝑥]𝑛
𝑖=1

𝑛
𝑖=1   

                        +𝔇[𝑣1, Φ1, 𝑥]𝔇[𝑢2, Φ2, 𝑥]                                    
+ ∑ 𝐷[𝑣𝑖, ∏ 𝑉𝐼𝑣(𝐺ℎ), 𝑥]𝑖

ℎ=1
𝑛−1
𝑖=2 𝔇[𝑢𝑖+1, 𝐺𝑖+1, 𝑥], 

where ∏ 𝐼𝑣(Φℎ)1
ℎ=1 = Φ1. Using Lemma 4, it is got 

the following: 

 

𝔇[∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]𝑛
𝑖=1 = ∑ 𝔇[Φ𝑖 , x]𝑛

𝑖=1    

+𝔇[𝑣1, Φ1, 𝑥]𝔇[𝑢2, Φ2, x] + ∑ {𝔇[𝑣𝑖, Φ𝑖, 𝑥]𝑛−1
𝑖=2   

+ ∑ 𝔇[𝑣ℎ , Φℎ , 𝑥]𝑖−1
ℎ=1 𝑥∑ 𝔇(𝑣𝑡,𝑢𝑡)𝑖

𝑡=ℎ,+1 ]𝔇[𝑢𝑖+1, Φ𝑖+1, 𝑥].  
 = ∑ 𝔇[Φ𝑖, 𝑥]𝑛

𝑖=1   

+ ∑ 𝔇[𝑣𝑖, Φ𝑖, 𝑥]𝔇[𝑢𝑖+1, Φ𝑖+1, 𝑥]𝑛−1
𝑖=1           

+ ∑ ∑ 𝔇[𝑣ℎ, Φℎ , 𝑥]𝔇[𝑢𝑖+1, Φ𝑖+1, 𝑥]𝑖−1
ℎ=1

𝑛−1
𝑖=2 𝑥∑ 𝔇(𝑣𝑡,𝑢𝑡)𝑖

𝑡=ℎ+1 . 
                                                        # 

 

Remark: Taking the derivative of 

𝔇[∏ 𝑉𝐼𝑣(Φ𝑖), 𝑥]𝑛
𝑖=1  given in Theorem 5 with 

respect to 𝑥 and for 𝑥 = 1, the detour index will be 

gotten of ∏ 𝑉𝐼𝑣(Φ𝑖)𝑛
𝑖=1  . 

 

If 𝐺𝑖 ≡ 𝐺 , for all 𝑖 = 1,2, … , 𝑛 , 𝑛 ≥ 2, then 

∏ 𝑉𝐼𝑣(Φ𝑖),𝑛
𝑖=1  is denoted by 𝑉𝐼𝑣

𝑛(Φ). It is obvious 

that 𝑝(𝑉𝐼𝑣
𝑛(Φ)) = 𝑛𝑝(Φ) − 𝑛 + 1, 𝑞(𝑉𝐼𝑣

𝑛(Φ)) =
𝑛𝑞(Φ) and if 𝑢𝑖 = 𝑢 ,, 𝑣𝑖 = 𝑣,  1 ≤ 𝑖 ≤ 𝑛, then the 

following result will be got: 

 

Corollary 6:  For any conn.graph. Φ and for all 𝑛 ∈
ℕ , 𝑛 ≥ 3, there will be: 

𝔇[𝑉𝐼𝑣
𝑛(Φ), 𝑥] = 𝑛𝔇[Φ, 𝑥]  

 +𝔇[𝑣, Φ, 𝑥]𝔇[𝑢, Φ, 𝑥] ∑ (𝑛 − 1 − 𝑖)𝑥𝑖𝔇(𝑢,𝑣)𝑛−2
𝑖=0 .  

 

Proof: From Theorem 5, the following will be 

obtained: 

𝔇[𝑉𝐼𝑣
𝑛(Φ), 𝑥] = ∑ 𝔇[Φ, 𝑥]𝑛

𝑖=1   

   + ∑ 𝔇[𝑣, Φ, 𝑥]𝔇[𝑢, 𝛷, 𝑥]𝑛−1
𝑖=1   

   + ∑ ∑ 𝔇[𝑣, Φ, 𝑥]𝔇[𝑢, Φ, 𝑥]𝑖−1
ℎ=1

𝑛−1
𝑖=2 𝑥∑ 𝔇(𝑣,𝑢)𝑖

𝑡=ℎ+1  

   =  𝑛𝔇[Φ, 𝑥] + (𝑛 − 1)𝔇[𝑣, Φ, 𝑥]𝔇[𝑢, Φ, 𝑥]                  

   +𝔇[𝑣, Φ, 𝑥]𝔇[𝑢, Φ, 𝑥] ∑ ∑ 𝑥(𝑖−ℎ)𝔇(𝑢,𝑣)𝑖−1
ℎ=1

𝑛−1
𝑖=2    

   =  𝑛𝔇[Φ, 𝑥] + (𝑛 − 1)𝔇[𝑣, Φ, 𝑥]𝔇[𝑢, Φ, 𝑥]  

   +𝔇(𝑣, Φ; 𝑥)𝔇(𝑢, Φ; 𝑥) ∑ (𝑛 − 𝑖 − 1)𝑥𝑖𝔇(𝑢,𝑣)𝑛−2
𝑖=1   

   =  𝑛𝔇[Φ, 𝑥] 

   +𝔇[𝑣, Φ, 𝑥]𝔇[𝑢, Φ, 𝑥] ∑ (𝑛 − 1 − 𝑖)𝑥𝑖𝔇(𝑢,𝑣)𝑛−2
𝑖=0 . 

     # 

 
Corollary 7:  For a conn.graph. Φand for all 𝑛 ∈ ℕ 

, 𝑛 ≥ 3, there will be: 

𝔇(𝑉𝐼𝑣
𝑛(Φ)) = 𝑛𝔇(Φ) + (𝑝 − 1)2. 𝔇(𝑢, 𝑣). (

𝑛
3

) 

          +(𝑝 − 1). {𝔇(𝑣, Φ) + 𝔇(𝑢, Φ)}. (
𝑛
2

). 

 

Proof: From Corollary 6, the following will be 

obtained: 

𝔇(𝑉𝐼𝑣
𝑛(Φ)) = 𝔇′[𝑉𝐼𝑣

𝑛(Φ), 𝑥]|𝑥=1 

= 𝑛𝔇(Φ)  

+𝔇[𝑣, Φ, 1]𝔇[𝑢, Φ, 1] ∑ 𝑖(𝑛 − 1 − 𝑖)𝔇𝑛−2
𝑖=0 (𝑢, 𝑣)  

+{𝔇[𝑣, Φ, 1]𝔇(𝑢, Φ)     

+𝔇(𝑣, Φ)𝔇[𝑢, Φ, 1]} ∑ (𝑛 − 1 − 𝑖)𝑛−2
𝑖=0   
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           = 𝑛𝔇(Φ) + (𝑝 − 1)2𝔇(𝑢, 𝑣) (
𝑛
3

) 

          +(𝑝 − 1){𝔇(𝑣, 𝐺) + 𝔇(𝑢, Φ)} (
𝑛
2

), 

where [𝑣, Φ, 1] = 𝑝 − 1 , for any vertex 𝑣 in Φ .                                                                                                         

                        # 

 

Examples: 

In this section, detour polynomials and 

detour indices of generalized vertex identified of 

special graphs will be given a general formula such 

as: complete graph 𝒦𝑝 , wheel graph 𝒲𝑝 , cycle 

graph 𝒢𝑝, quadruple circle with horizontal chord 𝒢4
⊢ 

and quadruple circle with vertical chord 𝒢4
⊥. 

 

Example 1: If 𝒦𝑝 is a complete graph of order 𝑝, 

𝑝 ≥ 3 , then  

𝔇(𝑉𝐼𝑣
𝑛(𝒦𝑝); 𝑥) =  𝑛 (

𝑝
2

) 𝑥𝑝−1  

+(𝑝 − 1)2𝑥2𝑝−2 ∑ (𝑛 − 1 − 𝑖)𝑥𝑖(𝑝−1)𝑛−2
𝑖=0 .  

Special case, if = 4 , see Fig. 2. Then 

 

 
Figure 2. Graph 𝑉𝐼𝒗

𝒏(𝓚𝟒) 

 

𝔇(𝐼𝑣
𝑛(𝒦4); 𝑥) =  6𝑛𝑥3 + 9𝑥6 ∑ (𝑛 − 1 − 𝑖)𝑥3𝑖𝑛−2

𝑖=0 .  

 

Example 2: If Φ ≡ 𝒲𝑝, 𝑝 ≥ 3 , then  

𝔇(𝑉𝐼𝑣
𝑛(𝒲𝑝); 𝑥) =  𝑛 (

𝑝
2

) 𝑥𝑝−1  

+(𝑝 − 1)2𝑥2𝑝−2 ∑ (𝑛 − 1 − 𝑖)𝑥𝑖(𝑝−1)𝑛−2
𝑖=0 .  

 

Example 3: If Φ ≡ 𝒢𝑝 , 𝑝 ≥ 4, and 𝔇(𝑢, 𝑣) =

⌈
𝑝

2
⌉,where 𝑢 and 𝑣 are identical vertices, then 

(1)  If  𝑝 is odd , 

𝔇(𝑉𝐼𝑣
𝑛(𝒢𝑝); 𝑥) =  𝑛𝑝𝑥

𝑝+1

2 [𝑝−1

2
]  

+4𝑥𝑝+1[𝑝−1

2
]

2
∑ (𝑛 − 1 − 𝑖)𝑥𝑖(

𝑝+1

2
)𝑛−2

𝑖=0 . 

in which [𝑝−1

2
] = 1 + 𝑥 + 𝑥2 + ⋯ + 𝑥

𝑝−1

2
−1

. 

 

Special case , if 𝑝 = 5 , see Fig. 3,then  

 

 
 

Figure 3. Graph 𝑉𝐼𝒗
𝒏(𝒢𝟓) 

 

𝔇(𝐼𝑣
𝑛(𝒢5); 𝑥) =  5𝑛𝑥3(1 + 𝑥)  

+4𝑥6(1 + 𝑥)2 ∑ (𝑛 − 1 − 𝑖)𝑥3𝑖𝑛−2
𝑖=0 . 

 

(2)  If  𝑝 is an even , then 

𝔇(𝑉𝐼𝑣
𝑛(𝒢𝑝); 𝑥) =  𝑛𝑝𝑥

𝑝

2 ([𝑝

2
] −

1

2
)  

+4𝑥𝑝([𝑝

2
] −

1

2
)2 ∑ (𝑛 − 1 − 𝑖)𝑥

𝑝

2
𝑖𝑛−2

𝑖=0 , 

in which [𝑝

2
] = 1 + 𝑥 + 𝑥2 + ⋯ + 𝑥

𝑝

2
−1

. 

 

Special case , if 𝑝 = 6 , see Fig. 4, then 

 

 

 
Figure 4. Graph 𝑉𝐼𝒗

𝒏(𝒢𝟔). 
 

𝔇(𝐼𝑣
𝑛(𝒢6); 𝑥) =  3𝑛𝑥3(1 + 2𝑥 + 2𝑥2)  

+𝑥6(1 + 2𝑥 + 2𝑥2)2 ∑ (𝑛 − 1 − 𝑖)𝑥3𝑖𝑛−2
𝑖=0 . 

 

Example 4:  

 

(1)  If Φ ≡ 𝒢4
⊢, see Fig. 5.a, then 

𝔇(𝑉𝐼𝑣
𝑛(𝒢4

⊢); 𝑥) =  𝑛𝑥2(1 + 5𝑥)  

+𝑥4(1 + 2𝑥)2 ∑ (𝑛 − 1 − 𝑖)𝑥2𝑖𝑛−2
𝑖=0 . 

(2)  If Φ ≡ 𝒢4
⊥, see Fig. 5.b, then 

𝔇(𝑉𝐼𝑣
𝑛(𝒢4

⊥); 𝑥) =  𝑛𝑥2(1 + 5𝑥)  

+9𝑥6 ∑ (𝑛 − 1 − 𝑖)𝑥3𝑖𝑛−2
𝑖=0 . 

 

Corollary 8: For 𝑛 ≥ 3, there will be: 

 

 
 

Figure 5.a. Graph 𝑉𝐼𝒗
𝒏(𝒢𝟒

⊢) 

 

 
Figure 5.b. Graph 𝑉𝐼𝒗

𝒏(𝒢𝟒
⊥) 

 

(1) 𝔇 (𝑉𝐼𝑣
𝑛( 𝒦𝑝)) =  𝑛. (𝑝 − 1). (

𝑝
2

)  

                                     +(𝑝 − 1)3. ((
𝑛
3

) + 2 (
𝑛
2

)).  

(2) 𝔇 (𝑉𝐼𝑣
𝑛(𝒢𝑝)) =  

1

8
𝑛𝑝2. (3𝑝 − 4) 

                    + (
𝑝
2

) . ((𝑝 − 1). (
𝑛
3

) + (3𝑝 − 4). (
𝑛
2

)), 

when 𝑝 is an odd. 

(3) 𝔇 (𝑉𝐼𝑣
𝑛(𝒢𝑝)) =  

1

8
𝑛𝑝. (𝑝 − 1). (3𝑝 − 1) 

          +
1

2
(𝑝 − 1)2. ((𝑝 + 1). (

𝑛
3

) + (3𝑝 − 1). (
𝑛
2

)), 

where 𝑝 is even 

(4) 𝔇(𝑉𝐼𝑣
𝑛(𝒢4

⊢)) =  𝑛(3𝑛2 + 15𝑛 − 1). 

(5) 𝔇(𝑉𝐼𝑣
𝑛(𝒢4

⊥)) =
1

2
𝑛(63𝑛2 − 81𝑛 + 52). # 
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The Graphs with Equal Detour Polynomials  

The two polynomials will be equal if and 

only if the coefficients of 𝑥𝑖 are equal for all 𝑖, that 

is , ∑ 𝑎𝑖𝑥𝑖𝛽
𝑖=𝛼 = ∑ 𝑏𝑖𝑥𝑖𝛽

𝑖=𝛼  iff 𝑎𝑖 = 𝑏𝑖, for all 𝑖.It is 

clear that if Φ1 ≅ Φ2, then 𝔇[Φ1, 𝑥] = 𝔇[Φ2, 𝑥], 
but the converse is not true, for example, the detour 

polynomials of complete graph  𝒦𝑝 and wheel 

graph 𝒲𝑝, 𝑝 ≥ 4 are equal, but  𝒦𝑝 and 𝒲𝑝 , 𝑝 ≥ 4 

are not isomorphic,  𝒦𝑝 ≇ 𝒲𝑝.  

 

Corollary 9: Let Φ, Φ∗and Φ∗∗ be conn.graphs. 

and the vertices identification 𝑣∗ ∈ 𝑉(Φ), 𝑣∗∗ ∈
𝑉(Φ∗) and 𝑣∗∗∗ ∈ 𝑉(Φ∗∗). If they satisfy the 

conditions: 

 𝔇[Φ∗, 𝑥] = 𝔇[Φ∗∗, 𝑥]. 
 𝔇[𝑣∗∗, Φ∗, 𝑥] = 𝔇[𝑣∗∗∗, Φ∗∗, 𝑥]. 
Then 𝔇[Φ. Φ∗, 𝑥] = 𝔇[Φ. Φ∗∗, 𝑥]. 
 

Proof: Obviously.     # 

 

Corollary 10: Let, Φ𝑖
∗and Φ𝑖

∗∗ be conn.graphs. and 

the vertices identification 𝑣𝑖
∗, 𝑢𝑖

∗ ∈ 𝑉(Φ𝑖
∗) and 

𝑣𝑖
∗∗, 𝑢𝑖

∗∗ ∈ 𝑉(Φ𝑖
∗∗), for all 𝑖 = 1,2, … , 𝑛 , 𝑛 ≥ 2. If 

they satisfy the conditions for all = 1,2, … , 𝑛 , 𝑛 ≥
2: 

(1) 𝔇[Φ𝑖
∗, 𝑥] = 𝔇[Φ𝑖

∗∗, 𝑥]. 
(2) 𝔇[𝑣𝑖

∗, Φ𝑖
∗, 𝑥] = 𝔇(𝑣𝑖

∗∗, Φ𝑖
∗∗, 𝑥] and  

             𝔇[𝑢𝑖
∗, Φ𝑖

∗, 𝑥] = 𝔇[𝑢𝑖
∗∗, Φ𝑖

∗∗, 𝑥].  
(3) 𝔇(𝑣𝑖

∗, 𝑢𝑖
∗) = 𝔇(𝑣𝑖

∗∗, 𝑢𝑖
∗∗) . 

Then∏ 𝑉𝐼𝑣(Φ𝑖
∗) =𝑛

𝑖=1 ∏ 𝑉𝐼𝑣(Φ𝑖
∗∗)𝑛

𝑖=1 , see Examples 

1 and 2. 

 

Proof: Obviously.        # 

 

Conclusions: 
The construct operation generalized by 

vertices identified of 𝑛 − graphs are found from any 

two graphs from a sequence of 𝑛 pairwise vertex 

disjoint connected graphs Φ1, Φ2, … , Φ𝑛, 𝑛 ≥ 3. 
Moreover, the detour polynomial and detour index 

will be obtained for generalized vertex identified 

graphs when every Φ𝑖, 𝑖 = 1,2, … , 𝑛, 𝑛 ≥ 3 is an 

isomorphic to a special graph which has important 

applications in chemistry. 
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 الخلاصة:
هذا البحث على  تعد مسافة الالتفاف من أهم أنواع المسافات التي لها تطبيقات حديثة في الكيمياء وشبكات الكمبيوتر، لذلك حصلنا في

. أيضًا وجدنا متعددات حدود الالتفاف n≥3المنفصلة عن بعضها البعض بالنسبة للرؤوس ، من البيانات n متعددات حدود الالتفاف وأدلتها لـ 

 وأدلتها لبعض البيانات الخاصة والتي لها تطبيقات مهمة في الكيمياء.
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