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Abstract

Letf, h :G - G be any two self maps of a compact connected oriented Lie
group G. In this paper, for each positive integer & , we associate an integer with

fr.n' . We relate this number with Lefschetz coincidence number. We deduce
that for any two differentiable mapsf, A G — G, there exists a positive integer
ksuchthat k<i+1,andthereis apoint x € G such that f*(x)=h*(x) , where 1

is the rank of G.

Introduction

Let G be an n-dimensional com -
pact connected Lie group with multip-
licationu (i.e.,u: G xG— G such

that #(x,y) = x.y)and unit e. Let
[G, G] be the set of homotopy classes

of maps G— G . Given two maps
f.f': G— G following [3], we write
f-f"to denote the map G—Gdefined by
Q=K 8) L @)=/ (@) ¢€G.
Given a point g €G and a differ-

entiable map F: G — G, write G, to

denote the tangent space of G at g
[4,p.10] , and denote by d, F the linear

map d_F :T,G -» T, G induced by F
, itiscalled the differential of Fatg

{4,p.22). Let L_,R, :G — G be respec-
tively the left translation L()=1gg)

» and the right translation R(g)=1(g.g).
Then there is a natural homomorphism
Ad ,the adjoin representation, from G to
GL(G,), (the group of nonsingular linear

transformations of G)defined as follows:-

Ad(g)=d R . od,L,.

Note that o gRg_. od L, =d(R .(
Lg (e)))o deLg = de (Rg-l oLg) = de(Lg 3 Rg-l )
=d(L,(R.(@)od.R . =d L, od.R ..

Since G is connected , the image of 4d
belongs to the connected component of

GIG)containing the identity,i.e. for each
g€ G, detdd(g) > 0 . By Exercise Al
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[4,p. 147] we have
Lemma 1 :-

1}If Tisthe map G — G is defined
by T(g)=g, then
dT=—dL ed R =~dR ,odL,,
€ L 4 g By

2) If p is the mapping (g,,8,) > 2,8,
of Gx@G into G, then if XeC};I,Yeng.

Quu D=0 L @R (XD, G,

In [3], the author shows that if
f:G—G is a differentiable map,then th-
ere exists a positive integer k<A+1 and

a point x€G such that f*()=x,where 1 is
‘the rank of G, i .e . the dimension of G
of any maximal torus in G .

THE MAIN RESULTS

Let £, h: G~ G be differentiable
maps of compact connected oriented
Lie groupG. Apointg € G is called
a coincidence point if f(g) = h(g) ,
following [7],{8]. Assume fand 4 have
isolated coincidence points then by
compactness of G, fand k have only
finitely many coincidence points .Also
ifgis an isolated coincidence point
of fand A thend, f —d, hhas no nonzero
fixed point , i.e. det@d, f—d ) #0.In [6]

the author defines the Lefschetz
coincidence number as

Le(f,hy= ) sign(det(d, f ~d h)).
Figy=hg)
If fis the identity map then Le(h)is the

Lefschetz number,for more details seef2].
Let Le:[G,G] —Z be the function

that sends each element in [G,G] to its

Lefschetz coincidence number . Then

‘the Lefschetz coincidence point theorem

states that "if £, & :G—G are maps with
Ldf,h)#0, then f, h have a coincidence
point " . Now we define another

function B(fh) : [G,G] — Z by setting
B(fh)= degree(f k") .Since B{fh) 0
implies f.h™'is surjective ,i.c..ecln{of’).
this function also possesses the property
that" if B{fh)#0 , fand h have a
coincidence point,i.e.,if B{fAx0 then e
€ Im (f4") which means there is a point
gEG such that AH'@ = e,ie, Agy-hg)".
Theorem (2):-

The two functions Le ,(-])" B:

[GyG) — Z coincide , where nis the
dimension of G .
proof :-
The left translatior. L of G onto itself
is an analytic diffeomorphism then d L,
is an isomorphism.So for each g€ G,we
identify G, with G, by the differemial
of left translation for amy L cate.
For any two maps in {G,G], we
take the representations f,k: G—G that
satisfy the following :
(1) fand & are differentiable;
(2)fand h have only finitety many
coincidence points g,,-.-g,, i.e,have

isolated coincidence
{81508}

(3) det(d, h-d ) # 0.

3
Then Ldf,)= signlerd, h—d_f).
1

points

L
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(fh'Y'(e)={g,,g,}, and for each
i the differential of (f.h')o L at eis

dr dA df ™
G,—=—G, >G, xG, —L—
1]

Grigy ¥ G,

h(g)

where :G—Gx*G is the diagonal map

il
du Ges

and we use Lemma(2) for &,/ . 4.

It follows from Lemma 2 that the above
homomerphism is just the same as
AdG YL oIy SR G G
Denote this map by 4, . Then by
the assumption (3) det(4,) # 0
(-1)"signdet 4, = signdetd, h—d, ).
So we see that e is a regular value
of fh' (apointyinY is regular value
for a smooth map of manifolds /X —
Y,is called a regular value for f if
d.f:T.X—>TJY issurective at every
point x € X such that f(x)=y,[2]) and

B(f,H)= isfgndetA, =(-" L f, h).

This completes the proof. o

To give an application of the
above theorem, recall that H(G.()is an
exterior algebra A(x,,...x,) generated by
primitive elements x, of odd degree
[9,p.155] with A=rank G . Also from
[9, pl49 ] we have
Lemma (3) -

Iff, 1':G— G are two maps,
and if x € H (G} is primitive ,then

SSYx) =)+ " ().

By Lemma (3) (f/7) (x)=1"(x)
—~h"(x,). Let n be the cap product in
H* (G, Q)then Lemma (3) also implies
BUALR 0 UL Uy =(F47) (6 U Ux,)

=( 1 Yx UL,
=(f"(n)-h (x)HU...
U () - (' ()

Recall that a maximal torus is a max-
imal abelian compact subgroup of Gand

any two maximal tori are conjugate in
particular,all maximal tori have the same
dimension A, the integer A is called the

rank of G. It is known that i= A mod 2 .
We can rewrite theorem 2 as follows : -
Theorem (4): -

Le(f,h)x, U Ux, = (W (x)) - /" (%))
U U (o) = ().

Given amap f: G — G and integer
k>0let * f be the k- fold product of f

defined inductively 'f=f, “f=f*'f.
Theorem (5) : -
For any integer k, La'f, hyx, .. LJ
x}=x*Le(f,h)(x,U..Ux,).
Proaf :-
L' By U Ux) =(CB () -Cf) (%))
URE (G YeARTEN)]
= (k' (x,) ~ K" (x,))
U U7 o)~ x))
=k(h'(x,)~ f" (%))
UL UK Ge) =1 (x))
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=k ()~ (1)
UL ()= &),
=K LS U..Ux,)
Corollary (6) : -
For any differentiable maps f,h:
G— G there is an integer k with 0 <k<

A+ 1 that such Le(*f, h) # 0.
Proof : -

Given maps f,h, G - G,
, regard the expression

» (A=) ULU, - A)x),
as a formal polynomial in the(f-h)(x).
For each integer r with 0 << .there

exists an element sum of 4(f,A) in O
such that 4 (f,,A)x U..Ux; = sum of
the monomials appearing in the above
polynomial , and containing just ¢
elements. (f, — /) (x,) . Then Lemma
(3) and theorem (4) imply that
Ld*f}h) =ik’,4, (f,B) forany &>0.
0

So,if H=(a,)is the (A+1) x(A+1)
Vandermonde matrix [5] , defined by
a, =112 5,04 +1 then

(Le(f, h), Le(}f ) R}, Le(** f 2 M) =

(Ao (fa h}s Al (f’ h)s'", Az (f’ h))H°

Since det (H)#0 and 4 (f,A)=120
then there is an integer k, 0 < k< A+l
such that Le(*/,*h) # 0. D

Corallary (7) :-
For any differentiable maps [,h:
G — G, there is an integer k with

0 < k < A+ such that 1 (x)= k' (x).
Proof :- '

By corollary (6)there is an integer
k with 0<k<A+] such that Le(*f," ) =0.
Therefore , by Lefschetz coincidence
point theorem f* and h* have

a coincidence point . o
Suppose fh: G —+G are homomor-
phisms. Then for any primitive element

xe H'(G;0), (f-W() is also primitive,
Since the primitive elements forma
submodule of A*(G,Q)with basis{x,...x;}
;there exists a & XA matrix M ,_, over

such that
(FO0)=H (6)send ) ()=, XM
((f-hﬂ)'(%),(f h—l)’(xg))=(’€:---¥aM+-
L G )G T M
Kﬂh)‘(xp--%)):(xiwxM-ﬁ-

By theorem 4 we have

Ldf,h)=detdd,.,).The above discussion

proves the following corollary :
Corollary (8) :-

Le(f,h)=det(M ,_,).
Corollary (9) :-

L ldy=(1-k L& (S ) = +kY,
where Id is identity map on G.
Proof :-

See[1]. O

LI "»'.‘:“'""l#‘"\i"-b" A i
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