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Abstract: In this Paper the second order neutral differential equations are investigated, were we
give some new sufficient conditions for all nonoscillatory solutions of equation (1.1) to converge to

zero or to diverge.

1. Introduction

Consider the neutral differential equation
an O+ pOxEe ]
+q)x(a(@) =0, 121
Under the standing hypotheses:

M p e C[[t,,2),(0,0)];
@ r,0 € C[[¢,,

are strlctly increasing and

w), R],o0,7
hmr(t) w and limo(l)=wx
©) g € Cl[ty, ). K], qi

contmuous an q(t) not equlvalent to zero.

Our aim is to obtain new sufficient
conditions for nonoscillatory solution of
equation (1.1) to converge to zero or diverges.

By a solution of equation (1.1) we means
a continuous function  x:[¢,,00) = R such
that x®)+ p(H)x(z()) is two times
continuously differentiable, and x(r) satisfy
equation (1.1} for all sufficiently large
t >t . A solution of (1.1) is said to be

- oscillatory if it has infinite sequence of zeros

tending to infinity, otherwise is said to be
nonoscillatory.

The problem of oscillation and
nonoscillation  for  neutral  differential
equations has received considerable attention
in recent years, see e.g.[l1-8] and the
references cited therein. However some
results in this paper are new and the other
ones in many cases complete the previous
ones.

2. Some basic lemmas
The following lemmas will be used in the
proof of' the main results

Lemma2.1. Let feC"(R.R) and
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FE e 5 0 then the

statements are satisfied

following

L. If f™ ispositive, then /%
is increasing and

[linlf(f)(z‘):oo, i=n—-1n-2K 0

2. If f™ is negative then f is
decreasing and

liny @) ==
{0
Proof. See [6].

i=n—-1Ln-2K,0

Lemma 2.2 Let p(t) € C({¢,,%);(0,2)) such
that 0 < p, < p(¢) < p,, and

g(t)<g <0, let x(t)
positive solution of equation (1.1), and let
u(t)=x(t)+ p(t)x(z(2)), for t=1,. Then
- the following statements are true:

(a) The function u(¢} and u '(¢) are strictly
monotone and either

be an eventually

(2.1) }i_)rgu(r) £=:00, rlljg u'(t) =
ot
(2.2) }i_)rgu(t) =0, }}E} uw'(@)=0
u(t)y>0, u'@)<0

(b) Assume that x(f) be bounded, then (2.2)
holds, in particular#(¢) is bounded

Proof. See |8].

3. Asympftotic behavior of equation
(1.1

In this section we investigate the
converges and the diverges of this solution of
equation {1.1), define the function

u(t)y=x()y+ p(O)x(r (1)), then equation
(1.1) will be

Gl () =)o)

Theorem 3.1. Suppose that

pyz0, q(0)z0, o(t)y>r, t=z1,
and
(3.2) fats) ds

676

Then every bounded solution of equation
(1.1} is either oscillatory or nonoscillatory

such that  liminf |x(#)] = 0

f—w

Proof. Assume that x(#) be bounded and an
eventually positive solution of (1.1). Then
u'(t)<0 for all large r We have only the
case:

u'(t) >0,
to discuss.
Integrating equation (3.1) from ¢, fo ¢

w(t) >0 for 1=t 21,

Wwe

obtain
WO~ @) =~ g()x(c(s))ds

as t— oo, we get

=)=~ q(s)x(o(s)ds

33) (@)= J'“ g(s)x(c(s))ds +1

thus , if liminf, ,_ x(¢#) # 0, then this implies
that liminf,

{—ra0

x(t) = ¢, and

x(t) > % >0 hence,

x(o*(t))>% for t>1,>1

which gives a contradiction with (3.3).

Theorem 3.2, Suppose that

p)z0 is bounded
q{t)<0, o(@)>¢t, for (2t, and
(3.4) [lats)| ds = o |

Then every bounded solution of equation
(1.1) is either oscillatory or nonoscillatory
such that liminf __ | x(£)|= 0

|
Proof. The proof is similar to that in
theorem 3.1 and we omitted it,

Example 3.1. Consider the neutral delay
differential equation:
2 2

2

[x(1) +72x(2r)] ~l +3t")x(%) =0, f>1

all conditions of theorem 3.2 are satisfied .,
then all bounded solutions of the above
equation are cither  oscillatory  or
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nonoscillatory with liminf]x(t)] =0, for
{0

. c . ' .
Instance x(f) =~ is such solution ( ¢ #0) is
f

constant.
Theorem 3.3. Suppose, that

<A< p(t)<p, qg()<0,
T)y<o(t), t=t,
and (3.2) holds. Then all bounded solutions
of equation (1.1) are either oscillatory or
nonoscillatory tends to zero as £ — .
Proof. Assume that x(/) be nonoscillatory
bounded solution of equation(l.1),without
loss of generality assume that x(¢#) be an
eventually positive. Then from equation (3.1)
we get u"(1) =0 for all large ¢. We claim that
u'(f) < 0. otherwise #'(f) >0 and by lemma
2.1 u(t) is unbounded, which is a
contradiction since u(f) is bounded. So we
have only the case
u'()z0, u'({) <0,
for t>1t 21, to show

T(t) <,

u(f) >0
x(©)=0 ,
limsup, _ x(z (1)) =0

hm,

we have to show

otherwise,
limsup, |, x(r(t)) =c¢ >0

liminf, | x(z{t))=0

lminf x(z(#)) = ¢,

we claim that

otherwise

which means that

x(r(t))>%‘, x(a(t))>-%'— for ¢>t,21,.

Form (3.1) we get
w0 -1() == [ qls)x(o(s)ds

which as ¢ —w , leads to a contradiction
limu'(fy=c, but (1) <0 then

clearly
hmmf, | x(z(1)) =0

limsup, . x(r({))=c

since

and

50 there exist two

sequences  {£, 1., {5}, such that,

liminf, |, x(r(z,)) =0 and
limsup, ., x(z({,)y=¢ so, for any e>0

there is NeN  such that x(v(¢,)) <e,

677

x(z(s,)) > c— € foreach #2 N and we can

choose N such that x(t,)<c+e for
nzN. Now if we choose the positive -
integers i, suchthat s, >/ and estimate
the deference.
u(s,) —u(t;) =x(s,) + p(s, ) x(x(s )~ x(t)
+plt)x(z(t,))

> p(s,)x(x(s,)) — x(t,) + p(t,) x(2(t,))

>A{c-€)-c-e -fe
=(l-DNe-—e(l+iA+p)
We can choose € small enough such that
(A-Dec-—e(l+A+8)>0
so that
u(s,) > u(t,)
where s, >¢, which is a contradiction, since -
u(r) is decreasing. Hence
limsupx(z(£)) =0

g {-»a0

which is implies limx(¢) = 0.

Theorem 3.3. Suppose that

V< <p)<i,, qt)<qg<0 for t>4,.
Then all nonoscillatory solutions of equation
(1.1) are either tend to zero or
]x(r)|—> w as t—»o0,

Proof. Assume that x (f) be nonoscillatory
solution of equation (1.1), and suppose

that x(#) be an eventually positive, and there
exists f, such that x(z(r))>0 for to rove

that either
lim,,, x(t)y=o or lim, _ x(t)=0.
Suppose that lim, | x(¢) =

Then there exists r, 21, such that x(n) is

bounded for
that

t =1, and there exists ¢ such

lim sup x(t) = ¢ =2 0

We claim that ¢ =0 otherwise, ¢ > 0. Then
by Lemma 2.2-a we have two cases:
Case 1.

lim o (¢t) = lim u'(t) = =

f—r kS
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Which means (¢} is unbounded, which is a
contradiction, since x(¢) and p(¢) are bounded.
Case 2.

lim w(t) = lim u'(t) = 0
t— w© 1= @
and we have
lim sup x(¢) = ¢ > 0
= ©
Then there exists a sequence {£,}>, such
that, lim¢, =0, limx(t,)=c, and

limu(t,) =0 then

ut,) =x(t,)+ pt,)x(z(t,)) = x(r,) + 4 x(z(¢,)),

as n—oo  we get
lim u(¢,) - lim x(¢,)
lim x(z(¢,)) £ == oz
n—o /11

—c
=— <0,

A

Which is a contradiction. Then either
limx(t) =0, or limsupx(£)=0

{0 f-3c0

, which implies that limx(z) =0.
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