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ABSTRACT

Let M be a compact connected smooth manifold such that its rational
cohomology ( homology) is H/(M;0)~ 0 (H,MAD=~Q) if jeJn{0}
H'(M;0) ~ {0} ( H ,(M;Q)~{0}) otherwise , were J is a subset of the set of
natural numbers N with cardinal 1 or 2. A C'maps f, g: M — M is called
transversal coincidence maps if for all me N the graph of f™ intersects
transversally the graph of g” at each point (x,/™(x)=g"(x)) such that x is
a coincidence point of ™ and g”.

This paper study the setof periodsof fandg by using the Lefschetz
coincidence numbers for periodic coincidence points .

INTRODUCTION
Let M be acompact connected H (M; Q)i—)H L(M;0)
manifold of dimension n , let f, g:
M—M be two continuous maps . a coi- ~D, a, ~D,
ncidence point of f and gisa pointx
of M such that f(x)= g (x). The point H" (M;0) ——H P(M;0)
x € M is periodic coincidence point where D, is Poincare duality isom-
with period m if f™(x)=g"(x) but orphism or its inverse .Then the
Fix)= g*(x) for allk=1,...,m-1, Lefschetz coincidence number L, of
(see [7,8]). Let per(f,g) denote set Jand g is defined by
of all periods of periodic coincidence L, = Z(-—I)p Traced,,.
0<psn
pointof fandg. By Lefschetz coincidence point
For each p = 0 define the endom- theoremif L, #0 then fand g have
orphism 6, :H (M;0Q)— H,(M;0) coincidence point (see | 4] )} . It is not
of the rational homology groups, as true (in general ) that if L fmgn F 0 then
the composition round the following Jfand g have periodic coincidence points
square of period m. It could have periodic

* Dr.- Department of Mathematics- College of Science for Woman- University of Baghdad
J. of Um-Salama For Science

101



Um — Salama Science Journal

Vol. 3 (1) 2006

coincidence points with period some
proper division of m . Therefore ,we
will use the Lefschetz coincidence
numbers for periodic coincidence
points introduced in [1], more précis-
ely , for every m € N define the
Lefschetz coincidence numbers of per-

iodm I{(f",g") as follows
Wf".g") =2 1L .« -
rfm Jrigt

where Z denotes the sum over all

rim
positive divisor  of m,and p is the
Moebius function defined by

1 if m=]
0 if  KlmforsoméeN
Y if m=p.pdistingrimdactors
Acording fo the inversion formula
(see for instance [ 6] ).

Lyngr = 21787

rim

1

IfI(f™,g")+ 0 then fand g have
a periodic coincidence point of

m {see[2]).This is almost the case
when fand g are transversal maps.

A Cmaps fand g : M> M
defined on a compact C' smooth mani-
fold is called transversal coincidence

maps if AM)cInt(M) and g(M)cInt(A)
and if forallm € N at each point x

such that f"(x)=g"(x) , we have
det(df " (x)—dg™(x))# 0, i.e. 1isnot
an eigenvalue of df"(x)~dg"(x),
{ were df"(x) and dg”(x)are the

derivative of f™ and g™at x respecti-

vely ) .From [3 ] it is note that if fand
g are transversal coincidence maps then
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for all m € N the graph of f" intersects
transversally the graph of g” at each
point ( x, f™(x)=g"(x)) . Since for
transversal coincidence maps f and g
the coincidence points of f™and g™ are
isolated and M is compact then the
number of coincidence points of /™ and
g"
following theorem is important in this

is finite for every m € N. The

paper and it was provenin[2].

Theorem (1) :-
Let f,g: M — M be a transversal

coincidence maps on a compact conne-

cted manifold M of dimensionn .
Suppose that [(f",g") =0 for some
meN.

a) Ifmisoddthenm cper (f,g2).
b) If m is even then {m62,m} Uper (f
period
B)ED.

The results in theorem (1) are in
general difficult to apply because of
the computation of I(f™,g"). If the

rational cohomology (homology)groups
are simple then the computation of

I{(f",g") become easier. This paper
deal with transversal coincidence maps
on a compact manifold M with rational
cohomology {(homology) .

HMOAHMO) if jeI .
HMO~OHMO~{}) otherwise

Here J is asubset of the set of
natural numbers N with cardinalitylor 2.
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Transversal coincidence maps with
such cohomology (homology) are
nontrivial maps for which to compute

the numbers /(f",g") and apply
theorem(1) to obtain information about
their sets of periods .

THE MAIN RESULTS

Let f,g: M — M be atransversal
maps and suppose that the rational
cohomology (homology) of M satisfies
(1). Let(a,)be the 1x1 integer matrix
defined by the homology endomorphi-
sm 8, : H,(M;0) — H,;(M;Q) ,where

6, =D;'g,,_ D, f for eachjEJ N{0}.

Then
L= > (-aforallm€EN .

JeJu{0}
Therefore , if m > 1 the Lefschetz
coincidence number of period m will be

(f",g"y=>Y u(r)kL

o ﬁ,;
=>4 D(-a;]
r/m JjeJuio}

= S(-1)> ura;.

jeJu{0} rim
Foreach m €N we define the
polynomial
0, (x) = p(r)x”.

rim
Then , if m > 1 we can write
™= 2 10,) @
a0y
Set m= p..po here p,,...,p,
are distinct primes . The next
proposition is provenin[2].

Proposition (2) :-
Letm eN.
a)lf mis odd then Q_ is an odd functi-

on,i.e, Q (x)=-0, (-x).
b)If 4/m then Q, isan even function
she 0.(x)=0,(-x).
JIf 26m and 4®m then Q (x)=
0, x)-0, (.
2

2

d) 0,(0)=0.

e)Ifm>1,then Q (1)=0.

)Ifm>2,then Q (-1)=0.

g For all i€ N we have 0¥(1)>0
,» where OV (x) denote the i—th
derivative of O, (x) with respect fo
the variable x .

h) O, (x) is positive and increasing in
in(la).

)If m is even then the function
0, (x) is pasitive and decreasing in

(-cc, -1} . Furthermore , if 40 m we

have that Q_(x)<Q_(~x) forallx

€f/1l,x).

DIfm>2,then QO (1.6)>2.

The main resulis on the set of perio-

ds of periodic coincidence points of
transversal coincidence maps following

from the next two theorems :-

Theorem (3) :-
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Let f,g: M — M be a transversal
coincidence maps . Suppose that the

rational cohomology (homology) of
M satisfies (1) with J = {p } . Denote
by(a,) the Ix1 integer matrix

defined by the induced homology end-
omorphism 6, : H (M;Q) — H (M;0)
Jor each je J{0} then the following
statements hold .

(f.8) =Ly, =a,+(-1)a,.

b) I(f*,g*)=0 if and only if P is
evenand {a,,a,}c{0,1},0r p is
odd and a, =a, or a,+a, =1.

olfia,.a,} c{-1,0,1} , then
I(f",g"y=0 for every natural
number m >2 .

dIf {a,,a,} «{-1,0,1}and m>1
is odd ,then |(f",g")=0 if and
only if a, +(-1)?a, =0 .

e)if {a,,a,} «{-1,0,1} and 46m,
then I{f",g")=01if and only if p
isodd and a, = ta,.

DIflay,a,} z{-1,0,1 }m>2is even
and 4Om , then I(f",g")=0if

andonlyifpisodd and a, = a,,.
Proof :-
From the definitions of I(f.g)
and L, _ it follows
I(f.g)=1L,, =Trace(fy)+ (-1
Y Trace(8,)=a, +(-1)"a,.
Which prove a) . From (2) we get
I(f7.87) = 0,(a,) +(=1) Qs(a,),

and from proposition 2(c) we get

0,(x) = x* + x . Therefore,

I(/,8") = (a5 ~a)+ (=D’ (a; ~a,).
=(a; + (=D’ a,)~(a, +(-1
) a,).

Assume p is odd then
If*.8")=(a,-a,)a, +a,+1).
I(f*.g")=0 ifand only if @, =a,or
a, +a, =1. Assume that p is even then
I(f.8%)=(a; +a,)=(a, +a;).
I(f?,¢*)=0 ifand onlyif a} +a. =
a,+a, , or equivalently {a,,a,} C

a
{0,1}. Therefore , b) is proven .

l(fmagm)z
0 (a)+(-1)'Q, (ay).Ifa,=a, =0
then from d), 0,(0)=0 ,s0 I(f",g")

= 0 for every natural number m. Similar
from statement €) and f) of proposition
(2) we get I(f".,g")=0 for every

From (2) we get

natural number m . Therefore, c) is
proven .
Let m be odd from (2) we get
I(f".8™) =0, (a)+ (=170, (a,).
From a) and h) of proposition (2)
we have that O (x) is an increasing
odd function in (-oc,-1)} N (1,x).
Assume that {a,,a,}& {-1,0,1 } then
I(f",g™) =0 ifand only if O, (a,)+
(-1)’Qu(a,)=0 or
a, +(-1)"a, =0. Hence d)is proven .
Assume that 4 6 m .From b), h) and i) of

proposition (2),we have @, (x) is an even

equivalently

function ,increasing in (1,«),and
0. (x)=0,(—x) forall x e{l,x).
Assume {ag,a,} < {-1,0,1}. Then

from (2) we get that
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If",8")=0,(a)+(-1)"Q,(a,)=0,
if and only if pis odd anda, = ta,.
Hence ¢) is proven.

Assume that m > 2 is even and

4 ® m . From (2) we get I(/",g")=0
ifand ifQ,(a,)+(-1)"Q,(a,)=0.

Assume that {a,.a,} < {-1,0,1}.From

statements h) and i) of proposition (2)

we have that Q (g)and Q(a,)are positive.
So, if piseventhen I(f™,g")=0.

In the rest of the proof of statement
f) suppose that p is odd . Then

I/™.g")=0if and only if 0,(@)=0,,)-
By proposition 2(h), Q , (x)
1s positive and increasing in (1,2¢).So,if
Gy,a, >0then I(f™,g")=0if and only if

a,=a,. Now assume that g,a, <0,
By proposition 2( ¢) we have that Q)=
0, (x")=0, (x) with m/20dd . Then

- 2
I(f",g")=0if and only if Q,(a)-
0, () =0, (a;)~0,(a,)
2 2 2
equivalently 0, (%) +0, (a) =0, (@) +
2 2 2

or

0, (ia pl) ( see proposition 2 (a) ), if
3

a,,a, <0 then from proposition 2 (h)
I(f",g")=0 if and only if g, =a,. So,
in the rest of the proof of f) assume that
a,<0<a,.

Consider 0O<a, <-a,. Since

i(/™,g")=0 if and only if Q:{tﬁ)-i-gfw)qhm

105

only
0,(a;)~0,(a,) .and 0<a, <|a,|,

F ]
by statements a) and h) of proposition

(2) we obtain that Q, (ag)+ 0. (a.p>

Q,_,(eﬁ)—%(gj, hence Kf~,g")+0 .So we can
2assunin: that 0 < -g, <a,
By proposition 2 ( g ) we have that
0,(9=3 A G-I with 4, =0¥@)/k10.
’Ihere:fok; ,since I(f",g")=0 ifand

only if Q_(ap}=idl[ap—1)*=

k=1

i‘di (a, -1 =0_(a,) , 1t follows that if

kel

lag|+1<a, ~1, then Q_(a,)>0.(a,),
and consequently /(/™,g")#0. Hence,
since 0 <-—a, < a, the unique cases that

remain to consider are jg;+1=a /-1 and

la|+1=a,.

Assume that a,+i=a,-1=b. So

a,=b+1 and g,=1-b. Therefore , since
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{ag,2,} @ {- 1,0,1}we getthat b= 1.
Now I(f™,g")=0 if and only if

Q. (b+)=0. (-b+1) , orequivalently

0. (6+D)) -0, (b+) =0, (0-1)")-

2 2 2

Qﬂ(l-b} ( see proposition 2(c)) .

1

Since mé6 is odd from proposition 2(a)
I(f",g")=0 if and only if Q,(G+1)")+
2

0,6+D)=0,(b-D")+Q2,0-1),
2

2 2

or equivalently
SRl647-1F SR8 40711402

because Qi__[x)=iﬂ,r(x—l)" , with

2 k=1

B, =0™() /klrzﬂ. Therefore , since
2

[B+]) 1] =b"(b+2)* > b 2+(b-2)]>
HI+3-2 1+ =t +
O V-I+6-2if b22,
and [@+1 =11 >8* +(B-1* -1 +(b-2)"
if =1, it follows that I(f",g")#0.
Finally assume that |q|+1=a, =b+1.
So, a, =-b . Therefore since {a;.a,}
a{-1,0 1 we get that b=1.Now

I(™.g"=0if and only if Q G+)=0.(-D),
or equivalently @, ((b+1)")-0Q, (b+1)=
2 2

Q_.(bi)—Qf(-b}{ see proposition 2(c) ) .

¥ 2
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Since m6 2 is odd, from proposition 2(a)
I(f™.g")=0 if and only if O_((+1)*)=
£l

0,((6+)")=0,(b+D)+Q,(")+0,?)
F 2 2 2
or equivalently .

S B+ -1 = 3 B8 + B 1) +(6-1)"]

Therefore,since [B+1)’ 1 =b*(b+2) >
2
[(B-DF +11(6+2)? >(B-D*(b+2)+

Y =8+ -1 +p-1f ifk=2and b> 1

,and [(B+1)? =11 >b* +(B* -1)* +
(p-1)* if k=1 ,and b 21 ;it follows that

I(f™,g™)=0. Hence f) is proven . 0
From theorem (1) and theorem (3)

it follows easily the following corollary.
Corollary (4) :-
In the assumptions of theorem (3)
the following statements hold .
a) If @, +(-1Ya, #0,then 1 € per (f,g ).
b) If neither p is even and {gq)c{0,1}
,nor p is odd and g, =a,or q,+a, =1

then {1,2} Uper(f,g)# 2.

}
o If {ay.a,}c{-1,0,1}, then the

unique periods m that can be forced

from the numbers Kf™.g"are 1 and 2.
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) If {aya,) @{-1,0,1} and G+Ya,#0
ythen {3,5,7, ...} cper(f,g)
e)If {a,,a,}{-1,0,1} ,pisodd,
a, #iap,iﬁm,uudmfpﬂ{ﬁg),

then {m62, m} cper(fg) .
NIf{a;.a,} «{-1,0,1},p and m>2 are
evenm gper(f,g), then fm62 ,2m}
c per(f,g)
g}jf{ama,p} z{-1,0,1} , p is odd ,
a, #a,,m>2 is even and 4 @ m ,then
{m62,m} Uper(f,g)# 2.

The following corollary is the
special case of theorem (3) when g
the identity map .

Corollary (5) -

Let f, g :M—M be a transversal

coincidence maps . Suppose that g is

the identity map and the rational
homology on M satisfies (1) with J =

{p }.Denote the ( a, ) the I1x] integ-
er matrix defined by the induced
homology . f., : H (MQ)—H,(M:0)
Joreachj € N. Then the following
statements holds .
a) I(f,.g)=L,, =1+(-1)"a,.
b If Kf°.&)=0if and only if a, & {0,1}.
clfm=>2 [f",¢"=0 and only
ifape {-1,0,1}.
Proof :-
Since g is the identity map then for
each k € N g**is the identity map ,s0
(a,) the 1x] nieger matrices defined

on the induced homology d =/, : H(MQ)
— H (M;Q) , were i €{0, p} and since
H,(M:0)=Q, M is connected ,then

consequently /™is the identity map ( see
[53] for more details ), so a, =0.

From the definition of I(f,g)and
L, . we get that I(f,g)=L, =1+(-1Va,,
this proves a ).

From (2) we get I(f",g")=
-YQa) ;50 I(f*,&")=(-1¥Qy(a,) .From
proposition (2) we get that, Q(x)=x"—x.
So, Q,(a,)=a,—a, =a,(a,~1),and
consequently ,I(f*,g*)#0if and only if

a, €{0,1}.S0,b)is proven.

[f m>2 then from statements d) , €),

and f) of proposition (2) we obtain
I(f",g")=0if a,e{-1,0,1}. Now we
assume that a, ¢{-1,0,1}.From statem-
ents a) ,h) and i) of proposition (2) it
follows that /(f™,g")=(-1)"Q,(a,)#0.
Hence ¢) follows . o

From theorem (1) and corollary (5)
it follows the following corollary

Corollary (6) :-

In the assumptions of corollary (5)
if we assume that a, & {~1,0,1} then
the following statements hold .
af{l,3,5,7,...}cper(f,g).
b)Ifmisevenandm g per(f,g) ,

then {mo62,2mj} cper(f,g).
Let S be the set of (z,,2,,2,) € Z, then
with Z =Z\{-1Ql}satisfying at least one
of the following conditions :
1) All the components have the same

sign .

2) [zlt{njlgx{zj} if z, is the component

that has different sign .

3) Izr[}ZFJ;‘

J=i
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Theorem ( 7) :-

Letf, g : M — M be a transversal
coincidence maps . Suppose that the
rational cohomology (homology) on
M satisfies (1) with J={p,q } . Denote
by (a,) the 1xI .integer matrix
defined by the induced homology
endomorphism0,: H (M.0) »H (M;0)
for each je JH{0} . Assume that p is
even ( respectively odd ). Then the

the following statements hold .
a)Letm>1be odd . If q is even
(respectively odd) and (g,a,.a)€S

,0r q is odd ( respectively even ) and
(ay.a,,—a,) € S ,then I(f",g")#0.

b)Let m >1be even. If q is even
(respectivelyodd) , or q is odd

(respectively even) and (a|a)-a,)
€S, then I(f",g™)+0.
Proof :-

Assume pis even.The case pis odd
follows in a similar way .Also suppose
that m >1 is odd , ¢ is even and (g.a.9)

¥

e S.If g.a,and a, have the same sign,
, then from (2) I(f™,g") =0, (a,)+
-1?Q,(a,)+(-1)'Q.(a,) = Q. (@) +
Q.(a,)+ Q,(a,) have the same

sign . From statements a) and h) of
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proposition (2) we have Q,(4,).Q.(a,)
and Q_,(a,) are an increasing
odd functions in (1,e), it follows that
I(f",8")=0n(a)+0n(a,)+C,(a,)=0.

Assume a, <-land 1<q, <q, , if

la| <a(i. e. |a,| <maxf,a,} ) it follows

that I(f",g")=Q.(a)+Qu(a))-Cua)

>0ulla,)-0u(ap>0 i

I(f".g")#0.
If |a,|> || +|a,|we have that

0>l =S Al )
because by proposition 2(g) we have
that Q,.(x)=2mjAt(x—1)* with 4, =

k=1

Q® (1)/k!= 0. Since (|au|+iapl i\ L
a1+ |- 20" +a,

we obtain that
?.-‘. A, (lag|+|a,|-D* > 13; A (a |-+

Y 4,(a,|-D* = 0. (ap+ 2. (a,D

2

Hence

0.a)>0lalHah>0lah)+ala). 3

and consequently I(f",g")#0.
Now a ssume that g is odd .Then
I",g")=0ula)+0Q,(a,)-0,(a,) =
Q,(a,)+Q,(a,)+0,(-a,), and since
(@.a,~a)€S the argument of the above
case can be again to obtain that
If",g")#0,so0a)is proven .
Assume that m >1 is even . By
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statements b),h) and i)of proposition(2)
function @ (x)is positive in(-ec,-1)

(1,0c). Therefore,if g is even A" £

Qiara)-(ig)and consider two cases.

case 1: 4 6m By proposition 2(b)
the function Q_(x) is even . Therefore ,

I(™g"=0.(a)+0.a,)-0.(-a,) .
From the assumptions we have that
(jq,|),|aFHa?|}e S .So we can repeat the
the arguments of the proof of statement
a) and obtain /(f",g")=0.

case 2:4®m . We have |aq|-=:

max {|a, |,

a, |} or \aﬁ.l. :=-|qnl +|ap , because
t]q,|)4ap|;|aq|)ES we assume that the first
inequality holds .Then from statements

h) and i) of proposition (2) , {f™,g")=
- Since (a]fs,}1a,)

proof of statements a) ,and obtain

If™.2")=0.
Now assume that the second ineg-

uality holds.Then by statements c) and
a) of proposition (2) ,and by (3)

Q.(Hal Ha)=0.(al Ha')+Qulal Ha)>
Q:;_(qanl? + |ap|2} - Q% qaui“' |¢1P|} >

Ouauf)+ 0. (a,

0,.(Ha,p) + 0., {—ia 2 [] .Therefore,from
statements h) and 1) of proposition (2)
and by 3)I(/".&")=0@)+0(a,)0 @)
<0, (-lag) + Q. (-a,p - 0, (-la,D <

)+0.(a)+0.0a,) =
2 r]
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Q. ({a +|a,[)-0u(a,) < 0. (ar] +a, )~
o_ (aq} < (0. Hence b) is proven . o

,the

From theorem (1) and theorem (7)
then

it follows immediately the following

corollary
Corollary (8) :-

In the assumption of theorem (7)
the following statements hold
a)Letm >1 be odd . If q is even

(respectively odd ) and (g,,a,,a) € S

,or q is odd ( respectively even )and

(a5.a,,~a,) €8S, then {3,5,7,... jc

per(f,g).
b)Let m>1 be even . If q is even
( respectively odd ) ,or q is odd
(respectively even ) and (a,a,|-la)
€S, then {m 62,m} Uper (f,g) #2.
Onla,p)-0,(a,))

€ S we can repeat the arguments of the
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