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Some properties of the Oscillatory and Nmmscillzitm'y
Solutions Of Second Order Nonlinear Neutral
Ditferential Equation

Hussain A. Mohamad, Awatif A, Hassan, Njlaa 1. Tawfig

Abstract

In this paper sufficient conditions [or oscillation of all solutions of nonlincar
second order neutral difterential equation and sufTicient conditions for nonoscillatory
solutions to converge (o zero are obtained.

Introduction [ 1-6 | and the relerences cited therein,
Consider the second order nonlinear however many of these papers discuss
neutral dilTerential cquation the cases when the coefTicients and the
(1.D [x() + p(Ox(z (D) + arguments are constants and a few of

them investigate the cases of variable
cocliicients and  arguments. In  this
papet we unprove some resulls of | 31,

g S (x(a () =0, 124

under the standing hypotheses:

(1) pe C[(4;,0), R]; [ 51 . and give some other new
(2) r,oe C[(fU,UO'),R}, T, 0 are theorems .
strictly mereasing and

Main Results
In this sections we  studied the

limz(t)=o0, limo(t)=w
{—ro0 10 e
(3) g e Cl(t;,%),R], ¢{t) not oscillation of all solutions of equation

equivalent to zero. (1.1), and oblained some new
Our aim is to obtain new sufficient sufficient conditions (o the bounded
conditions for the oscillation of all and alt solutions  of (1.1}, Let
solutions  of  equation  (1.1)  and u(t)=x(t)+ pl)x(r (1))

sullicient conditions for nonoscillatory So. cqualion (1.1) reduce (o

solutions to converge o zero . By a (2.1) u'()=

solution of equation (1.1) we mcans a — () f (x(a (D))

continuous function  x:fr ,0)—> R _
: The next theorem concerns bounded

such that — x(0)+ p(Dx(0) i two vseillutory solutions of equation (1.1).
times

contthuously dillerentiable | and x(6) Theorem (2.1) : Suppose that

satisfles  equation  (1.1)  for all p()=0 is bounded . ¢{) <0 for
sufliciently large 27 . A solution of t=1,, f is an increasing [unction,
(L. 1) is said to be oscillatory if it has an such that u f(u)> 0 for u =0 and
infinite sequence of zero tending to :
inlinity , otherwise a solution is said to (2.2) r gls)ds=—o0

be nonoscillatory. The problem of
oscillation  fTor  newtral  differential
equations has received considerable
atlention in recent years, see ¢.g. Proof.

Then all bounded solutions of (1.1) are
oscitlalory.

Without loss of generality we
may assume that x(1) is an eventually
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positive and  bounded solution of
equation (1.1}, and

x(o(0)) >0 for 1214, then 4"()=0

for all large 7. For sulficiently large 1,
we have two cases

Lu'()y>0, 12121,

LM <0, 124 21,

Case (1) : Since x(v) and p () are
bounded, then also u (1) is bounded,
this is impossibie according to v "(r) =
Oand w'(1) >0 for all

large /.

Case (2} @ We can consider onc
passibility w(1) >0, for 214 21,
where  f, is  sufficiently  large
integrating the equation

u"( = —q() f(x(o(r)) from 1, lo
t we ge

!

w(O)=1t)) = g (s) fots)))ds
" and so

HECONEIOIE

—u'(6)2 S (x(o (1)) |- q(s)ds

as 1 = o0 We pet a contradiction. The
prool is complete.

Lxample (2.2): Consider the nonlinear
ncufral differcntial cquation

(23) i[x(/)-r-ﬁl.\(l +7)|
dar

—%f(sin(+2jr)):0

Which satisfied all  conditions of
theorem 2.1 so all solutions of cquation

S (2.3)y arc oscillatory  for  instance

x(y=sin/, is such solution.

Remark (2.3): We can replace the
conditions of theorem 2.1 by the
conditions:  p(1)20 is  bounded.
q(1y=20, [ is decreasing function

such that w f(u)<0 for wu=0
and

rg(s) ds=w
Then every bounded solution of
equation (1.1) 1s oscillatory.

Theorem (2.4) : Suppose that

p(Hz0, g1)=2 0, and f s an
increasing  function  such  that
u () >0, for u#0.

and (2.4) ["q(s)ds =

Then  every  solution  of (1.1) s
oscillatory.

Proof" : Assume that x(r) is an
cvenfually positive solution of (1.1).
and Ho(N>0 for 121¢,. Then
u"(N<0 forall large 1. We consider
{wo cases : Lou'(n)<0 . 121,
; 2.4'(nN>0, 1=,

Cases (1) : One can find that «# () < 0
for 1=, > ¢, and lim, _ u(f) = ~oo,

which ig Impossible since u (1) > 0.

Cases (2} :- We have only the
possibility (>0 for 1 > 1 = 1,
, and

we have, u"{(fy=—q () f(x(c(1))), by
integrating this equation

from 1 to 1 we get

' () - u'(11) =
IRUCHECIONES

< [t [ - g()ds

Then

() Sf (o) [-qlo)ds s
I — oo We get a contradiction . The

prool is complete.

Fxample (2.5) » Consider the nonlinear
neutered differential equation
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(2.5) :—,::;-{.r(l)‘l- T +dm ]+ %j'isin (i 2a)=0, 120
- Which  satislied  all
theorem 2.4, so ali solution of equation
(2.5) arc oscillatory, lor instance
x(t)=sms, is such oscitlatory
solution.

Remark(2.6): We can replace  the

conditions in Theorem 2.4 by (he
conditions  p()20, ¢(1)< 0, [ s
decreasing function  such  that
u (1) <0 for e ) 4 and
r g(s)ds =0
I

Then all  solutions of (1.1) are
oscillatory. :

3- Asymptotic Behavior of equation

(1.1):
In his  seclion
equation  (1.1).  In  addition  to
wf()>0 for u#0 we will assume
that  f(u) is bounded away from zero
il u is bounded away from zero .

Theorem  (3.1): Suppose  that
—l<p < p(0)<0, g()=20, v (1) <t
and

(3.1) r G(s)ds =o0

Then every nonoscillatory solution of

(1.1) satisly x(¢) —0

a5 { — o0

proof o Let x(6) be nenoscitlatory
solution of (1.1),
generality fet x(1)>0, and x(7 (/1)) >0
{2y {1l
u'(r) <0, so we have two cases Lo
investigate.

case (1) 1 w'(£)>0, we have u'(¢) is
deereasing and bounded then

limu(ty=120, by

—> Tl

for all from we  gel

integrating

equation (2.1) from ¢, to ¢ and lel (—

o Wwe se

condilions of

we nvestigate  the
converges o zero of the solution of

without loss of
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W) =1+ [ gls) f(xta(s) ds

Which tmplies that lminf x{(1) =0,

=30
otherwise lim inf x(0)=56 >0 so there
=
extsts £, large cnough  such  that

x(0)zb>0 for all 121, 24, which
implies that f(x(oc(t))2b,>0 for

120, 2 ¢,.

Then

u'{ty) 21 +5b, r g{s)ds

which leads to  a contradiction, so

lhiminfx(1)=10.
f=deny
We  claim that () <0 for (24,

otherwise w(f) > 0, by the mean value

theorem .
() =u(l;)+ (0 —1,)u'(s), s€(ty,1)
2u(t)+ -3 u'(), 1 e(s,0)

Which implics that limu() =c0

I—»
impossible
so u()< 0 and we

And  this s sinee

liminf x(1)=0
have '

()<= pOx(z () <x(z (1)

Then x(&) is bounded. Suppose that
exist

limsupx(t)=5b>0, so there

{—w

mereasing sequence {4}, f, S

as 11— oo such that
limx(s,)=0b
=

O>ult,)>x(t,)+p x(z(t,))

x(Z,)
-

then x(r(t, )z

. b
and  so limx{r(s )}2—>0b
>0 _Pl
whicl 1s a contradiction

thenr b=0.
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(<0

implics  that

w()<0  for r>1 24 and the prove

1S

similar to that in case (1) .

Example(3

.2): Consider the second

order nonli
liquation

(3.2) [xte

near neutral difTerential

Yo TR o ) (T et

All the conditions of theorem 3.1 are

hold so all nonescillatory sojutions of

the above

equation tends o 7ero as

I — o, for instarce ¥ = is

such nones

Rl = e
Lol 8 - >

Corollary(3.3;:  Suncosz e ar
conivions of Sdvrem 3T gro e
ten  all uabounded  solulicn o
equatton (1.1) are osciflalory .

Proof By theorem 31 f
nenoscitlatory solution of (1.1Y are
bounded.

Example(3.4): Consider ke
nonosciliatory  ncutral diffonenlls)

cquation

{33
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