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Abstract:

In this paper, a new inner product function is given and defined by using the
extension principle of Zadeh, which will be called the fuzzy inner product, this inner
product together with the space of all fuzzy subsets of the universal inner product
space X form the so called fuzzy inner product space or pre - fuzzy Hilbert space

which will be denoted by (§, <., >7).

1- Introduction:

Zadeh in 1965, introduced the
notion of fuzzy set provided a
convenient point of departure for the
construction of a conceptual frame
work which parallels in many respects,
the frame used in the case of ordinary
system , but in more general than the
later and, rotationally, many prove to
nave a much reader scope of
applicability, particularly in the field of
pattern classification and information
processing. Essentially, such a frame
work provides a natural way of dealing
with problems in which the source of
imprecision of classical membership
rather than the presence. of random
variables, [4].

Other attempts are given by
other researchers, and the followings
are some of them. Rosenfeld in 1971,
used the concept to develop the theory
of fuzzy groups and found that many
basic properties in group theory are
successfully carried out on fuzzy
groups, Since that, these ideas have
been applied to other algebraic
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structures, such as semigroups,
rings, ideals, modules, etc.. [2].

Also, Kramosil L in 1975 [2]
studied fuzzy metric spaces and its
connection with statistical metric
spaces. Systematic treatment of
abstract fuzzy dynamical systems vsas
presented in 1973 by Nazaroff and
further investigation was done by
Warren [5]. But in 1980 fuzzy
topology. has been used to define
neighborhood structure of fuzzy by
Ming P. P.and Min L. Y.

Tracking their steps, many
mathematical researchers used the
subject in other fields of mathematics,
applied and pure, such as linear
algebra, optimization theory and so on.
But, still there is a wide gap in using
the subject in studying fuzzy inner
product spaces.

Among the most important
notions in fuzzy set theory, which are
necessary for extending ordinary inner
product spaces to fuzzy inner product
spaces is the extension principle



Um — Salama Science Journal

Vol. 3 (3) 2006

described by L. A. Zadeh [5] provides
a natural way for extending the domain
of a mapping defined on a set X to a
fuzzy subset of X, [3] or in other words’
it provides a general method for
extending non fuzzy mathematical
concepts onto fuzzy set theory [1].

Now we will summarize some
basic definitions and concepts related
to abstract theory of fuzzy sets.

Definition 1 [5]:

Let X be any set of elements. A
Suzzy set A in X is characterized by a
membership function, pa : X —> 1,
where | is the closed unit interval [0,

1]. Then we can write a fuzzy set A by -

the set of points:

A={{x, max) I xe X, t=1,2, ..

2 1, 0 pa(xi) < 1

The collection of all fuzzy sets in X
will be denoted by X or P (X), i.e.,

X = {A: A is fuzzy subset of X}.
Remarks 1 [2], [5]:

Following, we lists some
concepts related to the basic operations
of fuzzy subsets of X:

Let A and B be fuzzy sets in X
with membership functions pa and pg
respectively, then for all x € X:

1- A ¢ B if and only if pa(x) <
Hp(X).

A = B if and only if u () =
Ha(X). ,
E=X-A ifand only if up(x) =
1 — pa(x). |

A= ifand only if pa(x) =0.
C = A n B if and only if pe(x)
=min (ua(0), o0}

D =AU B ifand only if pp(x)

=max {pa(x). pa(x}}.

Definition 2 [4]:

Let Ay, As,..., Ay be n — fuzzy
subsets of universes Xj, Xz, ..., Xn
respectively, then the Cartesian
product of Ay, ..., A, is denoted by
Ayx...xA, and is defined as a fuzzy
subset of X;xXpx...xX, whose

membership function is defined by:

A xAgx.xA, X1sX2s000Xg) =

min{l’LA! (X]), l”’Az (Xz),..., HA'n (xn)}

Let f be a mapping from
XxXox...xX, to a universe Y such’
that Y = f(x;, X2, ..., Xn), the extension
principle allows us to induce from n
fuzzy sets A, a fuzzy set B on Y
throvgh f, such that:

sp  minjyty (hitay
U (Y)={ i) ®)
Q
oy, (), 1 75) 22

(D)
iff“'(y):@

* where £7'(y) denotes inverse image of y

2 - Fuzy Inner Product Between
Fuzzy Sets:

The subject of Fuzzy inner
product spaces and in a special case the
inner product between Fuzzy subsets
of a universe product space could be
considered as a problem which is not
established clearly by  other
researchers. Therefore, we have seen
that it is satisfactory to use the
extension principle of Zadeh to define
and construct fuzzy inner product
spaces.

Definition 3:

Let (X, <>} be an ordinary
inner product space, and A, B e p(X)
(the fuzzy vector space over X). Define
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the fuzzy function <, > : P (X)x
D (X) —> P(K) (where P(K) is the
set of all fuzzy subsets of K) by the

extension principle for Zadeh as
follows:

sup minyts(x)

Bop pom (W)= w=<x,y>
7 0,

l p.B(y)}, if w=<x,y>

if w#<x,y>

Now, we have to show that the
function <., >~ defined by (2) indeed is
an inner product and therefore (<A
B>", <, >7) is a fuzzy inner product.

From the extension principle, it
is well known that if A;, A,, ..., A, are
n—fuzzy subsets of universes X;, X,
...y Xp, respectively, then A+Ar+.. .+
A, is a fuzzy subsets, with membership
function:

Ha+.a,(¥)= aup

W=Xp+..+X,

min {IJ.AI (xl)”'"u/’\n (xn)}

and for A € J and B a fuzzy set in
X, where X = X;p¥Xox...xX,, we
define AB as in the following lemma:
Lemma:

a) ForA=0,-
WB(W)”—‘HB(%W], Ywex.

b) [-;or A=0,
0 ifw#0
tha(X)= Suppa(x)  if w=0
X

Proof:
For the first part, we have using the

~ extension principle: -

Kyp(w) = Sup p;p(x).
‘ W=AX

! w=X
A

2 ug(x) = pB(%w)

Hence:

On the other hand

1 1
“B[XWJ B ”%g(a)[XWJ

= SL{P My (W)

IW=1'8(X)

2 Po(py(W) = Uy (W)

and therefore:

1 .
Ly (;:w) 2 Hyp(w)...(4)

As aresult, from (3) and (4), we have:
1
(W) = ug (IW)

For the second part, if L = 0
and w # 0 Hyp(W) = 0, and since
Kg(wW) = sup p(x) and since w =

x B
AX, because if w=Axthenw=0x=0
but w = 0, i.e,, the inverse image of x is
empty by definition of the extension
principle. If % = 0 and w = 0, then:

Mp(W) = sup p(x). =
B
;=0=0x
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Now, we can define the following:
(<A, C> + <B, C>T)(w) =

Sup
X,¥.z

WoakXhy s

rrin( po(<xz>), U <y.z>)
ACT Eiley

=<x,y> +<y,z>

...(5)

where A, B and C are fuzzy subsets of
X, and: ‘

Ha<, B>~(W) =
( 1 .
“<AB>~(XW) lf 7\;?’—'0
< 0 if A=0w=0
&p M- (<%Y>) I A=0w=0
. (6)
Theorem.

(P(X),<.,.>7) is a fuzzy
inner product space.

Proof:

" We have to prove that the
following four conditions are satisfied
for all A, B and C € p(X) and for all

Ae K.

<A, B> =<A,B>".

<A + B, C>"=<A, C> + <B,
C>". '

<AA, B> =A<A, B>".

<A,A> z0and <A, A>" =0 if
and only if A =0

For the first condition.

Let S={w=<x,y>|<x,y>=

.I 459 afge

<y x> x,yeX, wek}

We have to show that _

By pom (W) =R (W),
Assume first that w ¢ 6, then:

b gp gy (¥ = 0= e (W)
Now, assume next that w € S, then:
My g (W) =

Sup min {PA (x), P—B(Y)}

XY
W=<X, Y>>

= Sup min{pg(y),n,(x)}

W=y, x>

(w).

Hence, forallw € K,

- !J'<BA

we have <A, B>"= < A,B>".
For the second condition.
We have to show that

B <A+B,C>" (W) =H <A, C>"+<B,C>" (W)
,forallwe A,

Ifw e S, then

(W)=0=

<A+B o “<A,C>" +B,C (W) ’

while if w € S, then given any
€ > 0, there exists x, y and z € X with
<X +y, Z> = w, such that:

Sup min{pa,p(X+y)pc(®)

WaK+Y 2>

Sup

W=<X+Yy,z>

{Sup min {
Xy

:HA(x)aHB(Y)aHC(Z)}}
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(from the definition of the sum of two
fuzzy sets - using the extension
principle) '

> Sup min{min{

W=<X+y,z>

[N CINTINGH) AT I

= S min{p, (), up(y)kc(@)

WX +y 2>

> min {uA(X),HB(Y))sP-c(Z)}

Hence:
Ky op o (B Zmin{p, (0, La ) ()

Now, supposc there is a real
number ¢ (small enough), such that;

min {“’A (X )7 Hy (y))9 Ue (Z)}
> l'L":A-!-B,C:»" (W) e e7)
then, we have:

Heacom B (w) =

Hopomica oo (SX+1:22)

= u%©~KB,C>~(<x,z>+<y,z>)

= Sup
We=<K+Y, 2>
=K, I>HY 2>
=5|+82

mm{p. o

(<x,2>), By oo (< Y2 >)} (from ()

Sup min
%2
S =<x 2>

Sup nin
WX +y Z»

BCR 234y, 2D
=81+8,

{i(c@), S min{ug (i)

y2
=y z>

> Sup min {min {ua(x
W=<K+Y,2>

Jie(2)},min g (y), 1c(2)})

= Sup min{p, (X)) k@)

WKy, 2>

> min{p, (x),kp(y)),He(2)}

therefore from (7), we have:
p'<A,C>" +<B,C>" (w)

2 min{p, (<), up (Vi (2)}
7 Measpcsm (W) e

and as e— 0, we have;

H <A,C>T4+<B,C>" (w)

2 Heas oo W)..®

On the other hand, given any ¢ > 0,
then there exist 8y, 8, € K with §, + 8,
= w, such that:

M<A,C>~ +<B,C>" (W)

= l'lq‘«k,(3>"+-<]‘3,C>-'" (61 e 82)

) M%%m{“ a&*(al)’”a&*@]

2 minft, @M (5)

Thus H<A,C>”+<B C>" (w) 2

minfu, (-Gl - 62)].

It follows that:

minfu, o @it g - 6)] >

. P<A,C>"+<B,C>' (W) —F
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taking € < H <A,C>74<B,C>" (W)

(f p <A,C>"4+<B.C>™ (w) =0

then (wW)=0

<A+B,C>
and we have nothing to prove).

If 81, 3, € S, therefore, there exists X,
yand z in X, with

<X, > =9, and <y, z> = §,, such that:

>
- H <A,C>" +<B,C>" (W) -

minfu, @by - (5,)

=min{ sup {MA(X)sl-‘c(z)}

8 =<x,z>

, SUp {uB(X),uc(Z)}}

Sy=<y,z>

> min{p, (x), 15 (y), ke(2)}

hence “<A C>"+4+<B,C>" (W) 2

min{p, (x), 15 () e(2)}
It follow that

min{p, (9,15 (y)) He(2)) >

M ~(W) -¢

<A,C>"4+<B,C>
Since <x +y,z> =

<X, 2> + <y, 7> = w, therefore:
p'<A+B,C>" (W) -

Sup - min{p, 5 (x-+y),1(2)
XYz :
Wty 2>

095 FY4 XY,Z
W=<X+Y, 7>

= Sup min { Sup:

nin{uA(X),uB(y)},uc(Z)}

> Sprn{ {0 0} )

XYz

2 min{p, (X),up(¥) be(2)}

> | (W) ~¢

<A, C>"+<B.C>

Thus H<A+B,C>‘ (w) &

—g
lJ’<A,C>"+<B,C>” (w) —e,
and hence as € —— 0, we have:

>
H <A+B,C>~ (W) 2

l'l<.£\,C>"+«:B,C>" (W)-..9) -
Now, from (8) and (9), we have:

M asp oo (w) =

lJ‘<A,C:.~"-{~<B,C>'~ (W)

which completes the proof of part (2).

For the third condition, and
considering also the set S and if w ¢ S,

then p<M’B>~(W) = 0 and hence

from  the  extension principle
Pt (W) = 0, and therefore

Haaps~ (w) = <A B>~ (w)

Suppose that w e S, if A = 0, then:

_ 1
“MA,B:" (W) =H <A,C>" “;:W
_ i
= “<A,B>~ -}:- < XYy~

i
= 'u<A,B>" (< -7:}(, Y >)
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- 3 )
= Sup min{p, (x),pp(y)}

W=<X,y>
i ”l{A,B::-‘ (W)

Next assume that A = 0, if w = 0, then
from (5) pl{ﬁﬂ}_(w) = 0. Also:

p:M,EI:»‘(W) = pﬂlﬁ,ﬂ:\-” ({ XY })

= Sup min{p, (x),np(y)}

W=<X, >

= ilﬂ} min {M}a (x)’“H(Y)}

W
(since w # 0, then x and y # 0, where
if Xory=0, then w = <x, y> = 0,
which is a contradiction.

= Sup min[ﬂ,uﬂ(y)}=n

W=<X, >

and if w = 0, then given any £ > 0,
there exists x, y in X with w = <0, y> =
<0x, y> = 0<x, y>, such that:

H oaps- (W) = M oa B>~ (0)

il

Sup min {le (ﬂx), Hp (3’)}

w=<lx,y>

]

L, min{silpua(x)-ﬂa(}’)}

b

v

JSup minfuy (x).p (v)} 2

min {pa(x), ps(y)}
Therefore, <oAps~W) 2 min
{a(x), pa(y)}. It follows that:
min {ua(x), ua(y)} >

_u{ﬂﬂ‘ﬂ}_(w) E.

We have also:

Moo ps-(W) % Hk&!h"((_&:'y} )

R
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(O<x,y>)

]

rJ'lll-azﬁ"h,B:r'

Sup p . _(<X,¥>)by(5)
w=<0x y> <A,B>

& wfipp min{ila(x)sila(}'}} 2

min {ua(x), pa(y)}
then L (w) 2

min {Ha(x), pe(y)} 2

p{m'B;{w) -gandase— 0,

we et Hoca ps- (W) 2
H{GA,B:"* (w) "
" On the other hand, given any ¢

> 0, then there exist §; in K with A3,
w, such that:

hycams-(W) = By, o -(A8)
-(08) =

-—
—_

= Hocans

Sﬁup R, 5o~ (0) (using(5))
1

hence pl&a.ﬂf (W)2p %_(w).
It follows that B oa s (w) >

Hyen g-(W) -2,

and upon taking e < p A (w)
(if pl-m,l}:-‘ (w) =0, then
Haaps-(W) =0

and we have noting to prove) we have
that 8, e S. Therefore, there exists - B
€ X, with <x, y> = §,, such that:

heams- (W) = By - ()

= SUP Hiﬂ{ﬂh(”)v”ﬂ(}’]} =

5 :i- 3 _',‘I'-!I!- g 1
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min {pa(x), pa(y)}
It follow that min

{Rra(X), pe(y)} >

M <A B> (W) —e.

Now, since <0x, y> = O<x, y>, we get
Hoamss (W) =
IJ*:[IA.B:" (0<xy>)

=B gai (<0x,y>)

Sup  min{pos (0x), 15 ()}

1l

Sup min{Supm(X),na(y)}
w=lx y> X

(from lemma (2.1))
> Sup min {I-L..a (x);1p (3')}

w=0<, y>
2 min {pa(x), pa(y)} >
Hl{A,B}‘ (W) =E
and as e —— 0, we have
Haaps-W) 21, o -(W),
which completes the proof (3).
this prove (3)

Finally, to prove the fourth
condition, i.e., to prove that <A, A>" >
0 and
<A, A>"=ifand only if A = 0.

It is clear that <A, A>" 20, V A
(since Sup min{p,,.,L (K),I-’-s(?)}

<A, B>"
since pa(x) € [0, 1] and pa(y) € [0, 1].
Hence p A (W) 20,V w.

Now, we have to show that <A, A>" =0
if and only if A = 0 cuppose that A = 0

therefore pa(x) = po(x) =0, ¥V x € X,
then:
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Sup min{u, (x),H5(y)}

<A B
(by def. of Fuzzy inner product)

=0 (since A=0, thenp,(x)=0,¥xeX)
it follow that
Pﬂ,ﬁ}" (W) -

=0 ifwzxy

Hence <A, A>" =0,V A

On the other hand, suppose that
<A, A> =0but A = (, therefore,

there exist x in X such that p,(x) # 0,
we have: )

0 < pa(x) = min {pa(x), pa(x)}
= Sup min {ph (x), g (x)}

W=<X, X>

ifw=<x, y>

= u,,hm-(w)

~which contradicts the fact that

<A, A>" =0, ¥ A and hence A = 0.
Hence (p(x),<.,.>~
is a fuzzy inner product space. =

As a consequence to the above
theorem, the set of all fuzzy subsets
P(X) of the inner space X form an
inner product space which is called
fuzzy inner product space or pre-fuzzy
Hilbert space which is denoted by

We give the following example of
fuzzy inner product space.

Example:

Let R" be a inner product space
with the inner product

(P(x),<.,.>).
<K Y==X1y1 t...t Xn¥n

where X = (X1, .o Xo) ¥ = Yty ++0s Ya)
and hence (R, <,>) is the inner
product space
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Let A and B be two fuzzy sets
defined on X, then the membership
function of the fuzzy set D = <A, B>~

€ P (R) ean be defined using the

extension principle, as follows:
Moeca s~ (W) =

le:lf m.ill{#.,q (K)JJB (Y)}

W=<X,X>
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